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ADVERTISEMENT. 


The Committee appointed by the Royal Society to chrect the publication of the 
Philosophical Transactions take this opportunity to acquaint the public that it fully 
appears, as well from the Council-books and Journals of the Society as from repeated 
declarations which have been made m several former Transactions , that the printing of 
them was always, from tune to time, the single act of the respective Secretaiies till 
the Forty-seventh Volume, the Society, as a Body, never interesting themselves any 
further m their publication than by occasionally recommending the revival of them to 
some of their Secretaries, when, from the particular circumstances of their affairs, tlie 
Transactions had happened for any length of time to be mtermitted. And this seems 
principally to have been done with a view to satisfy the pubhc that their usual 
meetings were then continued, for the improvement of knowledge and benefit of 
mankind the great ends of their first institution by the Boyal Charters, and which 
they have ever since steadily pursued. 

But the Society bemg of late years greatly enlarged, and their communications more 
numerous, it was thought advisable that a Committee of their members should be 
appointed to reconsider the papers read before them, and select out of them such as 
they should judge most proper for publication m the future Transactions , which was 
accordingly done upon the 26th of Maich, 1752. And the grounds of their choice aie, 
and will continue to be, the importance and singularity of the subjects, or the 
advantageous manner of treating them, without pretendmg to answer for the 
certainty of the facts, or propriety of the reasonings contained in the several papers 
so published, which must still rest on the credit or judgment of their respective 
authors. 

It is likewise necessary on this occasion to remark, that it is an established rule of 
the Society, to which they wdl always adhere, never to give their opinion, as a Body, 
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apon any subject, either of Nature or Art, that comes before them. And therefore the 
bhanks, which are frequently proposed from the Chair, to be given to the authors of 
such papers as are read at their accustomed meetings, or to the persons through whose 
hands they received them, are to be considered in no other light than as a matter of 
livihty, in return for the respect shown to the Society by those communications The 
iike also is to he said with regard to the several projects, inventions, and curiosities of 
various kinds, which are often exhibited to the Society, the authors whereof, or those 
who exhibit them, frequently take the liberty to report, and even to certify m the 
public newspapers, that they have met with the highest applause and approbation 
And therefore it is hoped that no regard will hereafter be paid to such reports and 
public notices; which m some instances have been too lightly credited, to the 
dishonour of the Society. 
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America (Central). 

Mexico. 

p Sociedad CiontiSca “Antonio Alzate ” 
America (North). (See United States ) 

America (South). 

Buenos Ayies 

ab Museo Nacional 
Caracas 

B University Library 
Coidova 

AB Academia Nacional de Ciencias 
Rio de Janeno 
p Observatono 

Australia. 

Adelaide. 

p Royal Society of South Australia 
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p Royal Society of Queensland 
Melbourne 

p Observatory 
p Royal Society of Victoria 
ab University Library 
Sydney 

p Lmnean Society of New South Wales 
ab Royal Society of New South Wales 
AB University Library 

Austria. 
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p Societas Histonco-Naturahs Croatica 
Brunn 

ab Naturforschender Verem 
Gratz 

ab Naturwissenschafthcher Veiem fur Steier- 
mark 
Hermannstadt 

p Siebenburgischer Verem fur die Natur- 
wissenschaften 


Austria (continued) 

Innsbruck 

ab Das Ferdmandeum 

p Naturwissenschaftlich - Medicunscber 
Verem 
Klausenburg 

ab A_z Brdelyi Muzeu m Das Siebenbuigische 
Museum 

Prague 

ab Konigliche Bohmiscbe Gesellschaft der 
W issenschaf ten 
Scbemmtz 

p K Unganscho Berg- und Forst-Akademie 
Ti ieste 

B Museo di Stona Naturale 
p Societa Adnatica di Scienze Natuiah 
Vienna 

p Antbropologische Gesellschaft 
ab Kaiserliche Akademie der Wissensebaften 
p K£ Geographiscbe Gesellschaft 
ab K K Geolog ische Reichsanstalt 
b K K Zoologisch-Botanische Gesellschaft 
b Naturhistonsches Hof Museum 
p CEsterreichische Gesellschaft fui Meteoro- 
logie 

Belgium 

Brussels 

b Academie Royale de Medecme 
ab Academie Royale des Sciences 
b Musee Royal d’Histoire Natarelle de 
Belgique 

p Observatoire Royal 
p Societo Malacologique de Belgique 
Ghent 

ab University 
Li6ge 

ab Society des Sciences 
p Societe Geologique de Belgique. 
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Belgium (continued) 

Louvam 

ab L’Umveisite 

Canada. 
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p Scientific Association 
Monti eal 

ab McGill University 
p Natural History Society. 

Ottawa 

ab Geological Survey of Canada 
ab Royal Society of Canada 
Toionto 

p Canadian Institute 
ab University 
Cape of Good Hope. 

A Observatory 
ab South African Libiary 
Ceylon. 

Colombo 
b Museum 
China. 

Shanghai 

p, China Branch, of the Royal Asiatic Society. 

Denmark. 

Copenhagen. 

ab Kongelige Danske Videnskabemes Selskab. 

England and Wales. 

Aberystwitb 
ab. University College 
Birmingham 

ab Free Central Library. 
ab Mason College 
p Philosophical Society. 

Bolton. 

p Pnhlic Library 
Bristol 

p Merchant Venturers’ School 
Cambridge 

AB Philosophical Society 
p Union Society 
Cooper’s Hill 

ab Royal Indian Engineering College, 

Dudley 

p. Dudley and Midland Geological and 
Scientific Society 

Essex 

p Essex Field Club. 

Greenwich 

A Royal Observatory 
Kew. 

b, Royal Gardens 
Leeds. 

p~ Philosophical Society. 
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Loeds (continued) 
ab Yorkshire College 
Liverpool 

ab. Free Public Libiary. 
p, Liteiary and Philosopbical Society 

a Obseivatory 
AB University College 
London 

ab Admii alty 

p. Anthropological Institute 
b ButisliMusoum (Nat Hist). 
ab Chemical Socioty 
p “ Electrician,” Editor of tho 

b Entomological Socioty. 

ab Geological Socioty 
ab Geological Survey of Great Butam. 
p Geologists’ Association 
ab. Guildhall Libraiy 
A Institution of Civil Engineers 
A Institution of Mechanical Engmcois 
a Institution of Naval Architects 
p Iron and Steel Institute 
ab King’s Collogo 
b Lmnoan Socioty 
AB London Institution 
p London Library. 

A. Mathematical Socioty, 

P Meteorological OHloo 
p Odontological Society 
p Pharmaceutical Society 
p Physical Society 
p Quekett Microscopical Club 
p Royal Agricultural Society 
p Royal Asiatic Society 
a Royal Astronomical Socioty. 

b Royal College of Physicians. 

b Royal College of Surgoons, 

p Royal Engineers (for Lite a) ics abroad, six 
copies) 

ab Royal Engiueors Hoad Quarters Libraiy 
p Royal Geographical Society 
p Royal Horticultural Society 
p Royal Institute of British Architects 
ab Royal Institution of Groat Bntam 
B Royal Medical and Chirurgical Society 
p Royal Meteorological Society 
p Royal Micioscopical Socioty 

p Royal Statistical Society 

ab Royal United Service Institution 
ab Society of Arts 
p Society of Biblical Archeology. 

P‘ Society of Chemical Industry (London 
Section). 
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England and Wales (continued) 

London (continued) 

p Standard Weights and Measures Depart¬ 
ment 

ab The Queen’s Library 
ab The War Office 
ab University College 
p Victoria Institute 
b Zoological Society 
Manchester 
ab Dree Library 

ab Literary and Philosophical Society 
p Geological Society 
ab Owens College 
Netley 

p Royal Victoria Hospital 
Newcastle 

ab Pree Library 

p North of England Institute of Mining and 
Mechanical Engmeeis 

p Society of Chemical Indnstiy (Newcastle 
Section) 

Norwich 

p Norfolk and Norwich Literary Institution 
Oxford 

p Ashmolean Society. 

AB Radcliffie Library 
A Radeliffe Observatory 
Penzance 

p Geological Society of Cornwall 
Plymouth 

b Marine Biological Association 
p Plymouth Institution 
Richmond 

a “ Kew ” Observatory 
Salford 

p Royal Museum and Library 
Stony hurst 
p The College 
Swansea 

ab Royal Institution 
Woolwich 

ab Royal Artillery Library 

Finland. 

Helsingfors 

p Societas pro Fauna et Flora Fennica 
ab Societe des Sciences 
France. 

Bordeaux 

p Academie des Sciences 
p Faculte des Sciences 
p Societe de Medecme et de Chirurgie 
p Societe des Sciences Physiques et 
Naturelles 


France (continued) 

Cherbourg 

p Societe des Sciences Naturelles 
Dijon 

p Academie des Sciences 
Lille 

p Faculte des Sciences 
Lyons 

ab Academie des Sciences,Belles-Lettres et Arts 
Maiseilles 

p Faculte des Sciences 
Montpellier 

ab Academie des Sciences et Lettres 
B Faculte de Medecme 
Pans 

AB Academie des Sciences de l’Institut 
p Association Fran^aise pour TAvancement 
des Sciences. 

p. Bureau des Longitudes 
p Bureau International des Poids et Mesures 
p Commission des Annales des Ponts et 
Chanssees 

p Conservatoire des Arts et Metiers 

p Cosmos (M l’Abb^ Valette) 

ab Depot de la Marine 

AB Ecole des Mines 

ab Ecole Normale Superieuie 

AB Ecole Polytechnique 

AB Faculte des Sciences de la Sorbonne 

AB Jar dm des Plantes 

A L’ Ob servatoire 

p Revue Internationale de lElectricite 
p. Revue Scientifique (Mons H de Vakignt) 
p Societe de Biologie 

ab Societe d’Encouragement pour I’Industne 
Nationale 

ab Societe de Geographie 
p Society de Physique 
b Societe Entomologique 
ab Societe Geologique. 
p Societe Mathematique 
p Societe Meteoiologique de France 
Toulouse 

ab Academie des Sciences. 
a Faculte des Sciences 
Germany. 

Berlin 

a Deutsche Chemische Gesellschaft 
a Die Sternwarte 
p Gesellschaft fur Erdkunde 
ab Komghche Preussische Akademie der 
Wissenschaften 
a Physikahsche Gesellschaft 
Bonn. 

ab Univeisitat, 
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Germany (continued) 

Bremen 

p Nairn wmsonseliaCtlichei Voroiu 
Breslau 

p, SoliloRihcTio Ooaollhdmfti fur VaterliimliBche 

Kultur. 

Brunswick. 

p Ymnn Fur Natiu'\vi,4H('rsehaft 
Curlsruho See Karlunilto, 

Danzig’ 

ah. Naturforschimdo GoHellschalt 
Die-sdon 

p Yurom fur Frdkundo 
Emdon 

p Natuvf orschondo GoHollschaft 

Erlangen. 

ab. Physikalisch-Medieinisoho Societal 
Frankf urt-am-Mai n 

ab. Sonokenborgische Naturforsehoiido Goboll- 
schaft 

p ZoologlNCho GoHollt-uduift. 

Frankfurt-! an - 0 dor 
t p. NaturwiHHonHchaftliohor Vorom 
Freiburg-un-Bvoisgau 
AB. UnivorsiUvl. 

Giessen. 

ab. GroBshorasoglicho UnivovBitltt. 

GOrlitz 

p, Naturforschendo Gesellachaft 
Gottingen. 

AB, Komgliche Gesollschaft dor Wisson- 
schaften. 

Halle 

ab. Kaiserliche Leopoldino - Carohmsche 
Deutsche Akademie der Naturforscher. 
p Naturwissenschaftlicher Yerem fur Sach¬ 
sen und Thtirmgen, 

Hamburg 

p NaturhiBtonseb.es Museum. 
ab N aturwissens chaf tlioher Y eroi n 
Heidelberg. 

p, Natuihistorisch-Medizinische Gesellschaft. 
ab Universitat 
Jena. 

ab Medicmisch-Naturwissenschaftliche Gesell- 
schaft, 

Karlsruhe 

a. Gxossherzogliche Stem warte. 

Kiel. 

A. Sternwarte 
AB. TJniversit&t, 

Kdniggberg. 

»u. T^^igiiehe Physikalisoh - Okonomische 
Ffeselkohaft. 


Germany (continued) 

loMJIMU 

p Aunalen dor Phymlc uml Chonuo 
s. Aniiononimcho GcHollKchaft 
ab Komgheho Suehsmehe Gesollschaft dor 
WissetiHoliaCton 
Magdeburg 

p NiiturvviHHoiiflclnifthehor Yorom. 

Marburg 

Ait Uui\evNit.it 
Munich 

ah Koniglnlio llayoriricho Akadornio doi 
WiHHoiischal’Iitm 
p ZoitHolu lft fur Biologio 
MUnstor. 

ah Kdmglioho Thoologiflcbo und Philo- 
sophiHcho Akadornio 

PotNclam 

a AstropbyHikaliHehoH Obsorvatorium 
destock 

ab. Umvermtat 
Strasburg. 

ab. UmvorHitat 
Tubingen 

ah. UuivorHitiil 
W Uvabuvg, 

AB. PUyei kal in oh- Modi oitii hcI i o GoHoUaehaft. 
Holland. (Sou Nmthwulamjih.) 

Hungary. 

Postli 

p. Komgl. Ungarischo Goologiscbo Anstalt. 
ab. A Magyar Tudds Tarsas&g. Dio Ungarischo 
Akadornio dor Wissonschaften. 

India. 

Bombay. 

ab. Elphinstono College. 

Oalontta. 

ab. Asiatic Society of Bengal. 
ab Geological Museum 
p. Great Trigonometrical Survey of India 
ab Indian Museum 

p, The Meteorological Reporter to the 
Government of India. 

Madras 

B Central Museum 
a. Observatory. 

Roorkee. 

p. Roorkee College. 

Ireland. 

Armagh. 

a. Observatory. 

Belfast. 

ab. Queen’s College. 
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Ireland (continued^ 

Cork 

p Philosophical Society 
ab Queen’s College 
Dublin 

a Observatory 
AB National Libiary of Ireland 
b "Royal College of Surgeons m Ireland 
ab Royal Dublin Society 
ab Royal Irish Academy 
Galway 

ab Queen’s College 

Italy. 

Bologna 

ab Accademia delle Scienze dell’ Istitufco 
Ploience 

p Bibhoteca Nazionale Centrale 
ab Museo Botanico 
p Reale Istituto di Studi Supenori 
Milan 

ab Reale Istituto Lombaido di Scienze, 
Lettere ed Aiti 

ab Societa Itahana di Scienze Natural 1 
Naples 

p Societa di Natural is ti 

ab Societa Reale, Accademia delle Scienze 

b Stazione Zoologica (Di Dohrn) 

Padua 

p University 
Pisa. 

p Societa Toscana di Scienze Natmali 
Rome 

p Accademia Pontificia de’ Nuovi Lmcei 

A Osservatono del Collegio Romano 

ab Reale Accademia dei Lmcei. 
p R Comitato Geologico d’ Italia 
ab Societa Italiana delle Scienze 
Siena 

p Reale Accademia dei Fisiocntici 
Turm 

p Laboratono di Pisiologia 
ab Reale Accademia delle Scienze 
Venice 

p Ateneo Veneto 

ab. Reale Istituto Veneto di Scienze, Lettere 
ed Arti 

Japan. 

Toki6 

ab Imperial University 
Yokohama 

p Asiatic Society of Japan 
MDCCOXC.—A 


Java 

Batavia. 

ab Bataviaasch Genootschap van Kunsten on 
W etenschappen 
Buitenzorg 

p Jardm Botamque 
Luxembourg 
Luxembourg 

p Societe des Sciences Naturelle' 

Malta 

p Public Libiary 
Mauritius, 

p Royal Society of Arts and Sciences 
Netherlands 
Amsterdam 

ab Konmkli-jke Akademie van Wetenschappen 
p K Zoologisch Genootschap c Natura Artis 
Magistra ’ 

Delft 

p Ecole Polytechnique. 

Haailem 

ab Hollandsche Maatschappi] dei Weten¬ 
schappen 

p Musee Teyler 
Leyden 

ab University 
Rotteidam 

ab Bataafsch Genootschap der Pioefoudei- 
vmdelijke Wrjsbegeeite 

Utiecht 

AB Provmciaal Genootschap van Kunsten en 
W etenschappen. 

New Zealand 

Wellington 

ab New Zealand Institute 

Norway. 

Bergen 

ab Bergenske Museum 
Christiauia 

AB Kongelige Noiske Piedenks Umveisitet 
Tromsoe 
p Museum 
Tiondlrjem 

ab Kougelige Norske Yidenskabers Selskab 

Nova Scotia. 

Halifax 

p Institute of Natural Science 
Windsor 

p King’s College Library 

Portugal. 

Coimbia 

ab Umversidade. 

Lisbon 

ab Academia Real das Sciencias 
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Portugal (continued) 

Lisbon (continued) 

p Secijao dosTrabalhos Geologicos de Poitugal 

Russia 

Doxpat 

ab University 
Kazan 

AB Iniperatorsky Kazansky Umvoisitot 
Kharkoff 

p Section Medicalo clo la Societe dcs Scioncos 
Experimental us, Universito de Ivluirkow 

Kieff 

p Socidte deH Nahn ahstes 
Moscow 

ab Le Mus6e Public 
b Soci6te Imp6nale des Natuiahstcs 
Odessa 

p Societe des Natuiahstcs do la Nouvclle- 
Russie 

Pulkowa 

A Nikolai Hanpt-Stemwarte 
St Peteisburg 

ab. Academic Imperial o dos Sciences 
AB Comrle Gcologiqne 
p Compass Observatory 
a L’Obscrvatoire Physique Oontr.il. 

Scotland. 

Aberdeen, 

ab University 
Edinburgh 

p Geological Society 

p. Royal College of Physicians (Research 
Laboratory) 

p Royal Medical Society 

a Royal Observatory 

p Royal Physical Society. 

p Royal Scottish Society of Arts 

ab Royal Society 

Glasgow 

ab Mitchell Pree Library 
p Philosophical Society 
Servia 
Belgrade 

P Academic Royale de Serbie 

Sicily 

Acireale 

p Socleta Xtaliana dei Micioscopisti, 

Catania 

AB Accademia Gioema di Scienze Natur&li 
Palermo 

a Circolo Matematico. 

AB Consiglio da Perfezionamento (Society di 
Scienze Naturali ed Economiche). 

Av Reale Osservatono 


Spain 

Cadiz 

A Obsorvatono do San Fernando 
Madud 

p Comisnin del Mapa Gcoldgico do Espaua 
a 13 Real Academia do Cioncias 
Sweden 
Gottonlnug 

ab Kongl Yotonskaps och Yittorhets Savn- 
liallo 

Lund 

ab Ilmversitot 
Stockholm 

A, Acta Mathomatica 

ah Ivonghga Svonska Votenskaps-Akadomio 
ab Svoriges Goologiska Undcisokmng 
Upsala 

ab Uxnvorsilct 

Switzerland 

Basel 

p Natuiforsohondo GescllschaCt 
Born 

ab Allg Sehwoizoriseho Goscllsebaft 
p Natnrforschoudo Gcssollsehaft. 

Genova 

AB Soon'to do Physique ot d’U i stone Naturello, 
ah XuHtitut National Goiiovoih 
X jausnnno 

p , Society Vaudoiso dos Scioncos Naturollos 

Nouch/ltel 

p Astronomischo Mitthoilungon (Professor R, 
Wolf) 

p Society des Sciences Naturollos 
Zurich 

ab Das Schwoizonsche Polytechnikum 
p Naturforschonde Gosellscliaft 
Tasmania. 

Hobart 

p Royal Society ol Tasmania. 

United States. 

Albany 

ab New York State Library 
Annapolis 

ab Naval Academy 
Baltimore 

ab Johns Hopkins University 
Berkeley 

p University of California 
Boston, 

ab American Academy of Scienoeb 
b Boston Society of Natural History 
A Technological Institute 
Brooklyn 

AB Brooklyn Library 
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United States (continued) 

Cambridge 

ab Harvard University 
B Museum of Comparative Zoology 
Cbapel Hill (N C ) 

p Elisha Mitclielt Scientific Society 
Chaileston 

p Elliott Society of Science and Art of South 
Carolina 

Chicago 

ab Academy of Sciences 
Davenport (Iowa) 
p Academy of Natural Sciences 
Madison 

p W isconsin Academy of Sciences 
Mount Hamilton (California) 

A Lick Obseivatoiy 
New Haven (Conn ) 

AB American Journal of Science 
ab Connecticut Academy of Arts and Sciences 
New York 

p Amoncan Geogiaplncal Society 

p Aniencan Museum of Natural Histoiy 

jii New Yoik Academy of Sciences 

p Now Yoik Medical Journal 
p School of Mines, Columbia College 
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United States (continued) 

Philadelphia 

ab Academy of Natuial Sciences 
AB Am erican Philosophical Society 
p Franklin Institute 
p "Wagner Free Institute of Science 
St Louis 

p Academy of Science 
Salem (Mass) 
p Essex Institute 
ab Peabody Academy of Science 
San Francisco 

ab California Academy of Sciences 
Washington 

p Department of Aguculture 
A Office of the Chief Signal Officer 
AB Patent Office 
ab Smithsonian Institution 
AB United States Coast Survey 
p United States Commission of Fish and 
Fisheiies 

ab United States Geological Survey 
ab United States Naval Observatory 
West Point (NY) 

ab United States Military Academy 
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Adjudication of the Medals of the Royal Society for the year 1890 , 

by the President and Council. 


The Copley Medal to Simon Newcomb, For Mem.R S , for his Contilbutions to 
the Pi ogress of Gravitational Astronomy 

The Rum ford Medal to Heinrich Hertz, for his work m Electro-magnetic 
Radiation. 

A Royal Medal to David Ferrier, F R S , foi his Researches on the Localisation 
of Cerebral Functions 

* 

A Royal Medal to John Hopkinson, F R S , for his Researches m Magnetism 
and Electucity 

The Davy Medal to Emil Fischer, for his Discoveries in Organic Chemistry, and 
especially for his Researches on the Carbo-hydrates. 

The Darwin Medal to Alfred Russel Wallace, for his Independent Origination 
of the Theory of the Ongm of Species by Natural Selection. 


The Bakeiian Lecture, “ The Discharge of Electucity thiough Gases (Prelirmnaiy 
Communication),” was delivered by Professor A. Schuster, F R.S 

The Crooman Lecture, “ On some Relations between Host and Parasite m certain 
Epidemic Diseases of Plants,” was delivered by Professor H, M. Ward, E.R.S. 
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ERRATA. 

‘ Phix Trans / 1890, A. 

j BaJcenan Lecture 

Page 260, for N = H c cos 8 r — H cos 8 read N = H cos 8 — PL cos 8, 

A similai correction should be made in the two following equations 

Page 290, m fig. 21 the direction of tho horizontal disturbing force at St. Leonards 
should be as m Plate 13. 

Plate 13. The angle made by the horizontal disturbing force at Oampbolton with 
the geographical meridian is -p 136° not —136°. 

‘ Phil. Tuans.,’ 1889 , A. 

G. PL Bryan on a Rotating Liquid Spheroid. 

Pages 214, 216, equations (96), (103), 

and in equation (97) remove the sign — on the right hand. 



PHILOSOPHICAL TRANSACTIONS. 


I On the Effect of Temperature on the Specific Inductive Capacity of a Dielectric 

By W Cassie, MA., Trinity College, Cambridge, Examiner m the Universities 

of Aberdeen and Durham 

Communicated by J J Thomson, M A,, FR S, Cavendish Professoi of Expeiimental 

Physics m the University of Cambridge , 


Received May 24,—Read June 20, 1889 


The object of tbe experiments described m this paper was to leam how the specific 
inductive capacity of a dielectric is affected by change of temperature 

Cavendish observed an increase m the capacity of a glass condenser when it was 
heated, but gave no measure of the effect Dr. Hopkinson observed in light flint 
glass an increase of 2-| per cent m the capacity between 12° and 83° C And 
Messrs Gibson and Barclay showed that there is no appreciable change m the case 
of paraffin between temperatures —12° and 24° C Except these, no measurements of 
the effect appear to have been hitherto published. 

The present investigation shows an increase of specific inductive capacity with rise 
of temperature in all the solids* examined, and a decrease in all the liquids except 
one 

As paraffin, which is a substance comparatively near its melting point at ordinary 
temperatures, shows no change, these results seem to indicate, as far as they go, that 
the specific inductive capacity of a substance has a maximum value about the meltmg 
point But it may be questioned whether the data are sufficient as yet to warrant so 
general an induction 

The relation which Clerk Maxwell’s electromagnetic theory of light indicates 
between specific inductive capacity and refractive index makes it interesting to 
compare the effects of temperature on these two quantities. Four of the liquids 

* The results given here for mica, ebonite, and tbe first specimen of glass are all less than those 
mentioned by Professor J J Thomson, m his tieatise on “Applications of Dynamics to Physics and 
Chemistry ”, because tbe results quoted there were obtained from an earlier set of observations, m 
which the precautions for insulation were inferior to those described heie 
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investigated lie re are amongst those for "which Dale and Gladstone have observed 
the refiactive indues at seveial temperatuies For one of these four the tempeiature 
effects show no similarity whatever, for another the relation is fanly close to that 
indicated by the theoiy, and foi the other two, though not agreeing exactly with the 
theoiy, the relation does not differ fiom it very greatly, not more, perhaps, than 
might be explained by diffeiences m the specimens used 

The experiments were done in the Cavendish Laboratory, Cambridge, and I am 
glad of this opportunity of thanking Piofossor J. J Thomson, FES, at whose 
suggestion they were undeitaken, for placing the lesources of the Laboratory at my 
disposal, and for valuable advice during the course of the woik 

1 Solids 

The method adopted m the case of solids was to make a condenser with the 
substance to be experimented upon and observe its capacity at different temperatures 
The condenser consisted of a pile of alternate thin sheets of the diolectnc and discs of 
lead foil, with flat plates of iron above and below, and a weight on the top to keep 
them together. The condenser could not be fixed together in any moro permanent 
way, because the unequal expansion with boat of the different materials would have 
altered the degree of compression of the pile, and so produced a change of* capacity 
greater than the effect under investigation. 

Special precautions were required to secure that the insulation botwoen the two 
sides of the condenser be as far as possible independent of the temperature To 
secure this the condenser was suspended in a stirrup from a bracket about four feet 
above the air bath m which it was heated. The suspending wires, which formed the 
connection for the side of the condenser in contact with the stirrup, passed without 
touching through holes in the top of the air bath, and over a short glass tube 
varnished with shellac, which was fixed across the bracket above. The connection 
for the other side of the condenser consisted of a stiff wire, which also passed without 
touching through a hole in the top of the air bath, and was carried through the glass 
tube on the bracket Thus the condenser had no contact with anything about the 
air hath, and was supported solely by the glass tube on tlie bracket, which was 
always cold and perfectly insulating. The perfect freedom of the condenser and its 
supports was easily tested before each observation by tapping the air hath and seeing 
that no motion was produced m the suspending wires. 

The condenser was heated by raising the bath quickly to a temperature considerably 
above that aimed at, and then leaving under it a small flame adjusted by experience to 
give the right temperature The temperature was read by a thermometer passing 
through a cork in the top of the bath. About three hours was the shortest time 

t° ensure that the condenser was uniformly heated throughout, it was usually; 
d e*ood deal longer. 
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The condensers needed several heatings before settling down to a steady capacity m 
the cold state The temperatures m these pieliminaiy heatings were always above 
the highest used m the actual observations 

The capacities were measured by the method used by Piofessor J. J Thomson m 
his determination of the ratio of the electrostatic and electiomagnetic units 
(* Phil Trans 1883) It is thus described m his paper — 

“ In a Wheatstone’s bridge, APOD, with the galvanometer at G, and the battery 
between A and B, the circuit B I) is not closed, but the points B and D are connected 
with the two poles, It and S, of a commutator, between which a tiavelhng piece, P, 
moves backwards and forwards; P is connected with one plate of a condensei, the 
other plate of which is connected with D Thus when P is m contact with S, 
the condenser will be charged, and until it is fully chaiged, electricity will flow 
into it from the battery, this will produce a momentary current through the various 
ai ms of the bridge When the moving piece P is m contact with P, the two 
plates of the condenser are connected, and the condenser will dischaige itself through 
D R, and as the resistance of D R is infinitesimal m companson with the resistance of 


Fig 1 



any other circuit, the discharge of the condenser will not send an appreciable amount 
of electricity through the galvanometer. Thus, if we make the moving piece P 
oscillate quickly from R to S, there will, owing to the flow of electricity to the 
condenser, be a succession of momentary cunents through the galvanometer The 
resistances are so adjusted that the deflection of the galvanometer pioduced by these 
momentary currents is balanced by the deflection due to the steady current through 
the galvanometer, and the resultant deflection is zero. When this is the case there 
is a relation between the capacity of the condenser, the number of times the condenser 
is charged and discharged per second, and the resistances m the various arms of the 
bridge.” 

This relation, which is worked out in the paper, is expressed by taking a, b , c, d, g 
to represent the resistances of A C, A B, A D, B C, D 0 respectively. The resistances 

T? 9 
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of D R and S B are so small as io be negligible. Tliou if the condenser has a capacity 
0, and is charged and dischaiged n times per second 


a i 1 


a* 


nQ = 


(a 4 - (‘ -\-<f) {(i + b +■ (1) 


r 


cd\ 1 + 


fib 


[ 1 o {a + b + (?). 


i . _ ar > 

(1 (« 'I" 0 ~t //). 


The resistances used were about 

a = 10, 

6 = 8, 

o between 3000 and G000, 
d „ G000 „ 2000, 

<j = 4000 ohms. 

With these values 

nO = 

cd 

is correct to within *2 per cent., and is the formula used here. 

The commutator BBS (fig. 2) was that used by Professor Thomson and is thus 
described m his paper •« 

Yi% 2. 



** The current from two Grove’s cells passes first through a tuning-fork interrupter, 
and then through the coils L M of an electromagnet. P N is a strip of brass with a 
piece of iron attached to it. When there is no current passing through the electro¬ 
magnet, the elasticity of the rod P N makes it press against a screw T, which is 
electrically connected with a binding screw R: when the current passes through the 
electromagnet, the magnet attracts the iron attached to the rod P N and brings it 
into contact with the stop G, which is electrically connected with the binding screw S. 
fetters P, R, S indicate the same points in this figure as in fig. X. All the places 
Contact is made by the vibrating piece P N are covered with platinum, and the 
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whole arrangement is fastened down to an ebonite board. As the ourient passes 
intermittently through the coils L M of the electromagnet, the vibrating piece 
strikes alternately against the parts G and T , when it strikes against G the opposite 
plates of the condenser are connected with the two poles of the battery , when it 
strikes against T the condenser is discharged (see fig 1) ” 

To be able to allow for conduction or absorption m the dielectric by means of 
observations with forks of different rates, we must know the comparative times 
during which the vibrating piece P is in contact with G, m contact with T, and 
travelling from one to the other. I therefore fixed a stiff arm to the end of P and 
took tracings with it on smoked paper, moved across while the mterruptor was 
vibrating. These tracings showed that when the mterruptor is going steadily (this 
is easily known by the sound) the vibrator is in contact with G and T for equal tunes 
and the time occupied m passing from one to the other is negligible compared to the 
time of contact. 

The batteiy used was six Leclanche cells, and the variable resistances were taken 
from a box by Elliott Tuning forks were used, making 99, 64, and 49 complete 
vibrations per second. The forks weie worked by a current from the storage cells 
m the Laboratory. 

The coefficients of expansion with temperature of lead, ebonite, and glass aie 
•000029, 000077, and 000009 respectively. That of mica does not seem to have 
been determined, but it is probably less than that of lead So that the combined 
effects of expansion with rise of terapeiature do not affect the capacity before the 
fifth decimal place; and, as the results do not profess to be correct to more than four 
decimal places, the expansion of the materials may be neglected. 

Some observations were also taken with ebonite by an electrostatic method based 
upon that described in Maxwell’s “ Electricity and Magnetism,” §229 (second 
edition); the only difference being that there was no guard ring. The condenser was 
compared with a variable condenser by dividing a charge between them, separating 
them, and connecting opposite poles together and to the electrometer, then, if they 
were unequal, the difference deflected the electrometer For this method a special 
key was required to make the connections quickly and to keep the electrometer to 
earth until everything except the charge to be measured had been discharged. If the 
electrometer were not kept to earth it would be deflected m spite of ordinary screens 
by induction inside the key on account of the high potentials required 

When neither of the condensers being compared has any absorption, there is no 
difficulty with this method, and any ordinary quadrant electrometer may be used. 
But when this is not the case the residual discharge will begin to come out as soon as 
the condensers are connected, and this makes the needle always go ultimately to the 
same side. The only way to get a balance is to make the variable condenser too 
large, and gradually dimmish it until the initial motion of the needle due to it 
disappears This requires a needle with a short time of swing, because with a slow 
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needle the residual charge comes out and overpowers the first effect before the needle 
has time to show it With a small ebonite condenser it was just possible to make an 
Elliott’s electrometer sufficient by making the connection as short as possible, but 
with a large condenser it was useless Consequently, this experiment would require 
an electrometer with a needle of very short time of swing One with small 
cylindrical needle and quadrants seems most suitable 


Mica 


The mica condenser was made of twenty-two sheets of brown Muscovite with 
equilateral triangular markings. The sheets were about 3-g inches diameter., and the 
thicknesses varied from about a quarter to about a tenth of a millimetre Some 
difficulty was found m getting rid of surface conduction on the mica. No cleaning 
would make it insulate, but in the end perfect insulation was secured by putting 
a border of shellac varnish round the edges of the sheets The shellac did not come 
between the plates of the condense*, and so did not affect the capacity. The highest 
temperatures m the preliminary heating were less than 140° C 

The insulation was constantly tested by an electrometer, and was found perfect 
throughout for temperatures below 110° C Above this it began to give way 
The results are given in the following table and diagram (fig. 3). 


Temperature 

Variable resist¬ 
ance 

Change of 
capacity 

Rate of increase 
per degree. 

Fork n 

iaking 99 comp 

lete vibrations ■ 

Der second 

11° 0 

4890 



37 

4850 

0082 

00032 

46 

4830 

0122 

*00035 

56 

4810 

•0163 

00035 

70 

4790 

0204 

•00035 

79 

4770 

0245 

00036 

89 

4750 

0286 

00035 

107 

4700 

0387 

00040 

112 

4600 

0591 

00059 

Fork making 64 complete vibrations per second 

14 

5530 



48 

5460 

0127 

00037 

60 

5440 

0163 

00035 

70 

5425 

0190 

•00034 

78 

5390 

•0253 

•00039 

89 

5340 

•0343 

00045 

110 

5270 

•0470 

00049 
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The fact that both periods give the same value shows that, as was to be expected 
from its crystalline structure, there is no absorption m mica for those short times of 
charging 

Fig 3 



Ebonite 

The ebonite condenser was made of twenty discs of ebonite, about a third of a 
millimetre thick, and three and a quarter inches in diameter. The ebonite sheets weie 
carefully cleaned with paraffin dissolved m benzol, and this gave perfect insulation 
without any shellac bolder At temperatures above 70° C the capacity began to 
increase rapidly owing to softening The highest temperatuie reached m the 
preliminary heating was a little under 80° C 

The insulation was constantly tested as m the case of mica, and was found perfect 
up to about 70° C 

The results are given in the following table and diagram (fig 4) 

As the insulation was perfect, the greater capacity shown by the longer time of 
charging must be due to absorption—an effect which the structure of ebonite would 
lead us to expect The column of values for instantaneous charge have been calcu¬ 
lated on the assumption that the absorption goes on at the same rate from the 
beginning of the charge, as during the interval observed. 


Temperature 

Variable resist¬ 
ance 

Change of 
capacity 

Rate of increase 
per degiee 

Fork n 

lakmg 99 comp 

lete vibrations ] 

oer second 

13° C 

3520 



44 

3460 

017 

00055 

57 

3415 

030 

*00068 

63 

3355 

044 

00088 

Fork making 64 complete vibrations per second. 

13 

5250 1 



44 

5143 

020 

00065 

57 

5060 

036 

00081 

63 

4960 

055 

00110 

75 

4800 

085 

00170 
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Values of late of change conected foi instantaneous chaige 

M° C 00037 

37 00043 

G3 00048 

Fig I 



Electrostatic Observations —In the observations on ebonite by the electiostatic 
method the condenser consisted of two sheets of ebonite between the iron discs, and 
with a copper disc between them. The condensei rested upon a glass tripod inside 
the air bath, and the leading wires entered the air bath through glass tubes. The 
capacity of this was adjusted so as to be within the range of a lino sliding condenser m 
the Laboratory against which it was balanced; and tho readings wore taken on an 
Elliott electrometer. It required great care and patience to make so slow an electro¬ 
meter suffice, for the reasons already stated. The insulation of all parts of the 
apparatus also required much attention. 

The cold temperature, 8°, was obtained by running iced water round the bath 
containing the condenser Subsequent observations showed that this had affected 
the insulation and so increased the apparent diminution of capacity 

The greater rate of change shown by the electrostatic results is probably due to 
the time of charging by the key worked by hand being greater than with the tuning 
fork. 

Any leak wonld produce an apparent decrease of capacity by this method; so that, 
although the electrostatic results are of less weight than the others, the agreement of 
the results of two methods m which the main source of error tends in opposite 
directions is a confirmation of their accuracy 

The electrostatic results are given in the following table .— 


Temperature 

Rate of change of 
capacity per degree 

17° 0 


40 

•0008 

48 

0010 

50 

0016 

57 

0015 

(8 

0021) 
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Glass. 

The glass condenser was made with seventeen sheets of thin rmcioscope-slide 
cover-glass, about three inches diameter They consisted of a soda glass of high 
conductivity, so that, although the discs were carefully cleaned and bordered with 
shellac as m the case of mica, the insulation of the condenser, as tested by the electro¬ 
meter, was nevei perfect. Since it is only the charging of the condenser that affects 
the galvanometer, the discharge passing sensibly all through D It (fig 1), the defective 
insulation introduces simply a steady cunent during each time of chaigmg Each 
time the condenser is charged, the quantity of electucity passing D ‘and B consists of 
(1) the charge of the condensei, and (2) the current through the condenser, which lasts 
duiing the time the vibiatoi P is m contact with S For our present purpose, the 
current may be considered as immediately established at full strength when the cncuif 
is closed So that, neglecting absorption, the apparent capacity exceeds the tiue 
capacity by the conductivity of the condensei multiplied by the duration of the contact 
between P and S And from observations on the apparent capacity with two forks 
of known speed, the true capacity can easdy he found 

The highest temperature in the preliminary heating was less than 110° C 
The results are given m the following table and diagram (fig 5) — 


Temperature 

Variable resrst- 
ance 

Change of 
capacity 

Rate of change per 
degree 






Foik making 99 complete vibiations pei second 


17° C 

4795 

! : 

i 


38 

4630 

034 

0016 

49 

4540 j 

053 

0017 

57 

4425 

077 

0019 

b2 

4320 

099 

i 

0022 

Fork making 64 complete vibrations 

per second 

17 

6070 

! 

1 

I 

38 

5830 

: 039 

1 0018 

49 

5670 

1 066 

! , 0021 

57 

i 5470 

098 

0024 

62 

5360 

/ 

J 

117 

0026 

j 
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Rate of change corrected for instantaneous charge 


17° io 38° 


0013 

40 


0010 

57 


0010 

r»js 


0015 


Fig 5 




The next three tables and diagtara give the results of experiments upon another 
condenser of microscope-slide cover-glass. This specimen of the glass had less con¬ 
ductivity than the previous, hut the precautions for general insulation woie not ocpml 
to those in the other experiments described. The condenser rested on a gloss tnpod 
inside the air hath, and the leading wires passed into the bath through glass tubes. 
The condenser consisted of twenty-two discs of glass cleaned and bordered with 
shellac in the usual way, with discs of lead foil between them 

The curves are almost exactly parallel up to between 40° and 50°, and diverge at 
higher temperatures m consequence of conduction , so that we may take the tempera¬ 
ture change of specific inductive capacity for this specimen of glass to he about 2 per 
cent, up to 50°. 

An attempt was made to observe this temperature effect for shellac. The condonscr 
was made by dipping the lead discs in shellac varnish, and carefully and thoroughly 
evaporating the alcohol. But after the condenser was made it was found that at a 
temperature below 50 the shellac softened, so that the plates were pressed together 
by the weights on the top of the condenser. To dimmish the weight would have been 
useless , because, in any case, it would have been impossible to say how far a change 

of capacity was due to softenmg, and without a weight at all the results are quite 
unreliable 
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Temperatuie 

Vanable 
i esistance 

Change of 
capacity m terms 
of capacity at 
lowest tempeia- 
tnre 

Eate of change 
pei degiee 


With 

99 fork 


18° C 

4010 



48 

3750 

0645 

00215 

59 

3630 

0941 

00230 

81 

3070 

2311 

00369 

101 

2890 

2541 

00251 

With “ 64 fork ” 

(between 64 and 65). 

14 

6110 



44 

5700 

0671 

00224 

50 

5560 

0900 

00250 

60 

5270 

1351 

00293 

71 5 

4850 

2062 

00362 

94 

3840 

3551 

00444 

117 

3280 

4712 

00506 


With 49 fork 


13 

8100 



43 

7480 

0765 

00255 

64 5 

7020 

1538 

00300 

75 

5850 

3201 

00516 

115 

4250 

5484 

00537 


Pig 6. 



o 2 
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II Liquids. 

The apparatus foi liquids consisted essentially of a quadrant electrometer immeised 
m the liquid. 

The heating was done by a water bath, and on account of the highly inflammable 
character of some of the liquids experimented upon, the water was heated m a 
separate vessel at a distance, from the top and bottom of which pipes went to a and d 
in fig 7. The hot water was pumped through m the direction deb a. 



The , provision for the insulation, was on a similar principle to that adopted in the 
case of solids. Each quadrant was supported by a long stiff rod, the upper part of 
which was fixed m a varnished glass tube. These four glass tubes were separately 
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clamped to a support about 18 mclies above tlis surface of the liquid, so that the 
quadrants touched nothing except the liquid and this perfectly insulating support 
The needle was suspended by a fine wne from the same height so as to oscillate under 
toision 

The hollow top of the water bath had seven holes through it as shown m the 
figure Through the outside four passed, without touching, the rods supporting the 
qnadiants, through the centre one hung the needle, and through the two next the 
centre thermometeis could be inserted This top was permanently fixed to the 
support of the needle and quadiants, and the lower pait of the bath containing the 
liquid was moved up on a smooth sliding arrangement into contact with the top so as 
to immerse the needle and quadrants Above the fixed top of the bath was a box 
with a window on one side, through which the movements of the needle and mirror 
were read by a scale and telescope The deflections of the needle weie observed when 
connected first to one pair of quadrants and then to the other pair 

As the needle and quadrants were parts of cylinders between three and four inches 
diameter and about a quartei of an inch apart, a large electiomotive force was required 
to produce a deflection The electromotive foice had also to be rapidly reversed m 
direction to avoid as far as possible polarisation, convection, &c , m the liquid The 
electromotive force was obtained from a Buhmkoiff coil without a condenser, and 
with a high lesistance between the terminals to prevent sparking This high 
resistance consisted of a wide glass tube, about 6 inches long, filled with distilled 
water, and having a thick copper wire sliding through a cork at each end. By 
altering the distance of the ends of the copper wires m the water the resistance could 
be adjusted and the deflection controlled as desired. The coil was worked by a 
current fiom the storage cells m rhe Laboratory. 

As the electromotive force given by this arrangement was variable, and also the 
loss of electromotive force by conduction was different for each liquid and for each 
temperature, it was necessary to be independent of such changes Accordingly a 
second electrometer was placed between the terminals just outside the liquid one, 
which being always in the same state gave the comparative values of the electromotive 
force This second electrometer was an Elliott’s lecture-room pattern with two 
quadrants removed and the needle connected to one of the remaining quadrants. 
The advantage of this form for the present purpose was that by moving the needle 
up from the quadrants the deflection could be diminished to any desired extent. 
Then the quotient of the deflection of the liquid electrometer by the deflection of the 
second electrometer was proportional to the specific inductive capacity of the liquid. 
For every deflection of the liquid electrometer a pair of deflections of the second 
electrometer were taken with the needle connected fiist to one pair of quadrants and 
then to the other. The general arrangement of the apparatus is shown m the figure. 

The hquids experimented upon were turpentine, carbon bisulphide, glycerine, 
benzene, benzylene, olive oil, and paraffin oil Methylated spirit was also tried; but 
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its conductivity was so great that no deflection could be obtained. All except 
paraffin oil showed a decrease of specific inductive capacity with rise of tempeiature 
The paraffin oil was that used m the lamps in the Laboratoiy, and its exceptional 
behaviour may have been due to some secondary action arising from impurity. 

The results aie given m the following tables and diagram And to show the way 
m which the observations were made, the readings aie given foi turpentine at two 
temperatures 




Ratio of specific 
inductive capacity 



Temperature 

to that at the 
lowest tempeia- 

Rate of deci ease 



ture 


Turpentine 

20° C 

1 0000 



36 

•9800 

•0012 


49 

9700 

0011 


62 

•9600 

•0009 

Carton bisulphide 

15 

1-0000 



35 

9130 

•0040 


43 

•8940 

•0040 

Glycerine 

18 

1*0000 



41 

8500 

0060 


61 

•7760 

•0053 

Benzylene 

19 

1 0000 



41 

•9870 

0006 


52 

•9640 

0011 


63 

9350 

0015 

Benzene 

15 

1 0000 



39 

•9665 

•0014 


58 5 

9507 

0012 

Olive oil ♦ 

17 

1-0000 



38 

9530 

•0021 


51 

9140 

•0025 


59 

•9130 

0021 


68 

8670 

0026 
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* 

Temperature 

Ratio of specific 
inductive capacity 
to that at the 
lowest tempeia- 

Rate of mci ease 



ture 


Paraffin oil 

18° C 

1000 



36 5 

1040 

0022 


49 5 

1080 

0025 


54 

1 081 

0022 


Readings foi Turpentine. 


Temperature 


20 ° 

Zeio 

Needle connected to one pair 


Ztio 


5) 
5 > 
59 


5 * 

otliei 


36° 

Zeio 

Needle connected to one pair 

other „ 


Liquid 

An electro- 

Ratio of electio- 

Electrometei 

metei 

meter leadings 

16 5 



62 

62 

85 1 

- 20 j 


098 

26 6 

26 0 

- 21 

75 . 


102 

16 8 





Mean 100 

17 3 



26 3 

83 1 

098 

26 3 

- 15 j 

74 

74 

-i7 i 

79 / 

098 



Mean 098 
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If the relation indicated by Clerk Maxwell’s electromagnetic thcoiy oflight held 
goo , and the specific inductive capacity were equal to the square ol* the lefiactivo 
ex, t en t e rate of change of specific inductive capacity with tcmpeiatmo ought 
to be twice that of the refractive index. Amongst the liquids, for which Dale and 
Gladstone have observed the refractive indices at different temperatures, are four of 
ose wit here The mean rates of change, with tempeiature of the refractive 
index for the A line m the spectrum, deduced from then observations, are 
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Turpentine 

00035 for temperature range 

from 10° 

to 17' 

Benzene 

00040 

55 5 5 

10 

„ 39 

Benzylene 

00037 

>5 )> 

25 

„ 39 

Glycerine . 

00018 

55 55 

20 

v* 

oc 


Thus, it appears that although the two rates of change for Glycerine present 
no similanty whatever, those of the rest of the four are m a ratio not very far from 
1 to 2, the approach being nearest m the case of Benzylene 


Appendix 

(Received October 18, 1889) 

A suggestion having been made that, as the opposite effects of use of tempera¬ 
ture upon solids and liquids weze observed by different methods, it would be 
well that both should be tested by the same method, a qualitative experiment was 
made on a solid by the method used for liquids, to see whethei the lesult would agree 
with that aheady obtained, 

A cylinder of glass was placed between the quadrants and needle of the liquid 
electrometer, leaving the needle fiee to oscillate, and observations were taken 
at different temperatures, exactly as already described for the case of a liquid 
dielectric The result was always an mciease of specific inductive capacity with rise of 
temperature All the precautions for insulation, &c, were observed as m the 
experiments already described But the heating was not mam tamed long enough to 
secure that the glass had acquired the full temperature of the air m the bath , 
so that the results obtained are only qualitative, the change being less than that 
coriespondmg to the temperature indicated by the air inside the bath In one case, 
where the heating had lasted several hours, the late of change rose as high as 0024 
per degree for a range of 50° C., a lesult sufficiently close to that obtamed for glass by 
the other method. 
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I The operators to be considered, include oi involve all those which have presented 
themselves as annihilators and generators m recent theories of functional differential 
invariants, recipiocants, cyclicants, &c. The general form of the bmaiy operators, 
operators whose arguments are the derivatives of one dependent with legald to one 
independent variable, which I propose hist to consider, is adopted m accoidance with 
that used m two remarkable papeis by Major MacMahon * They are his operators 
in four elements The analogous ternary opeiators to which I subsequently devote 
attention, are distinct from his operators of six elements Their arguments are the 
partial derivatives of one of three variables, supposed connected by a single relation, 
with regard to the two others. 

* “ The Theory of a Multilinear Partial Differential Operator with applications to the Theories of 
Invariants and Recipiocants,” ‘London Math Soc Proevol 18, 1887, pp 61—88 “The Algehia of 
Multilinear Partial Differential Opeiatois,” ‘ London Math Soc Proc vol 19, pp 112-128 

D 2 
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The only previous contribution, of which I am aware, to the subject of the reversion 
of MacMahon operators, is a paper by Professor L J Rogers/ m which he obtains 
the operator reciprocal to [jx, v , 1,1}, and alludes to the self reciprocal property of V 
which is expressed with more precision in (38) below. 


I Binary Operators 

2 Let x and y be two variables connected by any relation. Let y, denote ~ and 

B (tiB 

1 d r x 


denote 


r ! dif 


and 


Let £ and y be corresponding increments of x and y , so that by Taylor’s theorem 

v — Vi£ 4- y^P 4- 4- • • - • (i) 

£ — Xtf + xpf + X z yf + . . (2) 


the one expansion being a ieversion of the other. 

Let Y s im) denote the coefficient of f* in the expansion of* rj **, i e, of (y^ + y °£ 3 4~ 
y-^ + -) m in ascending integral powers of £; and X.J w) the coefficient of if m the 

expansion of f*, ^ e , of (xpj + xyrf + xpf + * * .)* in ascending integial powers of 77 
It is supposed that to is not fractional It need not, however, be positive Nor is it 
necessary to exclude the value zero, which, though somewhat special, will be seen to 
be of importance later 

Let ft be a positive or negative integer or zero, and let p and v be any numerical 
quantities 

Denote 

1S {(p + vs) by {>, v , to, n} T , . . . (3) 

and 

^ s {y + j-s) Y« —--} by {fi, V, m, n},, . . . (4) 

the summations being, with regard to s, which assumes in turn all integral values not 
less than the greater of the two to and — n -f- l, so that, if on + > 1 3 only symbols 

of differentiation with regard to all derivatives from y m+n onwards may occur, while, if 
m 4“ w < 1 ) symbols of differentiation with regard to all deiivatives may be present 

It is the operators {p, v , on, n} x and {p, v; to, n} v of which I propose to speak as 
MacMahon operators in x and y, respectively, dependent. It will be seen upon reference 
to the first paper referred to above that they are the results of substitution in Major 
MacMahon’s operator (g, v , to, n) for 

* “Note on Conjugate Anmhilators of Homogeneous andlsobaric Differential Equations,”‘ Messenger 
of Mathematics,’ yol 18, pp 153-158. 
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®i> a 2> 


of 

and of 


0, .t ]} cc 2 , £c 3j m the one case, 

Vi, Vs, 2/s> m the other 


MacMahon himself generally takes them as meanmq 


y » y *> va » 2/5 


a fact which must not be foigotten m connecting his results with those to be here 
obtained 

The essential difference between the cases of m + n <t 1 and m + n < 1 should be 
noticed at the outset In the former case, the complete set of coefficients X. S M appears 
m the operator {jjl, v, m, n} x In the latter, one or more of those coefficients 
(a number of them equal to the excess of — n fi- 1 over m) is wanting at the 
beginning 

3. The aim m view is to express any MacMahon opeiator {/jl, v, m, n} x in x 
dependent as an operator or sum of operators of like form {//, v , m', m y 

dependent We need the lineal expressions in d/dy l3 d/cly 2 , djdy 3 , . . which, when 
operatmg on any function of y l3 y 2 , y s , are equivalent to d/dx l: d/dx a , d/dx z , . . 

operating on the equal function of x l3 x 2 , x 3 , The expressions m question I have 

obtained 111 the second'’' of a series of papers on Cyclicants, &c The best form for 
present puiposes is hardly there given to the conclusions It will therefore lesult m 
a gam of clearness and no loss of brevity if m the present article the proof is given 
rather than the result quoted The same remark will apply to Article 17 below. 

We may look upon x v x 2 x 3 , . . as a number of independent quantities, upon 
y l3 V 2 > Vs) * as determinate functions of these quantities, and upon and 77 as two 
other quantities connected with one another and with x l3 x 2 , cc 3 , . . by ( 1 ) or its 
equivalent ( 2 ) 

Give x r alone of all the quantites aq, x 2 , x z , . . . an infinitesimal vaiiation Keep 
y constant In virtue of ( 2 ) 01 its equivalent (l) £ will vary m consequence of the 
variation of x r . Also, as some or all of y l3 y 2 , y 3 , . . are functions of x r , some or all 

of those quantities will vary. Thus, from (2) we shall obtain 


and from (1) 

0 “ { V\ + 2 + 


S? = y r 



* “ On the Linear Partial Differential Eqnations satisfied by Pure Ternary Reciprocants,” ‘London 
Math Soc Proc / vol 18,1887, pp 142-164 
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Accordingly it follows that 

dVl p I ( ^h p2 I pn | 

dx, g ~ r dx r g ^ dr, g ^ 




4~ -f- 3y$£~ + 


> 

) ’ 



and consequently, tins being true for all values of £, that if by aid of (1) this right 
hand member be expanded m ascending poweis of £, the coefhcients of £, f 3 , f' 5 , , 

are exactly the expressions foi di/Jd.i ,, <h/,/dii n di/Jdx ,, 

Now 


d __ (hj 
ch, d,v, 




d , th/ s 
d// s d,i\ 



5 


and is therefore the result of replacing each power of f on the left, and therefore 
on the right, of (5) by the corresponding symbol d/dy s . If follows that the expression 
on the right of (5) may be taken as a symbolical lepresentation of the equivalent 
operator to d/dx „ i e , that 


JL 

dx, 


ijji f 4- y^ 4- Vi 3 ? + 



y (Vi + + 




wheie the meaning of the symbolisation on the right is that rj is to he replaced by its 
equivalent m terms of £ from (l), that the differentiation with regard to £ is partial, 
that the product on the right is to be expanded as a sum of multiples of powers of 
and that then each power is to be icplaced by the corresponding symbol of 
differentiation d/dy a 

4 The pi oof of (6) is the same for all positive integral values (including unity) of r. 
Thus the means of transforming any differential operator whatever is obtained. 

The rule accordmg to which any linear operator is transformed may bo very simply 
expressed, 

Exactly companion to the symbolical notation £* for djdy a m an operator linear m 
d/dy v djdy^ d/dy z , . . is the notation for djdx s in an operator lineal in djdx Xi 

d/dx if >, d/dx z , , . Now, writing a linear operator 


in the symbolical fotm 


a d i "n dj | dr . 

A ^ + B *, + 0 * v +--- 


A^ a -ff B yf 4- Grp 


we learn by (6) that its equivalent in d/dy lt d/dy s , d/y 3 , ... is obtained by multiplica¬ 
tion by — drjj d£, expansion in terms of £by (1), and substitution for each power £* 
expanded result, of the corresponding d/dy s . 
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5 Now the symbolical form of any MacMahon operator for which on n <£ 1 is 
veiy simple By (4) that of, 

{p., v , m, n} g 
is 




4- i 


% e 


? e 




m 


Thus m particular 


and 


)“ •+ 7 t f“ +1 ^ (i/if + UiS 1 + 2/ 3 f 3 + 

)’ 

>n | yj?/t — i 

(7) 


(8) 

i n X — in+iyjin—L l Jy 
* 0 0 U » V fit > 

• (9) 


the right hand members being supposed to be expanded m terms of ( by aid of (1), 
and then to have each power £ s of £ which occuis replaced by the corresponding djdy s 
We may of course write (7) 


{p> v > vi, n} v = fi{l, 0 , mo, oi} y -f v{0, 1, on, n] 




( 10 ) 


so that m (8) and (9) we have involved all MacMahon operators m y for which 
m oi is not less than unity A reservation must for the moment he made of the 
case m = 0 

Exactly coiresponding to (8) and (9) we have the symbolical forms 


{1, 0 , m, = (11) 

{0,1 , »i, = ' M 

where the expansions on the right are to be in ascending poweis of vj by (2), and 
where m an expansion ea,ch rf is to be leplaced by the corresponding djdx 4 . 

6 The transformation of \fju, v ; on, n}* for the cases at present under consideration 
of on + n not less than unity is now 1 immediate. By -Ait 4 the transfoimed form of 
the expansion m terms of y of 

r,"t > 
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considered as the symbolical form of an operator in x dependent, is the expansion m 
terms of £ of 

— c»i « L hi 

s v d£’ 

considered as an operator m y dependent. 

In other woids, by ( 11 ) and (9), 

m{l, 0 , 77i, n} x — — {0, 1, n -f 1, m — 1 } 1J . 

Again, the tiansfoimed form of the symbolical expansion m poweis of 17 of 


(13) 


+ 1 gjM 


-1 C IS 

dr} 


is, by Art 4, the symbolical expansion m powers of £ of 

‘IS c h 

? V dr, ■ dr 

1 e , of 

__ — 1 yjH + 1 

since m cltjjdr} and drj/dg the derivatives x 1 x 2 , and y lf y 2 , . are not regarded as 
variables In other words, by ( 12 ) and ( 8 ), 


{ 0 , 1 ; m, n} x = — (n + 1 ) { 1 , 0 ; n ■+ 1 , m — l} y (14) 


It is to be remarked that (13) and (14) are entirely in accord Either of them is 
produced from the other by the interchange of x and y and of m and n + 1 

Erom (13) and (14) by aid of (10) we produce the more general equality of 
operators 

{/l, V , 771 1 71} x = (71 1), ^ , n -j- 1, Til — 1 j- . (15) 

which may be given the moie symmetrical foim 


y !, m, m — 1 }* = — {m'ix 3 p,, m', m — 1 }^, (16) 

m which 7n -f- m has to be positive 

In (16) are included two interesting classes of particular cases, viz - - 

{— m, 1 , m, m — 1 }^ = {— m, 1 ; m, m — 1 } # , , , . (177 

and 

{m, 1 , m, m — 1 }, = — {ro, 1 , m, m — 1 }, . . (IB) 

Corresponding to each positive degree m there aie then two self-ieciprocal 
operators.* The first is of positive character, being entirely unaltered m form by 

* operators, of coarse, generate from absolute mipiocants otter absolute rccipiocants 
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interchange of x and y , and the second of negative character, persisting in form hut 
for a change of sign. (A complex self reciprocal operator can of course be found by 
takmg the sum or difference of any two correlative operators; e g , 

m{l, 0 , m, n} x { 0 , 1 , n + 1 , m — 1 }*) 

At greater length (17) and (18) are 


(m) ( l (w) 


A , „-s>’ a 

"I + 3 


2 ’» + 1 


iiCL -j- 


+ 


and 


(j») cl 0») d C»0 cl 

= Y -^ + 2 Y -^A 3Y -^ + 


(m) ,7 (m) r l (in) V 

2m X TO —-h (2m + 1) X w + 1 -=--[- (2m + 2)X„ l+2 —-+ 


dx 


2m —1 


dx 




clx 


2m+ 1 


-{ 


cl 


(m) fJ (m) r l (m) 

2m ^ m Ihl ^ ^ ^ « + 1 Jv~ ( 2m + 2 ) ^ 7* + 2 -T- - 


+ 


• (17a) 


} (ISA) 


In particular for m = 1 we have 


^2 TT + 2a? s ~ 4" 


and 


djt-, 




tZ , _ cZ , _ ^ , 

y *¥, + 2/3 ¥s + • 


cZ rZ d 

2x-, "t -J - ~ n ~f- 4:Xo ~z —{- 
1 dx 1 z dx 2 6 dx s 


(19) 


- _ { %1 4 +3 ^i + 4y3 ¥ s + } (20) 


Again m = 2 gives us that 


Stott* £ + 2 (2^ s + % 2 ) 4- 3 (2x 1 x i -f 2x 2 x B ) d 


dec* 


dx. 


d 


+ 4 (2x 1 x b + 2x 2 x 4j 4 - ^ 3 2 ) ^7 4 “ • 


and 


4Xl * £" + 5 2x i x 2 1:4-6 (2^ 4- ^ 3 2 ) zr 4- 7 ( 2 %^ 4- 2x 3 as 3 ) zr 4- • , 




( 21 ) 


( 22 ) 


are self reciprocal operators of positive and negative characters respectively. 

7 As other examples of the impoitant formulas of transformation (13) and (14), let 
us write down cases corresponding to m — 1, n <£ 0 
For m = 1 , n — 0 we obtain 


x i ~ h xr 4- ^3 4- • • 


eZ 

yj cfa n 


d_ 

" 3 


tZa’n 


d | o ^ ■ r ^ i 

X-i Z -j- ~Z 1“ 3 *T“ 

1 1 ^*2 


= - { yi ~k + ' Zy *k ++ • • •}’ 

• = _ + ^ + ¥ s + ' }’ 


MDCCCXC —A, 


E 


(23) 

(24) 
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which together are equivalent to (19) and (20) together. From (23) it follows that a 
homogeneous function of Xj x 2 ^ 3 j • transforms into an isobaric function of y 4 y% y 3 , 
, . . , and that, i and w meaning degree and weight respectively, 

while from (24) follows the equivalent fact that an isobaric function transforms into a 
homogeneous one, and that 

w x = — ly. 

From (19) follows the especially interesting fact that, if a function of x 1} x 2 x 3 , 
is isobaric m x 2 , x 3 , x 4 , . upon considering the weight of x, to be r — 1, so also is 
the transformed function of y lf y 2 , y 3 , isobaric m the same sense and of the 
same weight m y 2 , y 3 , y 4 , 

Again the substitution m = 1, n = 1 m (13) and (14) produces for us 


d 


d 


x 2 ~ {- Xj —— x, 

and 


d 


+ ■ }■ (25) 


* I:+ l +^£ + = - {t,« a+y,» a+Y t « /. + 


d Vi 




}> ( 2 <>) 


where 


Y 3 q > = y*, Y 3 (2) = 2y l y i , Y 4 (2) = 2yyj 3 + yh Y 5 (2) = 2 yyy 4 ■+ 2 y 2 y 3 , . 


These two transformations have been obtained by Professor Bogers (see note to 
Art 1). The second tells us that what he calls primary invariants m x ly x 2 , x 3> , 

have for their transforms what he calls secondaiy invariants m y 1} y 2 , y 3 , . . . 

We might now consider the results of putting m = 1 and n = 2, 3, . m (13) and 

(14). By this means the transformation of lmeo-linear opetators of two, three, &c., 
steps is effected For the general case m = 1, n = n the results are 




+i 




1 2 

1 


71 


f , ( n + 0 (/ (n + 1) ,7 

+ il ( ” + Y ‘* + ’> d ^ 1 + {n + 2) Y< ” + 2) ^ + • 


•} • (20 


£Ct 


d 


dx n 


+ 2^0 


d 


+i 


dx n . 


+ 3a% 


a 


dx, 


ft -P3 




_r (, + I) 
1 1 (n + 1) 


d 


+1 


(Jl- + 1) 

“h Yj w + 2 ) 


d 


dy n +i 


+ 


(28) 


Perhaps the most interesting fact to be deduced from (25) and (26) is the trans¬ 
formation of { 1, 1; 1, 1}, the second a nmhil ator XI of projective reciprocants. By 

subtraction of (25) from (26), or directly from (lo) 
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% e 


d , 0 cl t o d , 
+ 2 ^s clx + 3 ft 77 -1- 


cU t 


= i {Y 3 ® f - + 2 Y® -L + 3Y 5 <» j- + 1 

L dy & dy± 5 dy- j 

= i { 2 ft V2 ^ + 2 (2ft ft -j- ft 2 ) + 3 (2ft ft + 2ft ft) ~ + 


ft 3 cl 


= ^{^i + 2 ^7 4 + 3 ^7 i + • } + 2 f^ + 3 ^^^ 


+ 4 2/4 ■+ ^ 


ft 2 \ 


J ^/fi 


or 


SC 


O (x, ij) — ft fl (ft a;) + 2 ~ ~ + 3ft ft — + 4 [if 2 ft + ^ ) ft /c + * ( 29 ) 

Since ft ft = 1 we infer fiom this conclusion and its conelative that 

: r* { 2 t + 3a h^£: + ^ 4- -§-) ^ + •} = yi & (y >*) - *i*(®, y) 

= -2/r s {2f 4 + S2/.2/3 ^+4(y,y* + f) ( |;+ } • ( so ) 


is a self reciprocal operatoi of negative character The opeiatoi is one of considerable 
interest m connection with the theories of invariants and recipi ocants. (See 
MacMahon, ‘London Math Soc Proc ,’ vol 18, p 75) 

It also follows that the sum of 2x^0, (x, y) and the opeiator on the left of (30) is 
a self reciprocal operator of positive chaiacter 

8 To complete onr theory of the reversion of MacMahon operators, for which m + n 
is not less than unity, we must consider the somewhat special and exactly conelative 
cases m = 0, n 1, and n = — 1, m 2 

The operator 0 {1, 0 , 0, n} x is djdx n m accordance with the general definition of 
m {fx, v; m , n} x in (3) Thus the identity (6) may be written, by aid of (9), 


0 {1, 0 , 0, r} x — — {0, 1 ; r + 1, — 1}^.(31) 

w 

for any positive integral value, not excluding unity, of r which is strictly in agree¬ 
ment with the general formula of transformation (18) 

On the other hand the geneial definition (3) gives to 0{0, 1; 0, n} x no other 
meaning than zero. So far then the operator (0, 1 ; 0, n} x is indeterminate m form. 
An interpretation of it is now sought which shall make the case not exceptional to 
the general formula of transformation (14). 

E 2 
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To discover this interpietation let us leverse the order of investigation and seek the 
operator m x, winch is equivalent to the operator m y obtained by putting m = 0 in 
the right hand member of (14). 

By (8) the symbolical form of 

-(w+1) {1,0, n+ 1, — 1}, 

is 

- f~v + 1 

The equivalent operator m x dependent has then for its symbolical form, as in Article 4, 


V 


n + i t-\dj* 


Now 


dr) 


J; lo e f = J, log + •) 

d 

= — q V (*a a/dxi + 2x s d/dx a + 3i t d/dx 3 + > . ^ 


q V (*i d/dx x + 2^j cZ/cte 2 + 3^ d/dx s + . ) , ^3 


On 


— _L 2a i a * ~ , 3 *1% — 33^,, + xf z 

*1 2i 2 ^ " 1 " a?! 3 17 ■ + " 

% G#g G 2 a: 2 ?? 2 G 3 a: 3 _ 

’ 1.2 + V 'l 2.3 ^ “ 5 

where G = + 2x s ± + + . . .) _ * ^± + *. + , 


• (^2) 


diq 


d 

8 dte. 


+ • • 


- ( 2 ?Wi - “h 2 ) ^ + (3®i®4 - *!®s) ^ + (4*^5 - «!*»<,) ^ + . . . , (32a) 

so that the numerators Qx„ Cftr 2 , G 8 a: 2 , . . . , are a set of semmvariant protomorphs in 
* 1 . *a, 2 1 a%, 3' x it . . , 

Consequently the transformation in x depend ent of — (n + 1) {1, 0; n + 1, — 1} is 
d 


+ r 


®3 d GiCo d . G^ain d 


1 ®!da?« + 1 of dx n+% 2! r^ 3 dow +s 3< £G^da? w+4 
and it is accordingly this operator which has to be defined as 

(0, 1; 0, «} *. 


i n ^ i d 

' O I ~ S J-. 1 Q | j£ ^7.. | * *■ * y 


. . (33) 


* Of- HiaiaOirDy f Loudon Matt, Soc Proc.,’ vol 18, p. 64, note. 
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that (14) may be regarded as holding for the value m = 0 as well as for non-vanishing 
values of m 

It affords an instructive verification to conduct the investigation of the same trans¬ 
formation in the order of Article 6 

9 For the case n = 1 the two formulae of transformation, 


0 {1, 0 ; 0, n} x — — {0, 1, n -f- 1, — l} y , 

{0, 1; 0, n} x — — (n + 1) {1, 0 , n + 1, — 1},, 


of the last article become lespectively 


A 

dec 


~ = - i {2Y ® ~ + 3 Y ® A + 4Y ® A + 1 

■«1 L d h 6 %o 4 dy s J 

=+3-22/i?/ 2 ^+4 (2ft2/ 3 + % 2 )^r+ }» • (34) 


and 


d ( x 2 d, t 2x x x^ — x* d ( + x 2 d , 

1 7 l M n ,7 *1 „ 5 -j IT 




/y» o 

°1 


dx* 


dtL'Y d’X^ 

= _ I 221 ’v +22/i2/ = k +(22/i2/s+ ^ k + • •} 


. (35) 


By combination of these we have the equivalence, free from djdx l and djdy lf 
I VI d Vi W d~ 3 ~JZ i * * • 


dx 2 


d-Xo 


dx< 


=w. ^ + 2 ( Ws + ¥) I; + 3 + • 

= 2/1 ( y * v + 2 ys k + 32/4 v + • ■) + 2 ¥ k + 32,52/3 

+4 («*+|)a + . . . . 


_y_ 

^4 


(36) 


In hke manner, for any positive integral value of n, 

* 

{0,1, 0, n}z — 0{1, 0 ; 0, »},= -(«+1) {1, 0; n + 1, - 1}, 

— {0, 1; % -{- 1, —■ 1 • •* ....(37) 

is an equivalence of operators which do not involve any lower symbols of operation 
than d/dx n+l and d/dy n+l respectively 

10. From (34) is easily derived in exact form the known fact that the annihilator V 
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of p ur e reciprocants is, when affected, with a simple multipliei, self lecipiocal. 
may write (34) 


cl 

clx. 


= y ' { 2 ^ + 3 ^i+ 42/8 -1 

- { 4 v 4+^+ 6 («*+f) ^ 


d 


= 2/i^-2/i0> 1. 1. 0 },-V(y,x) 


d 


cl 


X, 7 — V-, — 

1 J dy x 


— {1, 1 , 1, 0} v -?/f W (?/, *) 


So too, correlatively 


But 


* i =- {1 * 1 ; ls 0} - - arlv {x> 


{1,1, 1, <>}.= -{], 1, 1, 0}, by (18) or (20) 
. sc^V (*, y) = — 2/j- ] Y (?/, K), 


* • 


We 


(38) 


so that, to use a familiar notation, t~ l V is a self recipiocal operaten of negative 
character 

11 It remains to consider operators {/x, v ; m, n} in cases when m 4- n < 1. In 
such cases the formulae of Arts 5 and 6 have to be replaced by others. The essential 
difference between them and the cases already considered lies m the fact that tho 
lower limit of s m (3) and (4), and, therefore, m what replaces (7), is now — n - j- 1 
instead of m, i.e , is greater than m, so that the coefficients m {/x, v ; m, n} y are no 
longer multiples of the complete set of coefficients in the expansion of (y±g ffi 
+ y s £ 3 + ..)” but of those coefficients with the exception of one or more at the 

beginning 

In the piesent article attention is confined to the case of m + n = 0, i.e., n = — m. 

Proceeding to write down the symbolical form of {/x, v ; m, — m} y as in Art. (5) we 
see that the whole expansion from which we there started is present except the first 
term, 

^fa + vm) 

Thus the symbolical form of 

{ 1 . o; m, - m} g is i ( v * - yf £“) .( 39 ) 

and that of 

{ 0 , 1 , m, — m}y is f-*+l (vf-l — ym 


, meraoers standing 


(40) 
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In like manner 


— * >- ul 

m 1 


(f“ — x{ 1 7 ]" 1 ) and rj mJl ^ — cc 1 M rj m ‘~ 1 J, (41, 42) 


standing for their expansions in terms of 17 , are the symbolical forms of 

{ 1 , 0 , to, — m} x and { 0 , 1 , to, — m} x 

As m Art ( 6 ) the result of transforming { 1 , 0 , to, — to its form m y depen¬ 
dent is, then, symbolically, 


i e , 


i e 


-r. ~rn ( £m __ /> 'll 

m V (t V ) d£’ 


1 *. dn , 1 dr) 

m ^ <ni dg 


-1 (’“"si - *“' +1 f “) + i y<r m (| - *) - 


whence, by aid of (40), 


m (1, 0 , to, — to}, = — {0, 1, 1 — m, to — l}j + Vi~ m {0, 1, 1, — 1 (43) 


Once more the result of transforming { 0 , 1 , to, — to}, is, m like manner. 


_ yj— m + 1 f £tn —1 C U[ __ y. My.ni— 1 \ 

’ V *? 1 v )*S 


i e., 


% e.. 




<*e’ 


- f *- 1 (ir - +1 - irr - +1 £~" i+l ) + y~"‘(^ - vi) > 

so that, by (39) and (40), 

{0, 1, to, - m}x = - (1 - to) {1, 0 ; 1 - to, to - 1}„ + yf» {0 1,1,- 1}, (44) 

From (43) and (44) follows the more general identity, 


to {p, v; 7/lj — to} ; 


— {vto (1 — to), p; 1 — m, w — l} y 

4-(p + mv)yr«{0, 1, 1,-1},; 
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or, replacing vtn by v, 

f v 

m 1 a, - , m, 

[ m 

In particular, 


m L = 


(1 - m) \v, - 




m 


, 1 — m, m — 1 


}, 


+ (/* -f v)y 1 ~ m {0, 1, 1, — l} y 


m 




/* 


m 


, 1 — m 


, m — l\ 

J v 


(45) 

(46) 


12 The value zero of m is somewhat special m these cases of n = — m, just as m 
the moie general cases already discussed So too, of course, is the conjugate value 
m = 1. 

For (43) and (44) to hold for these special values of to we must have, 

0 {1, 0, 0, 0}, = - {0,1, 1,- l} y + {0, 1 , 1, - 1}„ 

^ * 

{1} 0,1, l}* == {0, 1, 0, 0}y “h Vi {0, 1 , 1, 1}^, (47) 

{0, 1„ 0, 0}, = - {1, 0, 1, - l} y + {0, 1, 1, ~ l\y, 

{0, 1, 1, - 1}, = - 0 {1, 0 ; 0, 0}, + ? yr ] {0, 1,1,- 1},. 


Of these four equalities the first is a mere identity of two zero operators In fact 
to 0 {1,0, 0,0} no other meaning than zero could be attached consistently with the 
general definition Thus the form of {1, 0 , 0, 0} is left indeterminate. 

The fourth of (47) becomes 


i.e 


{0,1, i, -lJ^yfMo, i, h -i}„ 

^ { 2x * i i + 4a; * + • }= y~* { i ^ d j s 


+ 4 ~ -j- 


(48) 


of which the left-hand member is m 

differentiation being total 

The remaining equalities, the second and third of (47), now become the same but 
for an interchange of x and y. Consequently there will be complete consistency if 
we define the at present undetermined operator {0, 1, 0, 0} as that which obeys the 
equation of transformation 


(h Cu 

erely a:, - * —, and the right y 1 ~ i the symbols of 


{0, 1; 0, 0}, = - {1, 0 ; 1, - 1], + {0, 1, 1, 
= i, -i}, 

=y 4 + 2 * 4 + 8 y ‘i + 


1 }y 


(49) 
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Now, proceeding exactly as in Art. 8 , it is seen that the symbolical form of an 
x operator equal to this is 77 djdr) log (£/?)), and that its expanded form is obtained by 
omitting the first term, and then putting n = 0 in the geneial value (33) Thus, the 
operator which has to be defined as ( 0 , 1 , 0 , 0 }^ is 


d ^ CjTi / ^ d 
cl 1 C X ~ dt.L'f 


+ 


Ob-, _d_ 

2 1 ^ dx & + ' 


(50) 


where G is the generator defined m (32 a). 

13 Examples of important operators which occur among those transfoimed m the last 
two aitides are befoie us in (48) and m the equality of (49) and (50) It is unnecessary 
to multiply particular instances as they can be deduced without number by giving 
m particular integral values m (43) . . (46). It is to be noticed that, excluding the 

special cases of m = 0 and m — 1 , one or other of the two equivalent opeiators will 
involve as coefficients those in a multinomial expansion of negative mdex Thus, 
for instance, 

2{1, 0; 2, — 2}z = — {0, 1, - 1, 1},+ i/r 2 {0, 1; 1, - 1},, 

a particular case of (43), is at more length 


+ ( 2 x & + x *) + ( 2; % *+ ~ x **#) J" + 


_ _ TL 

X Vi d Vz 


o (ll - ± yjv J £_ , 

Vx _ d lL ^ 


, 1 f _ d d , , d I 

+ y71 22/3 ¥ + 32/3 ¥ s + 4 ^ + ■ 1 


• (51) 


The tiansformation of the operator G of (32a) is an application of (49) Thus 


G (x, y) = *, [x^ + 20 - 3 £ + 3x 4 £- + . . 


( d d d 

X-y I X 1 -^, — + 3 : 07 - 

3 \ 1 ~ ch* 1 3 dx s 


= £Ci{ — l > 1 * E — l}a — 0; 1, 0}, 

= yr J {o, 1 i o, °}y — vr%{°> 1 ; i, 

by (49) and (23), 

.■ -1 d , d , d , 1 

~ yi \thdft ^ Vl > dy% ‘ 2 1 y*dy, ^ * ’ *J 




_ 2y x y s - 3y 2 3 _d_ + y 3 s _d_ , 

- s dy 3 ' ,/ - 4 7 ‘ 




Vi 


dfa 

d_ 
dy% 


4- 


* • -* * 




(52) 
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14, Operators for winch m-\-n is negative still lemam to be considered In 
particular those of the type {0, 1,0,— n'j have still to be defined About the 
right definition of the m there can, however, after articles 8 and 12, be no doubt 

The general principle by means of which if {fi, v, m, n} y is known, the form of 
{(a, v , m, n — r} y is deduced is expressed by the rule—“ Write {p,, v, m, n} y 
symbolically, by putting for each d/cly p , divide through by g, reject all terms, if 
any now occur, which do not contain a positive power of £ as factor, and then for 
each £? write djdy p . v 

Thus to accord with (33) and (50) the right operator to be defined as 

{ 0 , 1 , 0 ♦ 

where — n is a negative mtegei, is 


G”V S 


d 


+ 


G n ' + h / 2 


d 


“k 


C >' +3 // 3 


d 


1 dy x 1 {n'+l)Uj* + * dy, 1 (w'+2) d Vi 


~k 


(53) 


We now proceed to the transformation of {//,, v, m, — m — r] * where r is a 
positive integer. 

The symbolical form of w{l, 0 , m, — m — r} v is as in Arts. 6 and 11 


— m — j - -cv-fai) vi ^rr(vi ) m-i-1 

77 — A 77 - A 77 

* c ° m 1 m +1 7 


X (m) w 4- r ^ 

V 1 

m -k ) 9 J 


(54) 


The symbolical form of its transformation is, therefore. 




— 1 drj -ttOh) i ■+• x dy 

+ A , —+ 




111 4- . 


d* 


+ X 


(m) dr) 
m 4* r elf* 



This when expanded in terms of £ can involve no zero or negative powers For it 
is a sum of multiples of rj drj/d £ t f dyjdg, . only, since {1, 0 , m, — m — r} x is a 
sum of multiples of 77, rf, , only, and these when expressed in terms of £ are 
all free from. g° } f” 1 . , Thus the coefficients of + . . 1, which 

would appear to occur m the above symbolical form of the transformation of 
{1, 0; m, — m — r} are in reahty absent, and, consequently, 


m{l, 0, »?, — m — r} x — — {0, 1, 1 — m —- r, m — 1, 3 - r, - 1} 


+X« {0,1,2-r,-l} j+ . +^_ 1 {0.1;0.-I} r +S^ i {0.1.1 1 -1} (56) 


the various terms on the right consisting of the parts with positive indices of £ from 
the corresponding terms of (55). 
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In like manner m{ 0, 1, on, — rn — r} x whose symbolical foim is 


1 — ui — < d r <. m, r' m+1 

on T~t£ — A on — A on — 

' dr] ^ M +1 



(57) 


a form proceeding by positive integral powers of r), and therefore of g, transforms 
into 


i.»i -1 . -v-(hi) dr) , . l -i dr) 

- ong rj + wiX 7) — 4- (m + 1) A^ + ^ — -f- 


i / ■ i \ — i dr] / .v -\r( ni ) dr) 

+ ( TO + ». _ 1) X rt+ _ _ ,7? Jp + (m + r) X_ ^ 


r lr\ 


(58) 


of which the terms m zero and negative powers of g must, as before, disappear, leaving 
as the result of transformation 


m { 0,1, m, — m — r} = — m (1 — m — ?) [ 1 , 0 , 1 — m — ?*, m — 1 ] 


r(M> 


+ (O’ 1 ~ r > ”" 1 ) v + ( mJ r {0, 1, 2 r, — 1} + 


-f — l)X ( J r _ i {0, 1, 0, — l} y +(wi+ ? ’)X^ r {0,1,1,— 


Cm) 


13, 


(59) 


By addition of /x times (56) to v times (59) the tiansformation of the moie general 
[/x, v , m, — m — ?’}* is at once deduced 

15 The forms taken by (56) and (59) for the case r = 1, i e , m + n = — 1, since 


and 

may be written 



m — m 



X 


(»ij) 

wi + 1 


Oil — 1 — ??i — 2 

= mx x = — mv V , 
i s *71 *7 a* 


m {1, 0, m, — m — 1}^ = — [0, 1, — m, m — 1)^ -f ?/ i “ [0, 1,0,— 1} # 

— 0. 1. 1, — 1}, • (60) 

and 

{0, 1; m, — m — 1}^ = m {1, 0, — m, m — 1} + {0, 1, 0, —l} w 

— («*+ 1. !. - 7], (61) 


One or two particular cases of these formulae deserve mention. The value zero 
of m makes (60) an identity. In (61) the substitution of the same value produces 


{0, 1; 0, -1},= {0, 1, O^l^-yrVsfth 1; 1, - l} y , 

F 2 
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in verification of which we may notice that it is unaltered by interchange of x and y, 
in vutue of (48). Another way of writing the result is to say that 

2{0, 1, 0, — 1} X — x^x z {0, 1; 1, — 1}* 

= 2{0, 1, 0, -l} y -yr 9 y a {0, 1; 1, -l}y . (62) 

is a self reciprocal operator of positive character 
We are now enabled to write (61) 

m{0, 1 , m , — m — 1 }» 

= m{l, 0; — m, m — l}y + yr"{0, 1; 0, — 1 }*—wyf w “ a y a {0, 1; 1, — 1 } yi 

which becomes (60) upon interchanging x and y, replacing m by — m, and using (48) 
and the values for x 1 and x z , in terms of y 1 and y % . Thus we have another verification 
of the consistency of our results. 


II Ternary Operators . 

16. Let x , y, z be three variables connected by a relation of any form known or 
unknown. Let x rS) y rS) z rs denote respectively 

1 dr*px 1 ds+py 1 &***% 

i 1 s 1 cly r dtf * i 1 5 1 dtf da? ’ r f s 1 da? dy 3 

Let £ 7j; £ be any set of corresponding increments of x, y, z They are connected 
by a single relation, which may be written in either of the forms 

£= (a hoV + x oi £) + ( x io'n 2 + x nvZ + Z 2 ) 

+ ( x zo V 5 + X 21 V 2 Z + x v>yl 2 + #03 C 3 ) + • • , (63) 

V = (Vi 0 £ + Voi f) + (^20 Z 2 + Vn Z£ + Vrn P) 

4“ (2/so Z 3 + y% i Z 2 £ + 2/ia Z£ 2 + 2/03 £ 3 ) 4~ * j (64) 

Z— (ho f 4- s oi ,) 7) 4- (% £* 4- hi ^7 4- ha' 1 ? 3 ) 

4- (ho f 8 4- % S 2 y 4- % 4- % v 5 ) 4-. (65) 

<■ be a positive integer, and let X.^ denote the coefficient of rf Z* in when 

expanded in ascending products of positive integral powers of y and £, so that 
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t X^rf-e-, 

v TS t 


and in like manner write 


? +3 \ 


r={*VM 2 

r+s%m rs 


and 


S“ = {Sz„ &»;»}“ = 


$ 2^ S'if 

, + s-$m rl 
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( 66 ) 

(67) 

• (68) 


We may include, if we please, the value zero of m , but the expansions of rf, tf 
consist only of the single terms rf 1°, Xf £°, £° rf. 

The operators to he considered and transformed are the following — 


m{g, v , v , m, n, 7i'} r = (/x + vr vs) X 


rs ^ > a+r,« , +* 


m{/x, x/, i/', m, 7i, 7i } y = t(p + vr + vs) Y ( ^ - -, 

n ttyn + ry + s 


(69) 


(70) 


m {/x, v , v 7 , m, -j- w -f- vs) Z (m) 


rs dZn+r,n'+ S 


* (71) 


where /x, v, j/ are any numerical quantities, 
m a positive integer, 

7i, n' positive integers or one or both zero, and 

r, s quantities which take in succession all zero and positive integral values 
subject to r + s <j: m. 

Cases of m negative, and of n, n either or both less than — 1, which have been 
dealt with in the analogous theory of binary operators, will not be here considered. 

The cases of m zero, and of n or 7i equal to — 1, will not be entirely excluded, but 
•will be only dealt with as far as their accordance with the results for m positive and 
n, n' not negative needs no elaboration to make it clear. 

Thus our field of investigation is narrower than in that of the analogous theory 
hitherto considered Were negative values of n and 7i admitted, the lower limit of r 
in the operators (69) (71) would be — 7i + 1 instead of zero, and that of s would be 

m like manner — n + 1. Thus when we admit the value — 1 of 7i we must exclude 
the value 0 of r, and when the value — 1 of n' we must exclude the value 0 of 5. 

Let us now express (69), (70), (71) symbolically as follows .— 

m {fi, v, v \ 7n, n, n'} x = % (p + vr -f vs)r) n+r £ n>+ *, . . (72) 

m {/*, v , v ; m, n, n} y = 2 (/x -{-* vr + vs) £ H+r £* ,+s i . . . (73) 

m {p, v , v \ m, n, n'} s = % (/x + vr 4 vs)7^ . , . (74) 
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ie , let us in any ^-operator symbolize djdx M by t ftf, m any y-operator djdy M by 
£ p £ q , and m any 2 -operator djdz M by rf. 

We may in this way write (71) or (74) 


m {(i, v, v , to, ft, ft 7 }. = (x£ n rf 1 ' {z 10 £ + z Q1 rj + z zo £ 3 H" z u £v + % V S + 


7 


+ v£" +1 if' { 2 io f + %’?+% + *11 f 7 ? + V. T + 

+ ^ {a 10 f + Hi i? + Ho + *11 6 ? + *oo T + 


7 

S 


j. M 

(75) 


where £ means the expansion in terms of £ and 77 given m (65), and where the 
symbolization denotes that the right-hand member is to be expanded in terms of £ 
and rj, and to have each product £ p rf m its expansion replaced by the corresponding 
d]dz M , in order to produce the operator m z dependent which is represented by the 
notation on the left 

Thus in particular, assigning to different pairs in succession of the three parameters, 
/x, v, v , zero values, 

to {X, 0, 0; m, n, ft 7 }. — f £ m , . (76) 

w {0, 1, 0 ; to, ft, ft 7 }. = £ n+l rf 1 ' = to^ m+1 rf 1 ' £ m ~ 1 ~~ , (77) 


while 

{p t v, v' 


m {0, 0, 1; to, ft, ft'}. = (£“) = 7?i£ n rf l ' +1 £ m ~ l 

; to, ft, ft 7 }* =s p, {1, 0, 0 , m, ft, ft 7 }. + v {0, 1, 0 , to, ft, ft 7 }. 

+ v' {0, 0, 1 , TO, ft, ft 7 }* 




Precisely similar symbolical expressions to (75) . (78) are, of course, assigned to the 

corresponding operators m x and in y dependent We have only cyclically to inter¬ 
change i, 7j, £ once and twice respectively, and to regard the expressions on the right 
thus obtained as short ways of writing their expansions by aid of (63) and (64) m 
terms of rj, £ and £, g respectively. 

17. In the present article the expression of each operative symbol d]dx rs , on a 
ftnetion of the derivatives of x with regard to y and z, in teims of the operative 
symbols dfdZpq on the equivalent function of the derivatives of z with regard to 
investigated. 
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If, as in the earlier pait of the last aiticle, £, rj, £ aie simultaneous increments of 
x } y } z, we may look upon 

*10> *0U *205 *115 *035 


as a number of independent quantities , upon 


and 


y i 05 y ui? 2/205 2/ii5 2/02.5 

^105 ^015 Z 20> 2 ll5 ^025 


as determinate functions of these quantities , upon £ rj, £ as three quantities connected 
with one another, and with a? 10 , ;r ul , x 2w . . by a relation ofw T hick (63), (64), and (65) 

are equivalent forms. 

Of the quantities x ]0 , x Q1 , x, 0 , let one x rs alone receive an infinitesimal variation 
also of ( rj, £, let rj and £ be kept constant so that g receives a consequent variation 
Some or all of y 1Q , y Ql) y 20 , and some 01 all of z i0 , 2 U1 , z 2u , . will also receive 

consequent variations From (63) we thus obtain 


= rf g Sx rs , 

from (64) 

0 = { 2/01 4- yn£+ tyozn + 2/21 £ 3 4- %yi«Jy 4- 3yo$y 2 4- } §£ 

+ if S£ + ! t 3f+i lr^+ ittt + jrt 2 + 

and fiom (65) 



0 = Ko + 2z 2 o£ + z nV + 3 %o£ 3 + + Zi 2 y 2 } 

d 

— f- -1-vi -I-^ y* _u 

dx rs 


+ t 


dr. 


rs 


? i- ^ y -t- dXrs £ -t- dXrs zy -+- cUrs y -t- • • • j 


Cldy 


Sx, 


The three relations aie identical Let us study the identity of the first and thud 
We obtain from them that 


IliQ t I lifoi „ I t~ I tin _L lie? -,2 I 

dx rs * + dx„ V + dx r3 * + dx )3 & + cU )S V + * 

= — y r £ s {%o 4- 2 z 2 o£ + z wy + 3 %>£ 2 4- 4- z uy z 4- • (so) 

for all values of £ and rj , and, consequently, that if by aid of (65) the right hand 
member be like the left, expanded m powers and products of powers of £ and rf 3 the 
coefficients of corresponding terms on the two sides will be equal. In other words, 
each dz pi jdx rs is the coefficient of the corresponding £?rj q > 

Now, m the equivalence of operatois, 
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d_ _rfc 10 . * (l ] _ /(_ <J ±o 

rf&Y, &hi <h l0 llv jy eL ()l 


+ "'ll-' . ’’ + !' « . '' + 

^*2(1 m ^""ll d >' n f £)‘J 


each, dzpq/dxjs is the coefficient of dfdz M . 

It follows that in the expansion in terms of £ and y of the l ight hand member 
of (80) the substitution foi each §‘yf of the corresponding djdz m exactly pioduces 
the expression for d/dx rs . In other wolds, for each r and -s\ the 


2 transform of 


d 
(Li rs 




where £ and its partial differential coefficient are to ho replaced by thoir equivalents 
in terms of £ and rj by (05), where the pioduct is to bo expanded in trims of £ and rj, 
and where in the expanded result each pioduct ipvft is to be. replaced by the corre¬ 
sponding operative symbol d/dz pq . 

By (77) we see that d\dx n is thus replaced by a linear --operator of the form under 
consideration ; m fact that 

- ( 0 , 1 , 0 , 6 ' + 1 , - 1 , >■};.( 82 ) 


Since the fx and the v f of this operator are isero, the 1‘act that n is — 1 gives no 
difficulty as to the presence or absence of coefficients on the right like 

In precisely the same way, by giving variations to £ and tv„ m (63) and (G4) instead 
of (63) and (65), we might have obtained 


d 

doSfs 


{0, 0, 1; r + 1, s t — 




of which ^-operator the symbolical form is 


i s r, 


» c h 


18 The rules for transforming any linear £C-operator to its equivalent forms in y 
and in % dependent, are now very simply expressed jnst as was the analogous rule in 
m Art. 4, Since the a;-operator 

£ ° r 

has for its equivalent ^/-operator 


and for its equivalent 2-operator 


v( - dr 


Yi‘ 


d£> 
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these rales are merely—To find the equivalent ^-operator to a given linear cc-operator, 
multiply its symbolical form by — drj/dg, and to find its equivalent 2-operator, 
multiply that symbolical form by — d^dg The ^-operator thus obtained has of 
course to be expanded m terms of £ and £ by (64), and the 2-operator m terms of £ 
and 7] by (65), before being intelligible except by means of (76) to (78) 

In verification let it be noticed that, since by first prmciples of the theory of partial 
differentiation the three sets of ratios 

*1 , 

dr) d£ 

dt] dr} 

~ dX d§ ’ 

dj _ 1 dX 

dr) d% ’ 

are equal, precisely the same results are obtained by cyclical interchange of x } y, z 
and f, r), £ 

19. Now as in (76) 

m{ 1, 0, 0 , m, n, n'} x = g m . 


Its forms m y and z respectively are then 

— £ n '£ m 7) ,l ^~, and — ~ 

Of these by two cyclic interchanges m (78), and by (77) itself, respectively, the 
expressions are 

— {0, 0, 1; n -f- 1, n' } m — 1}^, and — {0, 1, 0 , n + 1, on — 1, n} s 
consequently 

m{ 1, 0 , 0 , m, n, n f } x = — {0, 0 , 1, n 4- 1> n, m — 1} V 

= - { 0 , 1 , 0 , ri + 1 , m - 1 , n], . ( 84 ) 


In the same way the y and z transforms of 


dP 

{0, 1,0 , m, n, n'}x, % e , 7 ) M+i £ M '£ rM ~ 1 — » 

V + 1t- 7?’ an< i - fo-V+if!* ^|» 

~ *■ / dr) 1 dr) dt; 

— £, n '£ m ~ 1 y n+1 , and i m ~ 1 7) n+1 V 1 ^ j 


MDCCCXC.—A 
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by the equalities of ratios at the end of the last article. Accordingly 

{0, 1, 0; to, n, n'}, = — (n + 1) fl, 0, 0, n + 1, n, m — 1},, 

= {0, 0, 1; n -fi 1, to — 1, n,} s 

And once more, precisely in the same way, 


• ( 85 ) 


■ft **and 




are equivalent operators in x, y, z respectively dependent, so that also 

{0, 0, 1; to, n, n'} x = {0, 1, 0; n + 1, n, to — 1} V 

™ — (•?! -f- 1) (1, 0, 0 , 7lf — 1, TO — 1, 7%"^ a 


( 86 ) 


Of these sets of equalities (85) and (86) may m reality be deduced from (84) by 
cyclical interchanges of the variables and alteration of parameters. The independent 
investigation above is justified by the verification it affords. 

The general formulas of transformation, including (84), (85), (86), follow from them 
by (79), and are 

{/*, v , v ; to, n , n'} t = {— v(n + 1), */, — £ ; n + 1, n\ m — J } v 

{—• v’(n f + I), — ^ , v ; n' -f- 1, to — 1, n} e . . (87) 

Til 

Included, it is interesting to notice that we have three distinct classes of self 
reproductive or cyclically persistent operators, of characters corresponding each to one 
ol the cube roots of unity, viz.. 

{— to, 1, 1; to, to — 1, to — I}* = {— to, 1, 1; to, to — 1, to — l} y 

= {— to, i, 1; to, to — 1, to — 1} S . . (88) 

{— to, cd, w 2 , to, m —- 1, to 1}* = cd {— to, cd, cd 2 ; to, to — 1, to — l} y 

— CD 2 { — TO, CD, CD 2 ; TO, TO — 1 1, TO — 1 }s • (89) 

* 

{— TO, CD 2 , CD , TO, TO — 1, TO — 1}* =. CD 2 { — TO, CD 2 , CD ; TO, TO — 1, TO — 1}^ 

= CD { — TO, CD 2 , CD ; TO, TO — 1, TO — 1}* . (90) 

20. Some of the simplest, and most important so far as actual experience goes, 
examples of the formulae now proved will be considered in what follows 
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The only lmeo-linear opeiators, of the classes with which we are dealing, hotli of 
whose cyclical transformations are also hneo-lmear, are found by puttmg m, n 1 
and n' 4-1 all equal to unity m the results of the last article. Thus 


{1, 0,0; 1, 0, 0} a = - {0, 0, 1, 1, 0, 0} y = — {0, 1, 0 , 1, 0, 0}„ . (91) 

with the correlative equalities obtained by writing y, z, x and z, x, y respectively for 
x, y , z, involve the aggregate of all such operators At length the equahties (91) are 
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dz. 


so 


dz, 
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13 


+ } (92) 


We thus learn that, if a function of the derivatives of x with regaid to y and z is 
homogeneous, the equivalent function of the derivatives of y with legard to z and x is 
isobaric m second suffixes, while the equivalent function of the derivatives of z with 
regard to x and y is isobaric in first suffixes , and that 


1 (x, yz) = — (y, zx) = — w 1 (z, xy), . . 

. (93) 

where the notation explains itself The correlative facts are 


— w 1 (i x, yz) = i (y, zx) — — w 2 (z, xy ), . . 

(94) 

and 


— w 2 (x, yz) = —w 1 ( ; y , zx) = % (z, xy) . 

. . . (95) 

The same aggregate as is mvolved in (91) and its correlatives is 
the facts that 

also expressed by 

{ - 1, 1, 1, 1,0, 0}, . . 

■ (96) 

{ — 1, CD, CO 2 , 1, 0, 0}, . . 

• (950 

{ — 1, <u 2 , CO , 1, 0, 0}, . . . . 

• (98) 


obtained by giving m the value 1 m (88) to (90), are cyclically persistent lineo-hnear 
operators of characters 1, eo, co 2 respectively. 

G 2 
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If the operation be on a homogeneous and doubly isobaric function we are thus 
told that 

— i + w l -f- Wj — i + mw 1 + co 2 w^, — % -{- (o'iv 1 -h . (99) 

are characteristics which persist after one cyclical transformation but for the 
multipliers 1 , co, ^respectively, and after a second but for 1 , co 2 , co 

21 The quadro-linear operators (linear operators with coefficients quadratic m the 
derivatives) both whose cyclic transformations are also quadro-linear, are obtained by 
giving to every one of m, n -f- 1, n' -j- 1 the value 2 m the foimulco of Art 19. Their 
aggregate is involved in 

2 {1, 0, 0, 2, 1, 1},= - {0, 0, 1, 2, l,l]»= ~ {0, 1,0, 2, 1, 1} W (100) 


and its two correlatives in y, z, x and z, x, y 

The same system is expressed by the three cyclically persistent quadro-linear 
operators 

{ — 2, 1, 1; 2, ], 1}, of character 1, ... (101) 


{ 2, &>, to , 2, 1, 11, ,, (o } 

{ — 2 , &) 3 , < a ; 2 , 1 , 1 }, „ *> 3 

Of these the first expanded to a few terms is 


( 102 ) 
(103) 


where 


y (2> d 
30 


. v (2) 
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else, 
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(104) 


r 2 y (2) _ o™ V® _ ™ 2 

A-20 — **'10 > A-11 — A.Q2 — , 

^•30 ^-21 2a3 10 aj u 2fl3Q]332o> X 12 —■ H - 295q]SJ!/ji, Xoa —— 2 £Cq^£Cq2, 

•^■40 ^•®10‘^'30 + *^20 > X31 2iX^qX^ -j“ 2il/Qj_fl3^2 ‘l X’* 2 ' 5 — 2iXyyJC^ **t“ ~f" X 

d~ -^13 ^'^'10^03 "h 2 £Coi^i 2 ~h -Xo 4 ’ =: -|- x^ t 

X50 == 2 JCjqQJ^q ~J~ ^CCggCCgo, . . . , 


and generally 



t 


r 4- 8 1 
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The two imaginary cyclically persistent quadro-linear operators (102) and (103) are 
easily written ont m like manner They commence with terms in djdx zl) djdx^, 
d/dx 1Si) which it is to be observed are wanting from the above 

Once more by giving to each of m, n + 1, n* + 1 the value 3 in Art 19, an aggregate 
is obtained of linear operators with coefficients of the third degiee, whose transforms 
have both of them coefficients of the third degree also. The aggregate may, as before, 
be considered involved m three cyclically persistent operators of the type, one of each 
character Similarly as to operators with coefficients of any higher degree 

22 Some of the most important linear opeiators which have been used m recent 
theories of functional invariants, cyclicants, &c, have the property of persistence 
of degree m the derivatives after one cyclical transformation, but not after a second 
Such operators occur among those obtained by putting n -J- 1 = to m (87), viz, 

{ja, v, v , to, m — 1, n'} x = \ — vm, v, — —, m, n, to — 1 \ 

l m J y 

= | — V («' + l), — £,v, n’+ 1, m — 1, m — 1 j (105) 


In particular, there are three classes of operators which have a pioperty closely akin 
to that of persisting m form after a first cyclical transformation, being, in fact, only 
altered by the interchange of first and second suffixes they are 

{— m, 1, 1 , to, to — 1, n} x = {— to, 1, 1, to, ri 9 m — l} y 

= {—(n # +l), 1, l, n'+l, m — 1, ro —1}, . (106) 

{ — to, co, a) 3 , to, m — 1, fi'}*. = c o {— m, co, co 3 , to, n', m — l} y 

= qj 2 {—(n + 1), co, co 2 ; n + 1, to — 1, m — 1} S . (107) 


{ — to, co 3 , co; to, to — 1, n} x = co 2 { — to, oj 3 , co , to, n' f to — 1 

— (O {(ft *4" l), CO 3 , (O J 71 —j~ 1, TO — 1, TO — 1} S . (108) 

It is to be noticed, in the case of the first of these, that the second cyclical 
transformation, which is of different degree from the first, is quite symmetrical in first 
and second suffixes 

Among the operators comprised in (106) occur the two, which I have called cq and 
co 2 ,* two of the six form annihilators of projective cyclicants, viz , 



* ‘ London Math Soc, Proc ,’ vol 20, pp 131—160. 
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or in present notation [—1, 1, 1 ; 1, 0, 1 { and f— I, I, l ; I, I, 0(. bov tlio 
transformation of these we have, by putting 1 (or each o( m and u! in (106), 


^(tr, yz) = g> 3 (y, z.r) = f — 2, 1, I , 2, 0, 0]* 


. (100) 


of which right hand operator the expansion is 


Z 


(2) d 

30 d' 


'30 


+ 2 w ~ + Z (a ~+f ) - + 2fe i, -' / +. ^ + :j (z (J) '! H-. W .. 


where the coefficients have meanings, as m Art 21 

Closely resembling, but distinct from co l and tun, are Mr FoasYTir’s A. and A^" Lv, t 


A 3 ( x, yz ) = 
A x (as, yz) = 


2 

» + T < 1 

M »<fcl 


|(r 4 = (°> A > 1 1 Oa » 

+ J = {0, 1, l ; I, 1, 0},. 


These are also transformed by means of the present article, but have not the property 
of companionship belonging to co 1 and <w a . In fact, by (105), 


A 2 (x, yz) = {-1, L, 0; 1, 1,0},= j> 2,0, 1; 2,0, 0] SJ . . (110) 

and, by (105), with z, x, y put for x, y, z, 

Ai(®,^)={-2, 1, 0; 2, 0,0},= {-1, 0, 1; 1, 0, 1},. . . (Lll) 

23. The special importance of many operators in which the first derivatives do not 
occur is well known. The form of such operators (in % dependent) is symbolically 

$V (« + + Of) (l - * 10 f - 

As every such operator is a sum of multiples of complete operators {/a, v } v ; m, n, n'}» 
so that their theory is implicitly involved m that above discussed, no attempt will be 
made here to develop© it independently. In the present article, however, an interesting 
class of cyclically persistent operators will he obtained, and a method of procedure in 
a much wider class of cases will he thus exemplified 

It is required to prove that the result of replacing each first derivative by ziero in 

{— m, 1, 1; m, 0, 0} 

* See Ms Memoir “ A Class of Functional Invariants,” ‘ Phil, Trans.,’ A., vol. 180 (1889), pp. 71-118. 
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is, but for a first denvative factor, an operator which persists m form after one and 
two cyclical interchanges of the variables 

Symbolically we have, if square brackets indicate that m an operator first deriva¬ 
tives are thus omitted , 

[ — m, 1, 1 , m, 0, 0], = — m -}- 7)— + (£ — x icfO *oi£) M > 
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“ *10^7 
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and is 

consequently 

(- 


m — 1 r 
io L 


1 ; m, 0, 0] r 






- m, 1, 




In exactly the same way the z transform of the same operator is 

( — [— m, 1, 1 ; m, 0, 0] £ 

Thus we have the formula of transformation 


[— m, 1,1; m, 0, 0] 7 


]_ \m— 1 

— [—m, 1,1; w, 0, 0]„: 

vJ 


1 \wi~l 

— r [— 1, l,m,0, 0]*, 

, no/ 


which may be written m a form even more clearly expressive of the cyclically 
persistent property, viz., 


v<w-l)/8 


\ X 10 X QV 


[— m, 1, 1, m, 0, 0], 



(112) 
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A first case of this formula occurs in (90) A second is that the operator on the 
right of (109) is the sum of terms involving %„ %, and of an opomtor free fiom those 
derivatives which, when affected with the factor (l/z l(] z {]] )\ has tho peisistent propeity. 
The fact is interesting m its hearing on the thooiy of the ti.insFormation of co 1 and <w 3 . 
In fact (109) may be wiitten 

^1 (®J y%) ^ *^2 {'!/} ” ^10^3 ’*'!/) "f" 2 01 w l ('b <T2/) 4“ [ 4 h i 3 2, 0, 0] 

From this and its two correlatives a verification of the formula (112) for the case of 
m = 2 is readily obtained. The first few terms of this cyclically persistent opeiator 
are 


1 \* f „ £Con 2 cl 


d 




_ M/W' W . ~ / , &Y, S \ cl " I o "02 

2 -a + 2a3 ^+ 2 + -a)d^ + 2aw «5*'+ 2 2 ,7., 01 

cb ci fb 

4“ 3^ 20 cc 30 " h 3 (ergo^j + ^lrhio) ^ b 3 (#20^13 ^ir%i 4~ ^03^-10) ^ jo 


</ 


,1 2 f i 

d no < <' 


+ fi (^20^03 “h ^11*10 4 *02 a: 2l) ^ 4~ fi fi™ ^O^’is) " 4“ 


or, 


Hh * * • I" * * 


* * 


. . (113) 


"With it compare the analogous operator (30) of the binary theory. That, like this, 
is, of course, one of a whole class of persistent operators. 

24. The transformation of the four form annihilators O l , XI a , Y L , Y a of pure cyeli cants* 
will he now considered. They are all operators free from first derivatives, and might 
as such he treated by the methods of the last article. It seems preferable, however, 
to take them in connection with the formulae of transformation 

d ^ Q - - {0, 0, 1, 2,0, - l} y = - {0, 1, 0, I, - 1, l}„ . . (114) 

— = - {0, 0, 1, 1, 1, - l} f = - {0, 1, 0 ; 2, - 1, 0]., . (114 a) 

•which are particular cases of (82) and (83), or again of (87) with m = 0. 

The forms of the four annihilators are 

fl i (*. *y) - t { mz m , - r ~— 1 

= V - hiv) 

_ <?f 

— ■>? - *u* 

= {0, 1,0; 1,-1, l},-z w ~~, .(115) 

: * See m y papers in the ‘ London Math. Soc. Proo.,’ yol 18, pp 142, <fcc. ; vol. 19, pp. 6, &o., and 
PP* 337, &p,, vol, 20, pp. 131, &c. 
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n 2 (z, xy) — 


t 4 nz nn —- l 
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= {0, 0,1; 1, 1, - 1},- 
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= {0,0, 1; 2,0,- 1}.-*oi{1,0,1; 1,0,0},- z w n 2 (z,ary) + z 01 *-£- ■ (118) 


Thus (114a) may be written 


— ( l J> Z ^) 


= - {0, 1, 0, 2, - 1, 0}*, 


and the result of one cyclica] interchange in (114) may he written 


O, (a, yz) - x w ^ ^ 


= - = -{0,0, l, 2, 0, -X},, 


from which two sets of identities, by aid of the facts that 


ry ry* 

JL l0 X Q1 


- 1 Vio ■ y<a = % • - 1 • *1 


MDCCCXC.—A 
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it follows at once that 

~ &i (x, yz) — — ~ (V> zx ) 

*01 IflO 

= ~r. 01 [0,1,0, 55,-l,O}, + z lo {0, 0, 1, 2, 0, - 1} W (119) 

which, and its correlatives, obtained by one and two cyclical transformations effect 
the tiansfoimatron of Hi and Xl 2 . 

Again, we may write (11 4 a) 


d 

dj"oi 


d 


n s (y, *») - y m jr: 

a !f 10 


- V L (z, xy) — % (z, XI/) — z 10 { 1, 1,0, 1 , 0, 0}„ + Z; 


d 


10 




10 


and (114) m like manner 
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By a cyclical interchange of the variables we have, also, 
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and by a second cyclical mterchange a, third set of such equalities is obtained. From 
the two sets that have been written out, upon subtraction we obtain 
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Now, from (91) and its correlative obtained by a cyclical interchange, the second 
parts of these three equal operators are themselves equal Consequently 

“ y*) = - 7T {y> zx) = — z~Y l {z f xy) -f j-V 3 (z, xy), (120) 

^10 #01 ~10 ■*'01 

which, and its correlatives, are the formulae for the transformation of Y l and V 2 . 

It is easy and very instructive to prove (120) directly from the symbolical 
expressions m (117) and (118) by the method of Art 19 or 23 

Of other important operators Mr Forsyth’s A 4 and A 3 (‘ Phil Tians / A , 
vol 180, p. 74) should have their formulas of transformation noted They aie the 
complete operators (0, 1, 0, 1, — 1,1} and {0, 0, 1, 1,1, — 1} of which and f1 3 
are all but the first terms Thus their formulae of transformation are merely (114) 
and (114a) themselves, le , cyclically interchanging the variables once, 

A*(a;, yz) = — — {0, 0, 1, 2, 0, — 1} W (121) 

a 2/io 

cL 


A 3 ( x, yz) — {0, 1, 0 , 2,-1, 0} y = 


( 122 ) 
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Two Magnetic Surveys of the British Isles have been made previous to that of which 
an account is given m this paper The observations necessary for these were taken 
between the yeais 1834-38 and 1857-62, and the results weie reduced to the epoch 
1842-5 by Sir E Sabine, m a paper published m the ‘ Philosophical Transactions' for 
1870 (‘Phil. Trans./ vol 160, 1870, p. 265) As a full account of both surveys is given 
m that paper, it is unnecessary to descube them m detail heie. The first was made by 
five observers, viz, Sn E. Sabine, Captain J C Boss, Mr E W. Fox, and Professors 
Lloyd and John Phillips In the second survey (1857-58), Mr Welsh, Superin¬ 
tendent of the Kew Observatory, made an admirable series of observations m Scotland, 
though, unfortunately, the exposure to which he was subjected brought on an illness 
which terminated in his death Sir Edward Sabine made observations on the Force 
and Dip at 24 stations m England, and some decimations determined by several naval 
officers between the years 1855 and 1861, were utilized. Altogether obseivations weie 
made at 243 stations. (‘Phil Trans,’ vol 162, 1872, p 319) 

It has, we believe, foi some time been thought by those mteiested in terrestnal 
magnetism, that another suivey of the United Kingdom should be undertaken, and 
we ourselves drew attention to the matter m a paper “ On the Irregularities m 
Magnetic Inclination on the West Coast of Scotland ” ( c Eoy Soc Proc / vol 36,1884, 
p 10) Not only was this desirable m older that the secular changes m the direction 
of the hnes of equal Inclination, Force, and Declination might be re-determined, 
but also because the earlier surveys left much to be desmed with regard to the 
distribution of the stations and the number of the Decimation observations. Thus 
the Declination was determined about the epochs 1836 and 1857 at 84 stations only, 
of which II weie common to the two suiveys The maps given by Sir E Sabine 
m the paper alieady referred to show that different distiicts have received very 
different degiees of attention Stations where the Dip has been determined cluster 
thickly about the coast of Scotland to the south of Oban, about the English lakes, 
and the south coast of England, and are thinly distributed in the North of Scotland, 
m the eastern counties of England, and m the centie of Ireland In hke manner, 
while (owing chiefly to the labours of Mr. Welsh) the Decimation had been 
measured at 40 places m Scotland, it had been observed with adequate instruments at 
only 28 stations in England, and 16 in Ireland. We have therefore undertaken, and, 
m the course of the five years 1884-88, both inclusive, have completed a new 
magnetic survey of the British Isles 
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In om opinion, it would probably have been better ii a larger number of obseivers 
had been engaged m the task, so that it could have been finished in ashoiter time In 
fact, we originally made a proposal m this sense which was, we believe, bi ought before 
the Kew Committee of the Royal Society. It was considered that the objections to 
the employment of many instruments and observers were sufficient to prevent the 
acceptance of such a scheme. With proper organisation, we believe that the errors thus 
introduced would have been much less serious than those due to the uncoitaint■y as to 
the true secular corrections at any parliculai station As, however, it was moie 
imp 01 1ant that the survey should be made than that it should be made imdoi the 
best possible conditions, we have in undertaking the task ourselves devoted most of 
our vacations and spare time to it, so that there should be as little delay as possible, 
and have collected all the facts which throw light on the value of the secular 
corrections. 

Although the re-determination of the lines of ecj ual magnetic Declination, Force, and 
Rip has been the main object of our investigation, a number of other questions 
have naturally come under consideration, We have made some alterations in the Kew 
magnetometer which have been described to the Physical Society ('Phil. Mag/ 
August, 1888, p. 122); the method of presenting the results of the oxpenmonts has 
been modified so as to afford a greater test of their accuracy , the validity of the 
method of correcting for diurnal variation and disturbance, especially at places far 
distant from the base station, bas been reconsidered, and finally, and perhaps chiefly, 
we have given more attention than our predecessors have done to the distribution and 
causes of “ local magnetic attraction ” In view of the difficulties caused by such 
disturbances, we have taken special pams to indicate the position of our stations as 
accurately as possible. This has been done, not merely by verbal description, but by 
taking out the latitudes and longitudes from the inch Ordnance maps or the Admiralty 
charts, with far greater accuracy than is necessary for the calculations in which these 
quantities are afterwards employed For similar reasons we have selected, when 
possible, public parks, open commons, or other situations which are likely to he still 
available when the survey is repeated. It must, however, be remarked that, at some 
places which were not included in our ongmal programme, observations have been 
made mainly because a favourable opportunity presented itself, and that, in such cases, 
it was not always possible to exercise the same care m the selection of a site. 


Epoch. 

The epoch of the survey is January 1, 1886, to which date all the observations 
have been reduced. 

Instruments 

The survey of Scotland was mainly made with a set of instruments which belong to 
Professor Rtjcker. They are a Kew Magnetometer by Elliott Bros , No. 60, and a 
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Dip Circle by Dover, No 74 These instruments were also used by Professor Pucker 
m bis poition of the suivevs of England, Wales, and Iieland The mstiuments 
employed by Dr Thorpe m these countries are the property of the Science and Ait 
Department They are of the same patterns and by the same makers , the Magneto¬ 
meter and Dip Circle are numbered 61 and 83 respectively 

Arrangements have been made for placing this latter set of instruments in the 
Collection of Scientific Apparatus at South Kensington They will be kept for 
surveying only, and will be available for comparison with instruments which may be 
used by future observers 


Base Station 

Our base station is the Kew Obseivatory Both sets of instruments were tested 
there before they came into our possession, and we have also made numeious com¬ 
parisons with the Kew instruments during the progress of the survey We take this 
opportunity of expressing the great obligation we aie under to Mr G M Whipple, 
the Superintendent, and to Mr T Baker, the First Assistant m the Obseivatory, 
who, with the approval of the Kew Committee, rendered us every assistance m then 
power Our frequent visits and requests for information as to diurnal variation and 
disturbance have imposed much additional labour on these gentlemen. The help we 
lequmed has, however, invariably been given with a readiness and heartiness which 
meiit our giateful acknowledgments 

We tested our mstruments at Kew in 1884, 1886, and 1887. 

A very laige magnetic disturbance set m on Maich 30, 1886, the 31st was also 
much disturbed and the effects were still to be distinguished on Apul 1. We have, 
therefore, neglected the observations made on that day, but, with this exception, the 
following tables contain all the determinations made by us m the Magnetic House. 

The first three columns give the date, instrument, and observer, and that headed S 
the value of the element obtained 

The numbers given are not corrected eithei for diurnal variation or disturbance 

In the column headed K is the corresponding value read off from the cuives of the 
continuously recording instruments at Kew, standardised by means of the monthly 
observations which are taken there 

The differences are given m the next column. They are very nearly constant, but 
are rather larger than we should a ypr%om have expected Our own instruments aie 
evidently in accoid. 

Subtracting the mean difference from the Kew values, we should, if both sets of 
observations weie perfect, reproduce our own numbeis, so that a comparison between 
columns S and K — ft gives the error of experiment and comparison which is tabulated 
in the last column 
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Observations m the Kew Magnetic liouwe. 

Decimation, 


Date 

Install¬ 
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Horizontal Force, 
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To obviate, as far as possible, the use of decimals, the Foices are throughout this 
paper expressed m terms of metric units (metre, gram, second), and all numerical 
values of Forces can be reduced to C G S units by dividing by 10 

In the case of the Dips, of which, no continuous lecoid is kept, the following plan 
was adopted We give, under the column S, our results conected for diurnal variation 
and disturbance as heieafter descubed, each being the mean of the two needles In 
column K are the values obtained at Few at the nearest date to the time of our 
observations taken from the published lecord The dates in question aie July 28 and 
31, 1884, Sept 22, 24, and Octobei 25, 26, 1887 The mean of the last two is taken 
as applying to the whole penod of the 1S87 observations 

Inclination 


Date 

Insti ument 

Obsei ver 

S 
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K 

(Kew 
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The mirrois used to form an image of the Sun which can be viewed through the 
telescope weie tested independently We were, however, unfortunate m that on 
most of the days when we observed at Few the Sun was invisible The metidian 
mark also, which is used m the Few measurements, cannot be seen fiom the lawn 
immediately m fiont of the Magnetic House, and we were, theiefore, obliged to use a 
rod which was fixed at some distance, as nearly as might be m the meridian line m 
•which the instr um ent was also placed Oil one occasion (October 11, 1887) the latter 
adjustment was inaccurate, and a correction was applied deduced fiom the angle 
subtended at the pillar m the magnetic house by the centre of the tripod and the rod, 
and fiom the distances of the tripod and pillar from the rod At Parsonstown the 
instrument was placed m the meridian line used for the Obseivatory of the Eail of 
Fosse, and a check on the declinometer was thus obtained Fiom what has been said 
it will have been seen that the determinations of the geographical meridian at Few 
were not made under the most favourable conditions, but the following Table is 
sufficient to show that no important error attached to the indications of the 
instruments. 

I 2 
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Azimuth of Kew Meridian Muik ftom Sun Observations. 
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At Parsonstown the difference between the reading foi the fixed mark and the 
meiidian, as calculated fioni a sun observation, was l' 1. 

Wo also thought that it would be desirable to compare the instruments under the 
normal conditions of use in the field. We theiefore made thiee sets of observations 
at Ard Point, Stornoway , at Bmmahabhain, in the Sound of Islay ; and at Strain aer 
At the first station the results of the individual experiments made with each instill¬ 
ment were in good accord, hut, as the declinations differed from each other by an 
amount very much greater than any possible enor of experiment, viz., 18', it was 
obvious that the station was affected by local magnetism At Bimnahabhain we took 
the precaution to exchange positions ; these observations-were made on a patch of 
limestone, and were in agreement. At Stranraer the sky became overcast, and it was 
impossible to move the instruments after the first determination of the geographical 
meridian. The results show that the station was a good one, and we therefore give 
here the declinations obtained at Bunnahabliain and Stranraer. As we shall have to 
refer to them again, we reproduce only the data which bear upon the point under 
discussion At Bimnahabhain the thread of instrument 61 was broken, and had to 
be replaced in the field, which accounts for the fact that the first observation made 
with it is not in very good accord with the others. The Greenwich mean tune is 
reckoned throughout from midnight. 

Bunnahabhatn—A ug 25, 1888. 
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Stranraer —Aug 28, 1888. 


GMT 

Station 

Instrument 

OTbsei vei 

Decimation 

h m 




o / 

11 85 

1 
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T 

21 13 7 

10 54 

2 

60 

R 
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13 6 

2 

J 1 

ii 

21 13 0 


During the survey we employed various chronometers, some of which were hired 
from Messrs Dent, and others were lent to us by the late Professor Balfour 
Stewart, PBS, and by Captain Wharton, BN, F B S, Chief Hydrogiapher to 
the Admnalty, to whom oui thanks are due. 

We enjoyed an important advantage over our predecessors m that we were able to 
determine the rates of our chronometers frequently by comparison with Greenwich, 
by means of the 10 a.m and 1pm telegraphic signals, of which the foimer is sent to 
all post-offices m the kingdom We have to thank Mr Preece, F.B S, Chief Elec¬ 
trician to the General Post-office, and Mr J C Lamb, the Head of the Telegraph 
Department, for their kindness m giving or obtaining for us permission to recei\e 
the signals. Many of the local post-office officials not only afforded us every facility 
for correcting our chronometers in accoidance with their instructions, but gave us 
additional help m the selection of suitable stations When possible, we received the 
signal every day, and rarely omitted more than two consecutive days At places 
where the signal had undergone one or more re-transmissions, an erroi on this account 
was inevitable By the kindness of the Earl of Bosse, we were able to determine its 
magnitude on the occasion of our visit to Parsonstown The time signal was observed 
both by Professor Buceler and Herr Boddekker, the Superintendent of Lord Bosse’s 
Observatory, who agreed exactly as to the apparent error of the chronometer The 
value thus obtained differed by 4 sec from that given by the observatory clock, the 
error of which was known from star observations We are inclined to think that this 
amount was rarely exceeded, or the lates would have varied more widely than was 
actually the case No special precautions against error had been taken at Paisons- 
town, whereas m many districts we had, when practicable, made arrangements at the 
central office that particular care should be taken on those mornings when we 
informed the authorities that we intended to receive the signal. We have on several 
occasions received at the same post-office signals sent by two diffeient routes, 
involving re-transmission, and have never detected any appreciable difference. 

When visiting outlying stations at sea we kept one chionometer on hoard in a fixed 
position. This served as the standard. Another instrument, which was frequently 
compared with it, was used for making the comparisons with Greenwich and for the 
work of the actual observations At these periods of onr survey longer intervals 
necessarily elapsed between successive receptions of the time signal, during which we 
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depended on the standard With the exception of two or three cases, which me 
referred to in the detailed account of the observations at the stations affected, we do 
not think that any erroi exceeding a minute of arc can have been mtioducecL into the 
decimations from uncertainty as to the tiue time. 


Selection of Stations 

In selecting stations we have aimed at uniformity of distribution over the whole 
aiea under investigation, and, subject to this condition, have chosen places at which 
observations have previously been made. We have also avoided situations where 
disturbance by so-called local attiaction was known to be great, except m special 
cases to be discussed hereafter On many tours we have carried geological maps 
which have aided us m choosing sites 

In all we have made observations at 54 stations m Scotland, 102 m England, 
Wales,* and the Channel Isles, and 44 in Ireland At many of these places which 
are counted as a single station our instruments have been set up in different localities 
m older to study oi eliminate the local effects of magnetic locks These sub-stations 
were m some instances only a few yards and in others several miles apart. The moie 
important of them are indicated by letters m the lists given hereafter, and if those 
are added they bring the number of stations up to 213. Ill addition to these we 
observed on the island of Canna at 23 places. If we took minor changes of position 
into account this total would be considerably increased, and as we have been able to 
use the observations made at Greenwich and Stonyhuist, and the data for Cherbourg 
and Berck-sur-Mer, furnished by the survey of France, recently completed by 
M Motjreattx ( ce Determination des Elements Magnotiques en France,” par M Th 
Motjreatjx Pans Gaitthter-Villars, 1886), our conclusions are based upon 
observations made at about 250 different places 

The average distance apart m normal districts is about 30 miles. At most of the 
principal stations we made two Dip observations, one with each needle, and a com¬ 
plete set of measurements for the determination of the Decimation and Hoi izontal 
Force At many places we determined the Declination twice, making two indepen¬ 
dent sets of observations on the Bun and the needle In some cases only the 
geographical meridian or only the direction of the magnetic axis of the needle was 
re-determined When time was short or the weather unfavourable the deflection 
expeiiment was omitted The following Table shows the total number of observations 
made By magnetic meridian we mean determination of the direction of the magnetic 
axis, which, when combined with the Snn observations or geographical meridian, gives 
the Decimation. We do not include 23 Decimations taken on Canna by means of an 
azimuth compass and chart. 

* Exclusive of five supplementary stations along the valley of the Wye, at which Dip observations 
ctoly were made in 1880 (vide p 84) 
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Stations 

Dips 

Deflections 

V ibrations 

Geogiaphical 

mendian 

Magnetic 

meridian 

Scotland 

54 

120 

57 

66 

89 

93 

England and Wales 

102 

213 

94 

135 

171 

185 

Ii eland 

44 

89 

35 

58 

84 

84 

i Total 

1 

1 200 

1 

422 

| 186 

259 

344 

i 

to 

CO 


Most of these obseivations were taken by one or oflier of us We have, however, 
to thank Mr A P. Laurie, now Pellow of King’s College, Cambridge, for observa¬ 
tions of Dip at 8 stations in Scotland The stations on the West Coast of Scotland 
were, for the most pait, visited m Dr Thorpe’s yacht “ Coventma ” Dm mg the 
fust year (1884) we generally observed together Afterwaids, m older to save time, 
we tiavelled separately 


Method of Taking the Observations. 

The conditions and time of the observations necessarily vaned, but the gieatest 
number weie made as follows —Shortly before 10 am we visited the post-office to 
coirect oui chronometeis by the tune signal from Greenwich We then drove to the 
station which had been selected the night before or eailier m the morning The first 
observation taken was the solar azimuth, which was finished about an hour before 
noon This was followed by the decimation, vibration, and deflection in this order 
The dip was then determined, and, if tune and weathei allowed, we often lepeatecl 
the azimuth and decimation The Sun observations were hardly evei taken within 
an hour of noon 

In a variable climate like that of the United Kingdom the weather often piesents 
a senous difficulty We earned with us a small tent, in which the dip and vibration 
observations could be made, and we weie also provided with waterproof covers for the 
Magnetometer and Dip Cucle We were thus able to make the Dip observations, foi 
example, during showers, while the Magnetometei, though outside the tent, was pio- 
tected by its coveimg The case containing the dip needles wrs earned m a box 
filled with soda-lime to prevent the axles being mjuied by lust. 

During sunshine we shaded the deflecting magnet m the deflection experiment by a 
caidboaicl case, or by throwing a light piece of cloth ovei it At 42 pnncipal and 
subsidiary stations the force was deteimmed by means of the vibration experiment 
only, the deflection being omitted and the moment of the magnet deduced fiom the 
values obtained at neighbouring stations 

The only part of the observations which requires special comment is the use of the 
minor employed m the sun observations Tlie adjustment can be effected by means 
of the reflected image of the cross wnes m the telescope We found, however, that 
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in practice in the field this method is troublesome It is difficult to see the image 
unless the mirror is very blight, and there is fairly stiong sunshine. On days when 
the weather and sunshine are uncertain it is very annoying to have to spend time 
when the sun is visible m making piehminary adjustments From and after our visit 
to Stornoway m 1884, % g , aftei observations had been made at about a dozen stations, 
we adopted a diffeient plan. The mirror was frequently adjusted either mdoois in 
accordance with the duectLons of the Admiralty ‘ Manual,’ or by means of some 
elevated object in the field In the latter case the enor of parallelism was first got 
nd of by observing the object when the observer’s back was turned towards it, and 
the mirror was nearly vertical The miroir was adjusted until the image appeared m 
the same position as before when it was reversed m its bearings. The object was then 
viewed by reflection when the instrument was turned through 180°, i e , when the 
mirror was nearly horizontal and the axis of the mirror was made perpendiculai to the 
axis of the telescope By repeating these processes twice or thuce a peifect adjust¬ 
ment was obtained, and it was found that under ordinaly cucumstances the mstniment 
could be carried about from place to place for some time without this adjustment being 
seriously affected To make certain, howevei, that all was right, we always (when 
possible) took observations of the sun both m the “ fiont” and “back” positions, i e , 
with the mirror appioximately horizontal and vertical and icveised the mirror in its 
bearings m both positions By the latter precaution the error of parallelism (if any 
existed) was eliminated, and the observation thus afforded data for the calculation of 
the error of collimation, and for the corrections which m consequence of this enor 
must be applied to the <e fiont” observations 

By this method the actual adjustment of the mirror could be made at any time oi 
place If the time ah our disposal was short, or the weather uncertain, the instrument 
was regarded as ready for use as soon as it was set up in the field, and thus no time 
was lost, but the observations were so taken that any error of adjustment could be 
calculated and allowed for. Lastly the agreement of the measurements made m the 
front and back positions gives a valuable test both of the adjustments and observations. 

In the case of the observations made m 1888 with Magnetometer No. 60, the 
method of correcting the miiror by the image of the cross wires was again resorted to. 
Some modifications of the instrument which we have introduced ( loc . cit ) now make 
this method practicable, and it. was found to work well under the new conditions. 


Diurnal Variation and Disturbance, 

In the survey of 1857 corrections for diurnal variation and disturbance were applied to 
the declination observations only. These two quantities are intimately connected. The 
total deflections of the continuously recording instruments at any instant are the sums 
of the normal diurnal variations and the disturbances. If the latter are assumed to 
occur simultaneously and in equal intensity over an area such as that of the United 
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Kingdom, and if the GMT. at winch the observations were made is known they 
may he determined from the curves obtained at Kew On the other hand the 
magnitude of the diurnal variation at a given instant depends on the local time, and 
in the case of stations so far apart as Kew and Valentia, the diurnal variation of the 
decimation would, between 10 and 11am GMT, differ by several minutes of arc 

We have therefore taken out from the Kew curves the deviations from the mean at 
the GMT of our observations, and subtracting the corresponding value of the 
diurnal vaiiations at Kew, have called these differences the temporary disturbances at 
the time of the observations 

We have assumed further, that the Kew mean curves of diurnal vaiiations may be 
taken as applying to the whole of the United Kingdom, but we have, m all cases, used 
the correction corresponding to the local time Thus the total correction is the 
algebraic sum of the diurnal variation at the local time, and of the disturbance 
registered at Kew at the GMT at which the observations were taken 

As proof of the validity of this method, we have picked out all the stations 
in Ireland at which two or more observations were made at times when the diurnal 
variations differed by more than four minutes 

As full particular are given later on, it is only necessary here to tabulate the 
corrections for diurnal variation and disturbance m addition to the final results 
It may, however, be remarked that m the majority of cases the determinations of the 
geographical, as well as of the magnetic meridian, are quite independent, and that at 
Athlone, Gort, and Westport, the results given weie obtained on different days The 
letters v and A are used throughout this memoir to indicate the departuie from the 
mean value of the element at the time of expenment, due to diurnal variation and 
to temporary disturbance lespectively. 


Station 

V 

A 

Corrected 

Decimation 

Athlone 

+ 63 

+ 15 

O 

22 

16 5 


- 39 

00 

22 

16 8 

Cavau 

- 3 7 

+ 15 

22 

261 


+ 6 2 

- 40 

22 

26 7 


+ 35 

- 50 

22 

27 4 

Chailei die 

+ 49 

+ 10 

22 

194 


+ 07 

+ 25 

22 

191 

rX 

H 

O 

O 

00 

00 

22 

38 


+ 58 

- 10 

22 

1 7 

Goit 

v 3 9 

- 10 

22 

38 2 


-42 

+ 10 

1 22 

39 1 

Lismoi e 

- 10 

00 

21 

541 


+ 64 

4 35 

21 

54 0 

Westport 

+ 07 

00 

23 

5 5 


+ 18 

-05 

23 

42 


+ 63 

+ 20 

23 

54 


MDCCCXC —A K 
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The following are the best stations for the application of a similar test to Scotland. 
The two sets of obseivations at Scarnisli and Portree were taken on two different 
days Those at Stornoway were on the same day, but at different stations. The observa¬ 
tions at Bunnakabhain and Stranraer, which have been already discussed, are here 
arranged in ordei of time without reference to the station or instrument —• 


Station 

V 

A 

Collected 

Decimation 

Scarnisli 

+ 24 


; 

O 

24 

49 8 


- 36 

+ 

30 

24 

51 8 

Poitiee (2) 

+ 33 

+ 

20 

22 

21 6 

+ 37 

— 

20 

22 

22 7 

Stornoway, Aid Point 

+ 20 

— 

2 0 

23 

50 7 

(1) 

+ 63 

— 

1 0 

23 

48 4 

+ 44 


• 

23 

50 7 

Aid Point (2) 

+ 24 

— 

30 

24 

87 

+ 64 

— 

10 

24 

79 


+ 44 



24 

83 

Bunnalialiliain 

- 0 1 


* 

22 

46 0 


+ 17 



22 

44 0 


+ 43 

— 

20 

22 

46 0 


+ 63 

— 

10 

22 

47 3 


+ 57 



22 

47 9 


+ 46 



22 

47 3 

1 Sti anraer , 

+ 19 

— 

2 0 

21 

12 5 


+ 4 6 

— 

30 

21 

13 7 


+ 64 


10 

21 

13 0 


In some cases where there is an appearance of a regular change, such as would be 
caused if the diurnal variation was not properly estimated, it can be otherwise 
accounted for. Thus the first four observations at Bunnahabham were independent 
m every particular, but the last two depend upon the same Sun obseivation as the 
fourth This probably accounts for the somewhat closer agreement m these cases 
The magnitude of the errors which would be introduced if the disturbance corrections 
were omitted can be estimated by noting that at Cavan the first and last observations 
when uncorrected give 22° 2 7' 6 and 22° 22' 4, those at Portree 22° 23' 6 and 22° 20'*7, 
and those at Scarnisli 24° 49' 8 and 24° 54'*8 respectively, instead of the much more 
accordant numbers entered m the Table. 

These results when corrected are quite as good as those we obtained when observing 
at Kew, and furnish a complete a posterior i justification of the method of correction. 

The values of the diurnal variation employed for the year 1884—5 were furnished 
to us by Mr "Whipple For 1885-6 and 1886—7 we used the Tables given in the 
reports of the Kew Committee for those years ('Roy Soc Proc / vol 41, p. 415, and 
vol. 43, p 226). 

These differed rather markedly as to the magnitude of the maximum variation from 
the curve employed for 1884-5, the difference amounting to about V'5 As the report 
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of the Kew Committee for 1887-8 was not published when the observations made m 
1888 were reduced, we used the same Table as for the 1887 observations. 

The question as to whether we should apply similar corrections to the other 
elements has been carefully considered, and we have on the whole decided to do so 
Though we have woiked up the observations on the Horizontal Force so that each 
experiment gives two nearly independent lesults, the times at which these have been 
taken are practically identical, and they do not serve as a test of the advantage of 
applying corrections In 18 cases we have repeated either the deflection or the 
vibration experiment (generally the latter) m the field on the same day. The 
differences between the results when uncorrected and connected for diurnal variations 
and disturbance are as follows They are expressed m terms of 0 0001 metric or 
0 00001 C G S unit 

Table I 


Station 

Unconected 

Coi i ected 

Loch Aylort . 

- 5 

0 

Ayr. 

- 4 

- 4 

Stornoway 

- 3 

- 5 


+ 3 

+ 2 

Cambridge 

+ 1 

+ 1 

Northampton 

+ 18 

- 7 

Stoke 

- 5 

- 6 

Swansea 

+ 3 

- 1 

Tannton 

+ 17 

+ 16 

Thnsk 

0 

+ 1 

Tunbudge Wells 

+ 17 

- 3 

Worthing 

+ 8 

- 2 

Ballywilliam 

0 

- 1 

Bangor 

+ 4 

- 6 

Colei ame 

- 7 

-11 

Drogheda 

+ 9 

+ 3 

Kildare 

-10 

+ 5 

Londondeny 

4* 6 

+ 5 

Probable difference \ tJncoiiected 

(_ Coirectecl 

59 

40 


The values of H obtained by us at Kew in 1887 also afford a test of the method of 
correction The diurnal variation and disturbance are expressed m the following 
Table m terms of 0 0001 metric unit.— 
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Date 

Deflection 

V ibration 

H 


Ai 


*9 

Obsci ved 

Collected 

September 30 

+ 7 

■- 

0 

+ 3 

0 

1 8117 

18112 

Octobei 11 

2 

0 

- 2 

0 

1*8114 

18114 

„ 12 

3 

- 20 

- 1 

- 20 

1 8096 

18115 

„ 13 

- 5 

- 20 

- 10 

- 10 

1 8092 

18114 

„ 18 

1 - 5 

0 

- 13 

0 

18114 

1 8123 

, 18 

- 5 

0 

- 11 

0 

1 8117 

1 8125 

„ 19 

-4 

- io 

-10 

0 

1 8113 

18125 


As then the diurnal variation between the hours at which our observations weie 
generally taken amounts to 0 0025 metric unit, and as the probable difference 
between the corrected semi-independent results at the stations referred to m Table I., 
p 67, is 0004 (the probable error being half that quantity), and as the probable error 
of the seven Kew observations is less than 0004, there seems no doubt that the 
correction ought to be applied 

In the case of the Dip the diuinal range (which is more than 2') exceeds the error 
of experiment, but the application of a correction for disturbance is more difficult and 
uncertain It has to be deduced from the Vertical and Horizontal Force magneto¬ 
grams and thus the chances of error are increased The quantities to be dealt 
with are generally small, and the uncertainty of the readings taken from the curves 
unquestionably affects the results. We have not many data which furnish any a 
jposteriori aiguments of importance, as m most cases the times at which the two Dip 
observations were taken were separated by too short an interval for the diurnal 
variation to have altered much. The observations made at Kew m 1887 are, however, 
decidedly improved by correction. 


Date. 

Instru¬ 

ment. 

Needle 

Dip 

observed. 

. . 

V 

A 

Dip 

conected 

Sepbembei 30 



O 1 

i 

/ 

o i 

74 

1 

67 35 4 

-0 7 

+ 07 

67 35 4 

October 11 . . . 

74 

2 

34 7 

- 08 

+ 13 

34 2 

83 

1 

67 33 8 

- 04 

0 

67 34 2 

», 13 , 

83 

2 

34 9 

- 05 

0 

35 4 

83 

i 1 

67 36 0 

- 04 

+ 14 

67 35 0 

„ 18 

83 

2 

861 

- 0*5 

+ 16 

35 0 

83 

1 

67 34 2 

- 03 

+ 03 

67 34 2 


83 

2 

34 2 

- 0*4 

+ 03 

34 3 

74 

1 

67 35-0 1 

- 03 

o 

67 35 3 


74 

2 

33 5 

- 03 

- 0 7 

i 

34 5 


The greatest differences in the corrected and uncorrected results are V 2 and 2 /, 6 
respectively. 
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On tlie whole, then, we think the application of the correction for diurnal range is 
advantageous, but the correction for disturbance appeals to be somewhat uncertain m 
its effect as applied to the field observations, and we have retained it chiefly for the 
sake of uniformity with oui treatment of the other elements 

The formulae used m the application of the corrections to the Horizontal Force and 
Dip were as follows — 

If H', m' and H, m be the values of the Horizontal Force and tbe moment of the 
magnet deduced from the uncorrected and corrected observations respectively, and if 
and xjj be the total mcrements of the Horizontal Force due to diurnal variation and 
disturbance at the times when the deflection and vibration experiments are made, 

H = H' — r/r) / 2 ; 

m = m' {1 + (<j) — xfi) / 2H'} 

As the disturbances of the Dips have to be deduced from those of the Horizontal 
and Vertical Forces, the calculations involved are rather troublesome 

If dd be the change, expressed in minutes of arc, produced by increments dV and 
c£H m the Vertical and Horizontal Foices respectively, 

dO = adV — bdH, 

where a and b are quantities which depend on the Dip and Horizontal Force at the 
station Tables were prepared m which the values of these were entered for each 
complete degree between 66° and 72°, and for each tenth of a unit of Honzontal 
Force between 1 4 and 1*8. As they vary slowly, the value corresponding to any 
given Dip or Force could be readily determined, and the value of dO was thus 
deduced 


Method of Tabidatmg the Observations. 

We have ventured to modify considerably the methods ordinarily adopted of pre¬ 
senting the results of a survey such as our own. It is often very difficult for any one 
who studies the records of magnetic observations to learn anything as to whether the 
instruments were m good or bad adjustment, or whether the actual observations were 
careful or careless Sometimes superfluous data are given which supply no infor¬ 
mation on these points. Thus, the quantities log mX and log m/X, or mX and m/X, 
which are sometimes tabulated in records of Force observations, add but little to their 
value. In an observatory, indeed, they ought to be nearly constant from month to 
month; but as, m both of them, the changes in the value of the moment of the 
magnet and those in the Force are mixed up with the error of experiment, it is not 
easy to draw any definite conclusion from them To test the observations, we should 
compare quantities the difference between which ought theoretically to vanish. In 
the case of a survey, log mX and log m/X must vary largely from station to station, 
and they are, therefore, quite worthless as tests of the observations. 
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There are now five British magnetic obseivatories working with instillments of 
substantially the same patterns, and we think it would be very desnable if an agiee- 
ment could be come to as to the form m which the results of the observations are 
pubhshed In our own case we have been anxious to check the numbers given by 
expenment m every way, as it is only thus that we aie able to determine what 
reliance may be placed on observations at stations wheie time or weather prevented 
the repetition of one or more of the measurements 

The following is an example of the method of tabulation adopted in the case of the 
Decimations — 

£ is the interval between the southing of the Sun and the mean of the times at 
which the “ front” obseivations were made on the Sun’s azimuth It is taken as 
positive if the observations were made after noon. 

Alt. signifies the altitude of the Sun above the horizon at the same time 

p, is the correction made by means of the <c back” observations to the geographical 
meridian deteimined fiom the front observations alone This quantity serves to 
indicate the order of the error that may have been introduced by the omission of the 
back readings on some occasions. 

GM is the reading on the honzontal circle which corresponds to the geographical 
meridian. In most cases two determinations of the geographical and magnetic 
meridians were made at an interval of some hours In this time the tripod may 
have shifted slightly, owing to unequal sinking of the ground, warping of the legs, &c 
Hence, if no fixed mark was read, each geographical meridian must be regarded as 
corresponding only to the magnetic meridian which was observed nearly at the 
same time as itself. As it is often difficult to select a suitable fixed maik, we have, 
whether a fixed mark was observed or not, regarded each reading for the geographical 
meridian as corresponding to that for the magnetic meridian which was nearest to it 
in point of time. 

In the case of the magnetic meridian (the reading for which is indicated by M.M.) 
we tabulate the following data 

(1) The G.M.T. at •which the observation was made reckoned from midnight. 

(2) Half the difference between the readings when the magnet is erect and inverted 
is the angle between the magnetic and geometrical axes of the magnet If then from 
this quantity (f) we subtract its mean value as determined from all the observations 
made in the same year ((- 0 ), we obtain a measure of the error due to inaccuracy of 
reading or adjustment, and to imperfect compensation of the diurnal variation or of 
any disturbance which may have been occurring at the time. 

(3) <o is the error which would have been caused had the torsion of the thread not 
been allowed for. 

(4) v and A are the deviations of the element from its mean value due to diurnal 
variation and disturbance respectively. The first, as has been already explained, is 
calculated for local time from the Hew curves of diurnal variation, the latter is the 
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disturbance registered by the Kew curves at the same GMT. as that at which the 
observations were taken 

(5) 8 (obs ) is the value of the Decimation obtained by subtracting the reading for 
the magnetic from that for the corresponding geographical meridian 

(G) or is the secular correction to Jan 1, 1886, obtained as is hereafter explained. 

(7) S (red ) is the mean value of the Decimation reduced to the epoch of the survey. 

As an example we take A till one, wheie observations were made on two ditfei ent days 
On May 8, no back observations were taken, so that p, could not be calculated. 


Declination. Athlone. Obseiver, T E T. Magnetometer 61. 

Geographical Meridian 


Date, 1887 

2 

Alt 

r 

GM 

May 8 

„ 9 

h m s 
+ 1 40 59 
—3 43 58 

48 42 

33 51 

/ 

- 02 

338 331 

210 312 


Magnetic Meudian 


Date 

GMT 

£ _ £ 

b bo 

tv 

l 

A 

MM 

CO 05 

£. 
a “ 

h m 

12 39 

9 9 

+ 02 
-04 

-0 1 

0 0 

+ 63 
-3 9 

+ 15 

00 

316 216 
188 14 4 


Decimation . 


S (obs ) 

Mean 

£T 

<5 (ied ) 

22 16 5 

22 16 8 

o / 

22 16 6 

1 

+ 10 1 

O / 

22 26 7 


In the case of the Horizontal Force observations the deflections were always taken 
when the distances between the centres of the magnets were 0 3 and 0 4 metre. If 
then li and 4 are the common logarithms of the values of vnj H obtained at the two 
distances, the factor P used m the corrections may be calculated by the formula 

P = 0 4737 (4 - 4) - 1 947 (4 - 4 f 

of which the second term is very small. (‘Nature/ Aug 13, 1887, p 366 ; Sept. 29, 
p. 508 , Dec 8, p 127 , and Jan 19, 1888, p 272) 
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The following table gives the mean values of P obtained for each year during the 
survey. 



Magnotomotox 


60 

6L 

1884 

0 000817 


1885 

0 000866 


1886 

0 000828 

0 000753 

1887 

0 000809 

0 000692 

1888 

0 000800 

0 000706 


The ordinary method of determining the Inclination with two needles gives two 
independent values, the agreement of which furnishes a test of the accuracy of the 
observations It is, however, usual to give only one value of the Honzontal Porce 
deduced from the means of the values of m /H and wH calculated fiom the deflection 
and vibration experiments The constancy ot legular change of the value of m affords 
a means of determining whether the observations are sufficiently good, but it seems to 
us that nothing is for this purpose so satisfactory as the agreement or disagreement 
between two independent experiments The results of the oidinary deflection and 
vibration observations can readily be presented m sneb a foim as to satisfy this 
condition with only an insignificant addition to the labour of reduction. 

The vibration experiment furnishes twelve independent deteiminations of the time 
of 100 vibrations, six of which are taken when the scale of the vibiatmg magnet is 
apparently moving to the right, and six when it appears to be moving to the left. If 
we take the mean of the six observations furnished by the first and last thiee of each 
of these groups, we have two independent deteiminations of the vibration period, 
based in each case on six obseivations, of which three were taken when the movement 
appeared to be to the right, and three when it appeared to the left. 

If we agree always to combine the first and second of these groups with the values 
of m/H obtained when the distance between the magnets is 0*3 and 0 4 metre 
respectively, we obtain from each experiment two values of m and H Except in so 
far as errors may arise m the determination of the temperature, or in the adjustment 
of the instrument (levelling, <fcc.), these are absolutely independent, and thus furnish 
a satisfactory check on the accuracy of the observations. It would, however, be hardly 
worth while for the sake of this advantage to go through the labour of repeating the 
reduction of the vibrations As the two vibration peiiods are very nearly the same, this 
is unnecessary. Let T be the time deduced from all the observations, and T db dT the 
times given by the first and second groups of observations selected as above described 
Then if D be the value of m /H given by the deflection experiment, 
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and in like manner 



d H _ d T 

H — T* 


dm dT 

~m ~~ T 


Thus, if we use the mean of the times for deducing two values of H and m fiom 
the two deflection experiments (as is done m the ordinary method of reduction) we 
may obtain the independent values of H and m by altering the means m the ratio of 
the independent to the mean times 

Thus, at Horsham the mean time of vibration was 4 s 1650, and using this the 
deflections at the two distances gave 


and 


H = 1 8365 and 1 8366 
7n= 0 0091956 and 0 0091952 


respectively. 

The actual periods of vibration foi 100 oscillations observed were— 


Appaiently— 

Moving to right 

Moving to left 

Ill s 

m s 

0 56 6 

6 56 6 

56 5 

56 6 

56 5 

56 5 

56 5 

56 6 

56 3 

56 4 

56 4 

56 5 


Taking the means of the obseivations lecorded above and below the line we get for 
the time of one oscillation 

4 b, 1655 and 4 S *1645. 

These independent times differ from the mean by 0*012 and — 0 012 per cent, 
respectively 

Hence, altering the values of H and m in the same proportion, but m the opposite 
direction to that indicated by the signs of these quantities, we get 

H = 1*8363 and 1 8368, 

and 

m = 0 0091945 and 0*0091963. 
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These quantities are quite independent, except as regards the temperature correc¬ 
tions and instrumental adjustments, and them difference is a measure of the eirors of 
observation and imperfect compensation of the diurnal variation and disturbance In 
tabulating the Force observations we give the G.M T at which the deflection and 
vibration observations were made, and the extreme temperatures during the progress 
of the experiments, the observed deflections and the independent times calculated as 
above described 

The agreement of the times of vibration serves to test the vibration expenments. 
As a measure of the accuracy of the deflections we take the ratio of the two values of 
m/H calculated by combining the mean time of vibiation with each of the two 
deflections 

The logarithms of these two quantities occur in the calculations, and all that is 
necessary is to subtract them and look out the corresponding natural number. As 
this quantity is veiy nearly unity we multiply by 100 and give the fractional part 
only. The symbol e is thus the percentage difference between the results given by 
the two deflections when combined with the mean time of vibration. 

The following form, which is that which has been used, explains itself. 

The results of the deflections differed by 0 008 per cent., the times of vibration by 
0 8, 001 There was no disturbance, and the Horizontal Foice, owing to diurnal variation, 
was 0*0007 and 0 0003 metric unit above the average, at the times which correspond 
to the middle of the deflection and vibration experiments respectively. 

The corrected values are obtained from the mean values by applying the corrections 
for diurnal variation and disturbance. 

Horizontal Force. Horsham. Observer, A W. H. Magnetometer 60 . 


Deflection. 


Date, 1888 

GMT 

t 

Observed deflection 

€ 




li, m. 

Q 

O i U 




April 21 

14 44 

11*8 

21 51 55 






to 


+ 0 008 

4- 0 0007 

0 



10 7 

9 0 8 





Vibration 


Date 

G-M.T 

t. 

T 

. 

^2 

A s . 



Q 

... 

s 



April 21 

13 34 

16 5 

41655 





to 


0 0003 

0 



17 4 

41645 
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Values of in 


Observed 

Mean 

Corrected 

0 0091945 

0 0091963 

0 0091954 

0 0091965 


Values of H 


Observed 

Mean 

Corrected 

a 

Reduced 

1 8363 

1 8368 

1 8365 

1 8360 

- 0 0051 

18309 


At places where the deflection experiment was not made, the moment of the magnet 
was calculated from the other moments observed during the same tour It was 
assumed that the strength of the magnet diminished legularly, and a linear expression 
was determined by equations of condition which gave the rate of decrease A careful 
analysis of the Scotch observations, which were the first reduced, proved that this 
method was satisfactoiy. 

The greatest difference between observation and calculation occurred at Kirkwall, 
and amounted to 0 234 per cent It is certain that in this case the diffeience is not 
due to errors of experiment, but to a real change in the moment, as the observations 
obtained at the next station (Lerwick) confirmed it We are also able to assign a 
probable cause for the alteration, as the “ Coventma ” was caught m a “ roost ” off 
Stromness, and experienced rather rough treatment, duimg which the magnet may 
have been jarred. 

The mean difference (irrespective of sign) at all the stations was 0*057 per cent.; 
and if we put aside about one-fifth of the whole number of stations at which, owing to 
bad meteorological or magnetic weather, or some similar cause, the conditions under 
which the observations were taken were not very favourable, the mean difference 
at the remainder was 0 028 per cent. 

It must, of course, be remembered that this quantity is not a measure of the error 
of experiment, but of the algebraical sum of that error, and of tbe deviation of the 
rate of decrease of the moment of the magnet from perfect uniformity. The conclusion 
we came to from the discussion of the Scotch obseivations was that if the observed 
moment differed from that calculated by the knear formula by 0*1 per cent, either a 
real change bad taken place in the magnet or the observation had been affected by 
some disturbing cause, which it was m general easy to specify. In tbe later tours the 
moments of the magnets changed very slowly, and it was sufficient to take the mean 
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of the moments obtained at one or two stations immediately preceding 1 and following 
that at which the deflection experiment had been omitted. The total numbei of 
stations at which vibrations only were observed was 42 

In the case of the Dip observations the correction for diurnal variation was deduced 
from the Kew curves for the diurnal variation of the Horizontal and Ycrtical Forces, 
which were supplied to us by Mr Whipple 

The disturbance corrections were calculated as previously described. 

The foliowmg form was used m working up the results — 


Inclination Bunnahabhain Observers Needle 1, A. W B. ; 
Needle 2, T. E T. Dip Circle, Dover, 83 


Date 1888 

Needle 

GMT. 

Observed 

V 

A 

Corrected 



li m 

0 1 

+ o'l 

+ 07 

70 39 4 

Aug 25 

1 

12 46 

70 40 2 

2 

14 38 

70 39 4 

- 04 

1 

70 39 8 


■ 

Mean 

a 

Rod need 

70 39 6 

+ 34 

70 43'0 


All the observations weie tabulated in these forms, and we propose to deposit 
copies of them with the Boyal Society. In this paper we give fewer data It will, 
however, he more convenient to describe these under the heading “ Besults of the 
Observations,” p 93, and we now proceed to use the tabulated results m a discussion 
of the accuracy of our work. 


Errors of Experiment 

The completion of so large a number of observations as those involved in our 
survey, carried out for the most part by two observers with different sets of instru¬ 
ments, affords a good opportunity of testing the accuracy of experiment m the field, 
especially as we have followed a regular practice of determining both the geographical 
and magnetic meridians by means of independent experiments made at an interval of 
several hours. Again, our method of tabulating the results of the Force observations 
furnishes a good test of the various parts of the experiments, and, as will he seen here¬ 
after, we are able, m the case of the Dip observations, to arrive at conclusions as to 
the small errors due to the imperfections even of the excellent needles supplied by 
Mr, Dover. 
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In the first place then, we take as the error of a Decimation, the difference from 
the mean of the values obtained at the same station at an mterval so small that the 
secular conection is not involved (u,a few hours or days), when both the geographical 
and magnetic meridians are determined independently 

The error of a Force observation is taken as half the difference between the two 
independent values, calculated as above described 

Lastly, the error of a Dip obseivatiOD is half the difference between the results given 
with needles 1 and 2 In the case of the last two, it is evident that both quantities 
may be affected with small errors which are not thus detected, such as that due 
to uncertainty as to temperature, in the case of the Forces, and errors of setting m 
the magnetic meridian, in that of the Dips 

Taking, however, these quantities and treating them as though all the lesults in 
each group weie measures of the same quantity, we get the following values of the 
probable error — 



Number of observations 

Piobable enoi 

Decimation 

97 5 

O' 699 

Horizontal Force 

196 

0 00028 (M U ) 

Dip 

190 

O'15 


In this Table, we count each double observation as one. The fiaction, m the case 
of the Declination, is due to the fact that, at some stations, an odd number of 
observations was made. 

It is useful to analyse the observations still further In so doing, we have generally 
treated Scotland as a whole During our earher tours we observed together, and 
sometimes one observer would take the geographical and the other the magnetic 
meridian, one would observe the deflection and the other the time of vibiation It is, 
therefore, diffi cult to separate the lesults In England and Ireland we always observed 
apart, and, with the exception of a short tour m 1886, when Dr. Thorpe used Dip Circle 
No 74, we always used different instruments. The mean values of the quantities aie 
taken irrespective of sign, so that they indicate the average value whether positive or 
negative. 

The definitions of the quantities used as tests, are given on p 70 The symbol dS 
indicates the mean error of the element 
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Declination Observations 


Scotland 

England 

Ireland. 

Observer 

Instrument 

Mean values of 



IV 

dS 

R and T 

T 

R. 

T 

R 

60 and 61 
61 

60 

61 

60 

+ 0 31 
+ 0 39 
±0 45 
+ 0 48 
±0 39 

±0 39 
+ 0 82 
+ 0 35 
+ 0 24 
+ 0 32 

+ 0 75 
+ 0 28 
+0 39 
+0 37 
+ 0 42 

+071 
+0 71 
+0 85 
+ 0 51 
+0 63 


Roughly then, the average errors due to imperfect adjustment of the mirror, 
to inaccuracy m determining the magnetic axis of the magnet, and to torsion, ought 
not, in each case, to exceed about 0 4 of a minute of arc, assuming that no correction 
was attempted, as would be the case, for instance, with legard to fx, if no back 
observations of the sun were taken. As in the great majority of cases, all three were 
corrected by front and back observations on the sun, by observing the magnet erect 
and inverted, and by determining the torsion, we may be sure that the actual errors 
were much below these amounts. It seems, therefore, probable that the observations 
are affected with small errors which are not so capable of correction, for the mean and 
probable values of dQ appear to prove that it is an even chance that each of two 
independent decimations differ from their mean by more than O'‘7 

In the following Table we give a similar analysis of the Force observations The 
quantity e/2 is the percentage difference of either deflection experiment from their 
mean 

dT is the average difference in seconds between each “ independent” determination 
of the time of a single oscillation (as defined on p. 73) and their mean. 

dH is the average difference between each independent determination of the Hori¬ 
zontal Forces and the mean of the two involved m each complete experiment. In all 
cases the averages are, of course, taken without reference to sign 


Horizontal Force. 



Observer 

Instrument 

Mean values of 

e/2 

dT 

dB, 

Scotland 

England 

Ireland 

R and T. 

T. 

R 

T 

R 

60 and 61 
61 

60 

61 

60 

Per cent. 

+ 0 041 
0-031 
0-023 

0 033 
0-017 

s 

+ 0 00043 

0 00040 

0 00035 
0-00032 

0 00040 

MU 

+ 0 00033 

0 00030 

0 00025 

0 00028 

0 00022 
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We have analysed the dips m a somewhat diffeient way. 

If one needle tends to give a slightly higher or lower result than the other, the 
mean value of the difference of the results, always taken m the same order—viz, dip 
given by Needle 1, minus dip given by Needle 2—ought to give the bias or measure of 
the difference due to impelfections m their construction. If this quantity be sub¬ 
tracted from the difference of the results m each observation, we get the error of 
experiment, which is the difference due to impelfection m observing and correcting. 
The mean of the last quantities, taken without reference to sign, is the mean error of 
experiment 

Thus, if we take the difference as positive when Needle 1 is the higher, out of 
28 stations m Ireland at which observations were made with the same instrument (74), 
it was positive at 15 and negative at 8 The mean of all the differences showed that, 
on the average, Needle 1 gave results O' 31 higher, and Needle 2 results O' 31 lower, 
than the mean of the two needles; so that there is evidence of a bias which would 
make Needle 1 give results O' 6 highei than Needle 2 That this numbei is worthy of 
credit is shown by the close agreement of the values obtained with the same instru¬ 
ment in England, and by the practical identity of all the numbers obtained for Dip 
Circle 83 in England, Scotland, and Ireland. 

The axles of the needles of Dip Circle No 74 appear to have undeigone some slight 
alteration between the end of 1885 and the begmnmg of 1886, but there seems no 
doubt that since that date Needles No 1 in the two instruments have read about 0' 3 
and 0'’2 respectively above the mean of the two needles. 

The following Table gives a summary of the results — 

Instrument 74 



Observers. 

Number of s 
differ 

Positive. 

tatxons, with 
ence 

Negative 

Bias 

Upper sign, Needle 1 
Lower sign, Needle 2. 

Scotland 

T , R , and L 

18 

31 

+ 025 

England 

T 

8 

2 

+ 0 25 


R 

24 

12 

+ 0 33 

Ireland 

R 

15 

S 

i 

+ 0 31 
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Instrument 83. 



Observers 

Numbei of s 
diftei 

Positive 

i 

tations, witli 
ence 

Negative 

Bias 

Upper sign, Needle 1 
Lowei sign, Noodle 2 

Scotland 

T and R 

6 

3 

+ 019 

England 

T 

25 

10 

+ 0 20 

Ii eland 

T 

11 

7 

+ 0 20 


An analysis of the errors and corrections such as we have carried out appeals to 
constitute a very delicate test of the observer and instrument combined. Thus it is 
curious to note that (although the differences are small) one of us has on the whole 
been more successful with the Decimations and the other with the Foice observations. 
As has already been remarked, the observations m Scotland were often divided between 
us, so that we do not attempt to analyse them, but both m England and Ireland 
Dr. Thorpe’s Decimations agiee the better by about 0'*2G, and Professor Pucker’s 
Forces by about 0*00011 metric unit. The facts that in Ireland Professor Pucker’s 
nmror appears to have been generally in the better adjustment, and that in England 
Dr. Thorpe’s observations of the period of oscillation of the needle weie the better, 
indicate that the causes of the differences m the lesults were probably a more 
perfect management of the torsion of the thread m the Declination observations, and 
a slight superiority m the deflection observations in the Force measurements. 

It will, we think, be granted that m all cases the observations are as good as the 
occasion requires, and we discuss these minute differences not because we think they 
produce any appreciable effect on the results of our survey, but as an illustration of 
the fact that our method of tabulating the observations, conveys information as to the 
personal equations of the observers which is not afforded by the results as ordinarily- 
presented. 

We thmk it possible that if we had been able to carry out the work m a more 
leisurely manner, to observe azimuths only when the Sun was low m the heavens, 
and to wait for fine weather, the results might have been in closer accord, but on the 
other hand we do not thmk that any improvement so obtained would have been of 
practical importance The uncertainty of the value of the secular correction at any 
given station, and the changes produced in disturbed districts by a slight alteration 
in the position of the instruments, are far more important than any residual errors 
by which our observations may possibly be affected. 
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Secular Corrections 


The secular correction is often appreciably different at neighbounng stations Thus 
the annual change m the Dip m the yeais 1883-4 and 1884-5 was 1' 8 and T 7 at 
Greenwich, and 1' 4 and 1' 2 at Kew 

The diffeiences m the Decimation change ate still moie marked, as the following 
Table shows 


Yeai 

Decimation 

Annual valuation 

Gi eenwicli 

Kew 

Gi eenwicli 

Kew 

1880 

18 32 6 

18 59 0 

55 

85 

1881 

27 1 

50 5 

48 

5 7 

1882 

22 3 

44 8 

7 3 

48 

1883 

15 0 

40 0 

74 

80 

1884 

7 6 

32 0 

59 

f- o 
/ O 

1885 

1 7 

24 7 


I 


It will be noted that the annual variations differed m 1880 by 3' 0, and that the 
aveiage difference mespective of sign is 1' 4. 

It does not therefore appear advisable to reduce the observations to one epoch by 
means of the annual variations as determined at a single observatory 

On the whole a better result will probably be attained if we collect all the evidence 
at our disposal and deduce from it an aveiage secular change 

The comparison of our own observations with those of Mr Welsh affords the 
means of determining this quantity for Scotland, and proves that the rate of decrease 
of the Dip is less m the northern than in the southern stations, a result which is in 
accord with previous observations 

The mean decrease m Scotland between 1837 and 1857 was 1' 94 ('Brit Assoc. 
Bep / 1859, p 169 ) In the neaily corresponding interval between 1837 and 1860 it 
was 2' 05 on the northern border of England and 2' 68 on the south coast ('Brit. 
Assoc Bep , 5 1861, p 260 ) 

Unfortunately very few Dip observations wete made m England and none were 
made in Ireland m the 1857 survey, but theie are a number of stations common to 
the surveys of 1837 and 1886 We can thus determine the seculai deciease duimg 
the last 50 years In the following Table the stations aie giouped according to their 
geographical distribution, the districts bemg North and South Scotland, North, 
Central, and South England and Wales, and Noith and South Ireland. 

The data for the 1837 survey are taken from the paper by the late Sir Edward 
Sabine, already cited ('Phil Trans, 5 1870, Yol. 160, p 271) 

AI 


MDCCOXC.— A . 
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Table II —Mean Annual Decrease of Inclination between 1837 and 1886 


Station 

Mean Annual 
Deoi ease 

Lei wick 

1 22 

Abei decn 

1 5 8 

Kukwall 

1 41 

W ick 

1 47 

Golspie 

1 48 

Inverness 

1 57 

Port Augustus 

1 41 

Edinburgh 

1 43 

Glasgow 

1 53 

Helensburgh 

1 38 

Campbelton 

1 70 

Ourabr ae 

1 23 

Bei wick 

1 77 

Alnwick 

1 67 

Newcastle 

1 75 

Cathsle 

1 9(3 

Whitehaven 

i 1 77 

Tbusk 

1 1 88 

Seaiboi ough 

1 SO 

Manchester 

2 10 

Bn kenhoad 

! 1 98 

Holyhead 

2 02 

Cromer 

1 81 

King’s Lynn 

196 

Nottingham 

2 06 

Pwllheli , 

2 04 

Shrewsbury 

170 

Birmingham 

210 

Cambridge 

2 02 

Lowestoft 

184 


Station 

Moan Annual 
Dcci oaso. 

M alvei n 

2 3.1 

Biecon 

2 24 

Aboiystwith 

2 27 

Hai wich 

2 02 

Clifton 

2 25 

Swansea 

2 22 

Kow 

2 01 

llhacombe 

204 

Salisbury 

2 28 

Dovei 

210 

Exeter 

2 06 

Rydo 

2 26 

Weymouth 

2 32 

Plymouth 

2 26 

Ealmoutli 

2 46 

Londonderry 

2 04 

Sfci abane 

L 87 

Bangor 

V08 

Aimagb 

2 on 

Enniskillen 

2 01, 

Balhna 

2 0(3 

W estpoi t 

2 12 

Clifden 

2 33 

Galway 

1 99 

Dublin 

2 06 

Limoiick 

2 21 

W aterfoid 

2 31 

Killarney 

2 45 

Cork 

2 32 

Yalentia 

2 50 


I 


There is a steady increase as we pass from north to south, and from east to west 
This is brought out m the next table, in which the mean decrease is given for each 
district, and also for the stations in the easterly and westerly parts of it. 


District 

Number of 
Stations 

1 

North of Scotland 

7 

South of Scotland 

6 

North of England and North Wales . 

9 

Midlands and Wales 

14 

South of England 

9 

North of Ireland 

8 

South of Ireland 

7 


Mean annual decrease of inclination between 


1837-1886 for 

Whole district 

Western half 

Eastern half 

145 

149 

1*42 

151 


* 

188 

1 97 

1 77 

2 05 

210 

2 00 

2 20 

2-24 

217 

2 04 

2 07 

1 98 

2 26 

2 37 

2 15 
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In the case of twelve Scotch and six English stations we are able to compare the 
rate of change in the two periods 1837-1857 and 1857-1886 The data are taken 
from the sources above described 


Station 

Mean annual decrease of inclination. 

Ratio 

1837-1857 

1857-1888 

Lei wick 

165 

0 96 

1 72 

Aberdeen 

2 02 

1 33 

1 52 

Kirkwall 

197 

1 07 

184 

Wick 

2 02 

111 

1 82 

Golspie 

1 68 

138 

122 

Inverness 

1 92 

1 37 

140 

Foit Augustus 

180 

121 

149 

Edinburgh 

182 

114 

1 60 

Glasgow 

180 

142 

1 27 

Helensburgh 

148 

132 

112 

Campbelton 

1 99 

139 

143 

Cumbrae 

153 

0 94 

1 63 

Beiwick 

2 48 

133 

1 87 

Scarborough 

2 02 

163 

1 24 

Stonyhurst 

• * 

1 75 

* 

Ciomer 

2 22 

144 

1 54 

Cambridge 

2 50 

1 58 

1 58 

Lowestoft 

217 

1 54 

141 

Kew 

2 65 

1 62 

1 63 

St Leonards 


1 82 

• 

Plymouth 

2 73 

189 

144 


The mean ratio for North Scotland is 1*57, for South Scotland 1 49, and for 
England 1 47. 

These figures prove that the ratio of the mean annual decrease, m the intervals 
1837-57 and 1857-87 has been nearly constant all over Great Butam, but that the 
rate of change has been rather more rapid m the north. 

If we assume that the ratio has been 1 5 for England and Ireland, we may 
deduce x, the mean annual decrease between 1857—87, from the corresponding 
quantity given m Table II, p 82, for the interval 1837—87, by the formula 

1*5 X 20a? + 30a? = 50d, 
x = 5c7/6. 

The same Quantity is determined for stations in Scotland bv direct experiment by 
the comparison of our own observations with those of Mr Welsh The results are 
given m the following Table 
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Mean Armuol Decrease of Tnclinution m Scotland between 1857 find 1884- 8. 


Station 


Lerwick 
Knkwall 
Stiomness 
Thru so 
Wick 

Lock Invei 

Stornoway 

Calleimsli 

Golspie 

Banff 

Elgin 

Inverness 

EZyle Akin 

Dalwkinnie 


Mean annual 
decrease 


0 90 
1 07 
1 27 
115 
1 11 
132 
0 90 
0 90 
1 38 
1 33 
1 30 
1 37 
1 12 
141 


Station 


Ecu t Augustus 
Abeideen 
Pitloclmo 
Oban 

Poi t Askaig 

Lochgoilhoad 

Edinburgh 

Glasgow 

Berwick 

Guinbrao 

Campbelton 

Ayi 

Dumfnca 

Stranraer 


Mean annual 
deciease 


1 21 
1 33 
1 40 
1 27 
1 38 
1 12 
1 14 
1 42 
1 33 
0 91 , 
1 39 
1 50 
] 45 
1 54 


Using these figures and the numbers calculated as above described from. Table II., 
p 82, we get the mean annual deciease between 1857 and 188G in different parts ol 
the United Kingdom, as follows *— 


District 


N of Scotland 
S of Scotland 

N of England and N Wales 
Midlands and Wales 
S of England 
N of Ii eland 
S of Ireland 


Moan annual doorcase between 
1857-8 and 1884-7. 


1 20 
1 36 
1 57 
1 71 
1 84 
1 68 
1 90 


Although we give these numbers as showing the mean results for districts of com 
siderable size, the figures obtained at the individual stations appear worthy of careful 
study. 

The observed values of the annual decrease for 1857-87 for Scotland, and those 
calculated for the same period for England and Ireland from the 1837-87 surveys 
are inserted m the accompanying map (fig. 1). 

The general increase from east to west is evident, hut in Great Britain there are 
some stations the annual decrease at which is less than at those which are nearest to 
them on the eastern side. 

To test whether the differences were accidental a number of supplementary stations 
were taken on the Wye. 

At Malvern and Brecon the calculated secular rates between 1857 and 1886 are 
— T’94 and — 1''87, and at Clifton and Cardiff — T'87 and — l'*85. In each case 
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the smaller value occurs at the western station. Between them lie Hereford, Boss, 
and Chepstow, and the rates obtained from observations at these in April, 1889, are 
— I 7 85, — l' 83, and — 1' 84, which are in all cases less than those at Malvern and 
Clifton. These observations then support the view that there is a real maximum 
followed by a minimum rate of change of Dip m this neighbourhood. 


Fig 1 



Secular change of Dip, 1858-86 

This induces us to show in fig. 1 that if all stations at which there is a maximum 
rate of change are joined, we get two long lines running from Edinburgh to Exeter, 
and from Stornoway to Limerick The stations are not sufficiently numerous to 
enable us to draw any certain conclusions about them, but the point ought not to be 
lost sight of when the survey is repeated. 

For the present we note only that of the three pairs of neighbouring abnormal 
stations at which observations were made m all three surveys, all three are abnormal 
(in the sense that the rate of change is greater at the easterly station) whether we 
take the interval 1887-87 or 1857-87. In both cases the rate at Inverness is greater 
than at Fort Augustus, at Glasgow than at Cumbrae, and at Berwick than at 
Edinburgh, 
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The distribution of these stations affoids, at all events, pnma facie evidence that 
the differences between them are not accidental That they cannot be due to errors 
of measurement is evident "when we remember that an error of 0 1 in the annual rate 
of change determined from experiments separated by an interval of fifty years would 
require an error of 5' m one or other of the observations, or of 2 5 m both "We 
therefore decided to regard the figures in fig. 1 as giving the true late of secular 
change of Dip between 1857 and 1887 at the stations indicated 

The determination of the mean rate of decrease of Dip between the years 1857 and 
1887 does not, however, give the value of that quantity during the period of our 
survey As the rate is diminishing it would be less in recent than m earlier years 
The evidence we are able to collect on this head is confined to data from Greenwich, 
Kew, and Stonyhurst, and to a few stations at which we observed both near the 
beginning and near the end of our survey In the following Table we have entered 
such facts as were known to us at the time when the progress of the reductions made 
it necessary to come to a decision on this point 

Our own observations and those taken at Stonyhurst are corrected for diurnal 
variation and disturbance. The Table illustrates the importance of these corrections 
when conclusions aie to be drawn from observations between which the intorval of 
time is small. 

Table III. 


Station 

Date 

Dip 

Date 

Dip 

Interval 
in years 

Secular 
rate of 
change 

Assumed 

rate 

Lock Aylort 

Sept, 1884 

71 

24 0 

Aug, 1888 

71 

22 3 

4 

- 0 4 

-10 

Kerrera 

Aug, 1884 

70 

511 

Aug, 1885 

70 

48 7 

1 

- 2*4 

- 1*2 

Stranraer 

Sepfc,1884 

70 

141 

Aug,1888 

70 

11 1 

4 

- 08 

- 14 

Stonyhurst 

1884 

69 

16 2 

1887 

69 

9 0 

3 

- 24 

- 1 6 

Kew 

1884 

67 

39 5 

1888 

67 

36 4 

4 

-08 

- 1 5 

Greenwich 

1884 

67 

30 2 

1886 

67 

27 0 

2 

-16 

- 1 5 

Leeds 

Sept, 1886 

69 

9 7 

Dec, 1888 

69 

69 

2 2 

- 13 

- 1 5 








Moan . 

- 14 

1 

- 14 


Rote, —Stornoway is omitted because the observations were made m 1884 m the Castle grounds and 
m 1888 on Ard Point 


These figures illustrate the fact that there may be a considerable disci epancy at 
any particular station between the actual secular change at a given time and that 
deduced from the mean taken over a long series of years. On the whole, we think it 
probable that the present rate of change of Dip is somewhat less than its mean value 
between 1857—87, and we have, therefore, reduced the numbers for that period by 
one tenth, neglecting fractions of a tenth of a minute. This assumed rate gives a 
correct mean rate for the stations referred to above in Table III, though it is con¬ 
siderably too higb for some and too low for others. It is probable that in the case of 
Kerrera the observed rate of change is not quite correct The site is subject to local 
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attraction, and a single pair of observations made at so short an mterval as a year is 
baldly sufficient to rely on The results from Stony burst, however, prove that the 
assumed and actual rates of change may differ by 0 / 8, and that, thus. Dips reduced 
to January 1, 1886, from the end of 1888, may be about 2' 5 wrong To prevent, as 
far as possible, any effect on the general run of the isochnal hues from this uncer¬ 
tainty, we put down on a map all the assumed rates at places for which they could be 
determined, and took the rate at any other place to be that given by the nearest of 
these stations 

The rates of decrease thus obtained foi the south of England are considerably less 
than those assumed by M. Moureaux for the north of France, which do not differ 
much from — 2 ' 7. These values are obtained for the mteival 1858-1885 by com¬ 
paring M Moureaux’s obseivations with Lamont’s map We think, howevei, that the 
observations of the Eev S J Perry, FES reduced to the epoch, January 1 , 1869, 
prove that m France as m England the rate of change of Dip has been diminishing 

Twelve stations were common to Father Perry and M Moureaux, at one of 
these, Marseilles, the station of the earlier observer was no doubt seriously affected 
by local disturbance The late of change for the epoch 1858-69 is much larger than 
foi any other station, and for 1869-85 it is much too small Rejecting this observa¬ 
tion we think the following table shows that M Moureaux's numbers are too laige 


Secular Change of Dip m Fiance 


Station 

Jau 1, 1869 

Jau 1, 1885 

Seculai variation 

1869-85 

1859-85 

Amiens 

66 40 8 

o / 

66 8 0 

-20 

-27 

Bordeaux 

63 23 0 

62 41 8 

- 2 6 

-31 

Clermont 

63 36 4 

62 52 1 

- 28 

- 2 8 

Drjon 

64 24 5 

63 53 4 

- 1 9 

- 2 7 

Gi enoble 

62 54 2 

62 6 9 

- 2 9 

- 26 

Monaco 

61 221 

60 41 2 

- 25 

- 28 

Moulms 

64 4 9 

63 301 

- 22 

- 2 7 

Pans 

65 52 5 

65 17 3 

- 2 2 

- 28 

Perigueux 

63 23 9 

62 44 9 

- 24 

- 3 1 

Poitiers 

64 28 1 

63 55 6 1 

- 20 

— 28 

Toulouse 

62 11 

61 23 9 

- 23 

- 3 2 

Mean 



- 2 35 

I 

- 2 85 


We turn next to the secular change of the Decimation 

A number of stations are common to our own survey and those of 1837 and 1857, 
and we have also observed at several places where the Declination was determined m 
1872. The mean annual decrease calculated for the observations is exhibited m the 
following table — 
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Table IV —Table of Mean Annual Decrease of Declination 


Station 

1887 to 1886 

1857 to 1886 

1872 to 188<> 

Lei wick 

84 

10 5 

8 2 

Knkwall 

7 9 

10 5 


Tlinrso 


10 6 

0 9 

Loch Euboll 


10 1 

9 4 

Wick 

8 1 

10 5 

9 3 

Stornoway 


| 8 2 


Caller rush 


r o 8 


Loch Invoi 


11 8 

* 

Golspie 

8 1 

10 4 


Elgin 


88 


Banff 


8 9 


Loch Madtly 


9 8 


Kyle Akin 


8 8 

89 

Inverness 

7 9 

90 


Abeideen 

7 7 

89 

89 

Loch Boisdalo 



12 0 

Fort Augustus 


9 L 


Dalwlunme 

4 

8 8 


Pitlochne 


8 9 


Oban 


S 1 

12 9 

Loch godhead 

4 

* 

* 

Edinburgh 


9 1 

8*4 

Glasgow 

♦ 

90 

* 

Cnmbi a e 


* 


Ayi. 


8 7 

* 

Camphelton 


9 0 


Dum fues 


8 4 


Stranraei 


85 


Liverpool 


82 


Ciomer 

7 3 


7 0 

King’s Lynn 



6 0 

Lowestoft 

7T 



Harwich 

73 


7 3 

Kew 


78 


Greenwich 

73 

7 6 

7 3 

Milford 

« 


77 

Plymouth 


8 3 


Falmouth 


84 


Jersey (St Helier’sj 


7 6 


Londonden y 

7 7 



Westport 

76 



Dublin 

7 5 



Limerick 

69 



Wexford 



9 1 

Waterford 

6 7 



Killarney 

66 



Valenti a 

6*9 


8 4 

Coik 

62 
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These results indicate—(1) that the secular change is greater m the northern than 
m the southern parts of the United Kingdom, (2) that it was much largei between 
the years 1857—86 than during the interval 1837-57 , and, lastly, (3) that, m the 
north at all events, the rate of annual decrease is again diminishing 

The first of these conclusions differs from that arrived at by Sir E Sabine when 
collating the 1837 and 1857 surveys He assumed (‘Phil Tians / vol 160, 1870, 
p 268) “an annual deciease of West Decimation of appioximately 5' 6 m Scotland 
and the north of England, increasing to 6 7 '2 m the middle and southern paits of 
England and to 6 7 in Ireland,” 

Our conclusion that, at the present time, the late is greater in the north is borne 
out by the values deduced by M Moureaux from his own observations and the maps 
of Lamont (loe cit , p 162) The values he gives for stations on the Meditenanean 
and on the English Channel are about — 6 7 5 and — 7 7 7 respectively, which indicates 
an increase of about 0 7 2 on the rate for each degree of latitude as we go noith 

The truth of the second conclusion is rendered more appaient by calculating the 
annual rate for the epoch 1837—57 instead of 1857-86, as shown m the following 
Table for the Scotch stations, for which the requisite data aie available — 

Mean Annual Deciease of Decimation 


Station 

1837 to 1857 

1857 to 1886 

Station 

1837 to 1857 

1857 to 1886 

Lerwick 

Kirkwall 

Wick 

Golspie 

- 5 5 

- 45 

- 48 

- 5 0 

- 10 5 

- 10 5 ' 

- 10 5 

- 10 4 

Inverness 
Aberdeen „ 

Loch Invei 

- 6 3 

- 68 

- 2 9 (?) 

- 90 

- 89 

- 118 


The thud conclusion is supported by a comparison of M Moureaux’s rates for the 
epoch 1859-1885 with those obtained by collating as befoie his results and those of 
the Bev S J. Perry (loc at ) 


N 
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Station 

Jan 

D eel m 

1, 1860 

ation 

Jan 

1, 1885 


o 


o 

i 

Amiens 

18 

10 0 

16 

317 

Boideaux 

18 

12 5 

16 

15 7 

Clcunont 

16 

27 6 

15 

25 0 

Dn on 

16 

36 7 

1 li 

15 2 

Gienoblo 

15 

10 3 

14 

11 0 

Mai soillos 

15 

41 5 

14 

0 0 

Monaco 

14 

314 

13 

10 5 

Mo u 1ms 

lb 

29 2 

15 

25 6 

Pai is 

17 

50 5 

16 

10 2 

Penguenx 

17 

40 9 

16 

8 0 

Poitieis 

18 

18 4 

16 

40 8 

'Toulouse 

17 

7 3 

15 

11 1 

Mean 

* * 


Secular rat i 

of chaugo 

1860-8,5 

1851) 85. 

- O'5 

- 7 1 

~ 5 1 

- 7 0 

~ 3 0 

- 6 0 

- 7 0 

- 7 2 

- 0 1 

— 0 K 

— 6 3 

- 67 

- 5 O 

- 6 5 

- 10 

- 0 0 

- 6 1 

- 7 1 

- 5 8 

- 70 

- 6 1 

- 71 

5 1 

- 6 8 

- 5 6 

- 70 


This result—that the late of decrease is diminishing—is m accord mth tho conclu¬ 
sions drawn by M Mouuigaux himself fiom a eompansmi of his own observations 
with those on which a magnetic map of France lor the epoch I 87f> was based by 
M MaiiiIg-Davy (loc <it p 106). He did not, however, make use of this fact, as 
the number of observations employed by Maid 1g--Davy was small, and they weie 
taken at stations irregularly distributed over Fiance. He does not cite tho observa¬ 
tions of Father Pekry, which, as the above Table shows, strongly support the same 
view 

In the next Table we give such observations as were made at English observatories 
or by ourselves during the progress of the survey which hear on the question under 
discussion. Ho very definite conclusions can be drawn from them. 

Two single observations at the interval of a year, as at Korreia and Glasgow, aie 
hardly sufficient for the purpose of deducing a secular rate. Loch Aylorfc and 
Stornoway are both disturbed stations and the results aio thus less trustworthy The 
general evidence that the secular change is greater in higher latitudes is opposed by 
the fact that Stony hurst gives a less value than Kew and Greenwich. If the increase 
with latitude which obtains m France were maintained in England, the value at Pans 
being taken at — 6' 3, we could deduce — O' 8 for London ; *— 7 /, 7 for Edinburgh , 
and — 8'*2 for Wick, of which the two latter are less than the values for the epoch 
1872-86 given m Table IV, p. 88, 
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Station 

Date 

Decimation 

Date 

Decimation 

Intei val 
m yeais 

Seculai late 
of change 

Stornoway 

Lsp-nt, 1884 

O 

qa 

/ 

90 6 / 

Aug, 1885 

O 

24 

12 4 

0 96 

- 85 

(Aid Point) 




Aug, 1888 

23 

49 9 

4 

- 7 7 

Lock Ayloit 

Sept, 1884 

23 

40 2 

Aug, 1888 

22 

41 8 

4 

- 14 6 

Kerrera 

Aug , 1884 

22 

25 4 

Aug, 1885 

22 

15 2 

1 

- 10 2 

Glasgow 

Aug , 1884 

21 

21 3 

Aug, 1885 

21 

18 2 

1 

- 31 

Stranraer 

Sept, 1884 

21 

46 2 

Aug, 1888 

21 

131 

4 

- 82 

Stonyhurst 

1884 i 

19 

52 8 

1887 

19 

35 2 

3 

- 59 

Reading 

April 30,1886 

18 

131 

May 30, 1888 

17 

53 9 

2 

- 96 

Kew 

1884 

18 

33 9 

1888 

18 

93 

4 

- 61 

Greenwich. 

1884 

18 

76 

1888 | 

17 

(app 

40 0* 

lOX ) 

} 4 

- 69 


From Table IY we see that the rates at Greenwich for the thiee intervals, 
1837-86, 1857-86, and 1872-86 are neaily the same, the differences between them 
and the mean rate during the period of our survey (6'*9) being 0' 4, O' 7, and 0' 4 
respectively Assuming that if we subtract these numbeis from the rates calculated 
for the same epochs for the other English stations m Table IY we obtain the piesent 
rates at the stations, we find as a mean rate 7' 0, which agrees closely with that of 
Greenwich 

On the whole we decided to take a secular rate of — 7'*0 m England south of a line 
joining Re dear and Barrow, and also m Wales, and m Ireland south of a line joining 
Dublin and Donegal 

For the remainder of England and Ireland we have assumed the rate to be — 8' 0 
per annum. At the time when most of the Scotch observations were reduced we had 
not M. Moukeatjx’s results before us, and we hardly felt justified in departing from 
the rates given by the comparison of our observations with Mr Welsh’s, on the 
evidence of the small number of stations at which the Decimation was deteimmed in 
1872 We, therefore, employed rates varying from — Kf 4 m the north of Scotland 
to — 8'*8 m the south, the change on the east coast being somewhat greater than on 
the west These may be a little too large but the error certainly does not exceed 
the variation which occurs between neighbouring stations. For the later Scotch 
observations we used a rate of — 9' 0. 

The data for the determination of the secular change of the Horizontal Force are 
more scanty than in the case of the other elements. 

At the time of the 1837 survey the measures were comparative only, and though 
Sir E Sabine afterwards reduced them to absolute values by means of the known 
absolute value and secular rate at Few, we do not think any useful end ■would be 
attained by discussing them 

M Mottbeattx found that for the interval 1848-85, the secular variation in France 
attains its maximum + 0 0027 (M.U.) at Bordeaux and decreases slowly towards the 

* From information kindly supplied by tbe Astronomei-Royal, 

N 2 
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east, being 0025 at Paris and -J- 0 0023 at Nice and Mezidrcs (loc at , p. 107) Tlie 
mean value obtained by tbe Bev. S J Perry m 1800 by comparison with L amort was 
0 0023 ( e Phil Trans / Vol 100, 1870, p 48), winch was incieasmg by about 0 000008 
per annum and would correspond to 0 0025 at the present time 

By comparison of our own observations with those of Welsh wo obtain 0 001 8 as a 
mean for Scotland between 1857 and 1886 

The following Tables give these values and those which wore obtained at the 
English observatories or by ourselves during our survey. 


Secular Change m Horizontal Force 


Station 

Welsh 

R and T 

DifToi once 

Interval 

Secular rate 
of eluuigo 

Uncouocted foi 

v and A 





Yeins 


Dumfries 

l’GOOG 

1 0522 

0510 

27 

•0019 

Stranraer 

1 5853 

1 0133 

0580 

27 

002J 

Ayr 

1 5750 

1 0317 

05(»1 

c>7 t 

M f L 

0020 

Oban 

1 5451 

1 0083 

0032 

31 

0020 

Port August uh 

1 5131 

1 5043 

050!) 

28 

0018 

Inverness 

1 5093 

1*5(553 

0500 

23 

•0020 

Aberdeen 

1 5100 

1 5735 

0509 

i>7 t 

r-i < j 

•0021 

Pitlochrie . 

J 5341 

1 5920 

•U585 

07 ‘ 

M i l 

002 J 

Dalwhmmc 

1 5377 

1 5920 

•0549 

2 7! 

•0020 

Edmbuigk 

1 5GG5 

1 0102 

•0497 

27.' 

0018 


1 5097 

4 

•0405 

20 { 

•0017 

Kyle Alan 

1 5009 

15407 

0398 

• 4 

0015 


f 14773") 





Stornoway . . . 

l 1 4783 >1 4783 

1 5122 

0339 

26;. 

•0013 


(.1 4794 J 





Callermsb 

1 4731 

1 5230 

! 0505 

27 

0019 

Loch. Inver 

1 4499 

1 4956 

0457 

20 

0018 

Tlnirso 

1 4703 

1 5209 

0440 

2 Of 

0017 

Lerwick 

1 4313 

1 4718 

0405 

27 

•0015 


f 1 46091 





Kirkwall 

< 1 4725 yi 4710 

1*5111 

•0395 

27 

0015 


Ll 4753 J 

1 




Wick . 

1 4706 

1-5117 

0411 

20,| 

•0015 

Golspie 

14893 

1-5390 

0497 

201 

0019 

Mean , 

k 

* * 

< * w * 

* * 

l 0018 


Station. 

Date. 

H. 

Date, 

H. 

Interval 

Secular rate 






m yearn. 

of change 

Stornoway . 

Aug. 19, 1885 

1-5200 

Aug 14, 1888 

— 

1 5220 

3 

+ '0007 

Jjocu Ay lor t * , 

n t 

Sept 12, 1881 

L5577 

Aug. 2, 1888 

1-5774 

4 

4 0049 

btra-nraer . » 

Sept. 18, 1884 

1-6423 

Aug. 28, 1888 

i 16470 

4 

3 

4- *0012 

btonynurst , , 

1884 

1 6954 

1887 

17024 

+ 0023 

Kew . . 

1884 

1 8050 

1887 

1-8091 

3 

4- *0012 

Green wick 

1883 

1883 

1-8023 

18100 

1887 

1885 

1809] 

18156 

4 

2 

4- -0017 

4- *0028 

...... 

1883 

i 

18100 

1886 

L8157 

3 

+ *0019 
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The results at Kew and Greenwich show that the secular variation varies so much 
from year to year that it is practically impossible to draw any conclusions from so 
short a period as 2 or 3 years, and our own observations on Scotland show that if to 
this difficulty, that due to a slight variation m the position m a disturbed district is 
added, the lesults are still less trustworthy At the time when the reductions were 
made the Greenwich lesults for 1886 and the Stonyhurst results for 1887 had not 
been published We therefore took the mean of the values for Stonyhurst 1883-1886, 
Kew 1883-87, and Greenwich 1883-1885, or -f-0 0022 the annual mciease for 
England This value is m fair accord with M Mottreatjx’s results In Scotland we 
took the number given by the comparison of our own and Welsh’s observations, viz , 
-j- 0 0018, and for Iieland + 0 0020 

Results of the Observations 

Having thus described the observations and the methods of correction and reduction 
to epoch, we now pioceed to give a more detailed account of the lesults at each 
station In doing this we have attempted to distinguish between facts which it is 
necessary to give for the information of most of those who may read our paper, and 
details which ought to be preserved, but which will nevertheless only be of interest 
to observers who may for any cause wish to undertake a detailed examination of our 
results We have therefore decided to publish m this paper only a description of 
each station, the hours at which the observations were taken, the results corrected for 
diurnal vaiiafcion and distuibance, and the mean reduced to epoch. As Magnetic 
Observatories and provincial Colleges are now rapidly multiplying, it is not too much 
to hope that special studies of the districts in their immediate neighbourhood may 
from time to time be made by those connected with such institutions It is, therefore, 
we think, important that the descriptions of the stations should be readily accessible. 
In adding to these only the times at which the observations were taken, and the 
actual and reduced results, we are publishing far less than has been usual Thus, m 
the case of the Rev S J Perry’s suivey of the east of France, he gave for the Force 
observations the date, hour, and temperature for both vibrations and deflections, the 
time of one vibration, log mX, the distances of the magnets m the deflection 
experiment, the observed deflections, and log m/X. M Moureattx has not given 
quite so many details of the Force observations, but m the case of the Decimation he 
gives the individual readings for the determination of the geographical meridian, &c, 
so that the description of his work at each station occupies about two quarto pages* 
For our own part we have no fault to find with the publication of these details; on 
the contrary, we have found them to be useful, but the large number of stations 
included in our survey would, we fear, make this paper inordinately long if we 
adopted a similar plan We therefore purpose to place in the hands of the Royal 
Society bound copies of the details of the observations and calculations, and also of 
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the foims described on pp 71-74, m which the results are analysed and the 
corrections for diurnal and secular variation and disturbance aie applied It will 
thus he possible for those who may desire to do so to inspect these, and the data used 
m the preparation of the Tables on pp. 77-80 will be on lecord, while this paper will, 
we hope, contain sufficient to enable future observers who are not specially interested 
m the details of the calculations and reductions to find the positions where we 
observed, to know when we obseived there, and to judge from the final results of the 
general accuiacy of the obseivations We have followed the plan adopted by 
M Moureaux of giving all the facts with respect to each station togethei, which we 
think the most convenient. Tables are also given on pp 251-258 m which the final 
results are entered m tabular form for comparison with the values obtained by calcu¬ 
lation from formulae to be hereafter discussed. 

The stations are arranged in the following order —Three groups are formed, 
comprising Scotland, England and Wales, and Ireland, this being the chronological 
order of the bulk of the observations m each of these countries In each group the 
stations are arranged in alphabetical order, and they are numbeied continuously 
throughout. These numbeis are affixed to the positions of the stations as given on 
Plate I., which serves as an Index map 

The Scotch stations, from Aberdeen to Wick, are numbered from 1 to 54, and 
it should be mentioned that the name of a Loch is regarded as determining the initial 
letter. Thus East Loch Tarbert is found under T 

The English and Welsh stations, including the Isle of Man and the Channel 
Isles, from Aberystwith to Worthing, are numbered from 55 to 156 

The Irish stations, from Armagh to Wicklow, are numbered from 157 to 200 

Thus anyone desirous of looking up the obseivations at a particular place, can 
easily do so from a knowledge of its name, while the stations m any particular district 
can be found m Plate I., and then referred to by means of the corresponding numbers. 

The data given in each case, are as follows •— 

(1 ) The number and name of the station 

(2.) Late of the observations. 

(3 ) Initials of the observer and numbers of the instruments. 

(4.) Latitude and longitude of the station 

(5 ) Verbal description of the station. 

For the Decimation we give — 

(I.) The time from the southing of the sun (t), at which the geogiaphical 
meridian was determined by sun observations, a positive sign indicating the 
afternoon 

(2.) The GMT. of the determination of the magnetic meridian. 

(3 ) The observed Declinations with all corrections applied (S). 

(4.) The mean observed Decimation reduced to the epoch, January 1, 18 8 6 (8 0 ) 
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For the Inclination, we give — 

(1 ) The number of the needle 

(2) The GMT at which the observation was made 

(3 ) The observed Dip, with all conections applied (#) 

(4 ) The mean obseived Dip reduced to epoch (0 O ) 

For the Horizontal Foice we give — 

(1) The G M.T at which the deflection (D) and vibration (V) were observed 
(2 ) The collected independent forces found as described on p 78 (H), hut 
corrected foi diurnal variation and distuibance 
(3 ) The mean observed Horizontal Force reduced to epoch 
Longitudes are to be taken as west of Greenwich, unless the contiaiy is expiessly 
stated 


Descriptions op Scotch Stations 

1. Aberdeen April 6 and 7, 1885 , A W K andT E T (60, 74) Lat 57° 9' 50"; 
Long 2° 6" 5" In a field behind Professor Milligan’s house, immediately oppo¬ 
site to King’s College Tower of King’s College E S E , hermitage m Miss 
Leslie’s park W by S, and the centre of the gate of Miss Leslie’s lodge S.E 
by S 

Decimation 


Date 

s 

i 

GMT 

8 

*0 

April 6 
» 7 

h in 

-2 42 

h m 

14 49 

9 53 

20 24 3 

20 21 6 

o ; 

20 16 3 


Inclination 


Du/fco 

Needle 

GM T 

0 

*0 

Api ll 6 

1 

li m 

14 46 

71 12 4 

o / 

71 12 3 

2 

15 28 

71 14 1 


Horizontal Force 


Date 

GMT 

H 

H 0 

April 6 

D 

V 

li m 

15 56 

14 10 

1 5724 

1 5719 

1 5734 
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2, Arinagower (Coll). August 11, 1885 ; A. W. H. (60). Lat. 56 87 5 , 
Long. 6° 31/ 12". Near the landing-place on the west side of the bay This 
observation was taken during an unexpected detention of the steamei The 
decimation was the only element determined. 


Decimation . 


2 

GMT 

<5 


ll El. 

-0 52 

h m 

12 1 

23 44 2 

23 40 4 


3. Loch Aylobt (Gobbar Island). September 12,1884 , A W E and T. E T (60, 74). 
August 2, 1888 , T. E T. (01, 83) Lat. 56° 51' 5" , Long. 5° 47' 0". On the 
east side of the island. 

Declination, 


Date 

2 

G M T. 


-• ■— , 

Sept 12,1884 
Aug 2,1888 

li m 

■p 2 48 
+ 1 15 

li m 

15 42 
f 12 10 
\13 24 

23 40 2 

22 40 5 

22 43 1 

23 27 2 

23 5 9 


Inclination 


• 

Date 

Needle 

GMT 

6 . 

0 u 



li m 

71 24 8 

71 23 2 

o t 

Sept 12,1884 

1 

2 

14 44 

15 46 

71 22 0 

A Eg 2,1888 

1 

2 

12 38 

13 27 

71 22 0 

71 22 7 

71 25-4 


Horizontal Force 


Date 

i 

GMT 

H 

O 




h m 



Sept 12,1884 

D 


16 39 

1 55711 

15600 



17 14 

1 5583 / 


Y 


15 9 

1 55761 

1 5578/ 

1 5600 

Aug 2, 1888 

D 

Y 


14 28 

13 0 

1 5772 

1 5776 

1 5727 
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4 Ayr May 25, 1885; A W. R (60, 74). Lat 55° 27' 30", Long 4° 37' 10" 
On the low green about 150 yards from the Castle. Identical with Mr. Welsh’s 
station. 


Decimation. 


s 

GMT 

& 

*0 

h m 
—3 55 
-1 29 

li m 

8 55 

21 23 0 

21 23 4 

O 1 

21 17 9 


Inclination 


Needle 

GMT 

e 

^0 

1 

2 

h m. 

12 32 

13 15 

70 21 6 

70 23 1 

O ! 

70 214 


Horizontal Force 


GMT 

H 

H 0 



h m 



D 


11 21 

1 6337 


V 

r> 


9 25 

» * 

1 6336 

1 6331 

1 6345 

V 


10 28 

1 6334 



5. Ballater April 7 and 8, 1885 , A W. B. and T E T. (60, 74) Lat 57° 2' 53" , 
Long. 3° 2' 6". Fifty yards from the Invercauld Aims Hotel; near the liver 


Decimation . 


Date 

2 

GMT 


So 

Api:l 7 
„ 8 

h XQ 

+ 3 30 
— 2 51 

li m 

16 26 

• 

1 

1 

20 36 9 

20 361 

o t 

20 29 5 


MDCCCXC.-A. 


O 
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Inclination 


Date 

Needle 

G M T 

0 


Apixl 7 

1 

li m 

15 39 

71 14 9 

J / 

71 15 4 

2 

16 22 

71 17 8 


Horizontal Force. 


Date 

GMT 

II 

H 0 

Apul 7 

P^ 

h m 

15 11 

17 2 

1 5703 

1 5699 

1 5714 


6. Banayie. August 4, 1885 A. W B and A P L (60, 74) Lat. 56° 51/ 0", 
Long 5° 5' 40". Field close to and on the Noith side of tlie Hotel 

Declination. 


S 

G.M T 

r\ 

0 


+ 

— 

lx, m 

17 39 

22 10 6 

22 07 


Inclination 


Needle' 

GMT 

0 

Oo 

1 

2 

li m 

17 11 

18 5 

O / 

71 11 7 

71 121. 

O / 

71 114 


Horizontal Force. 


GMT 

H 

H 0 

D 

V 

h m 

18 23 

17 10 

1 5928 

1 5938 

1 5940 
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7 Banff July 9, 1885 ; A W B, (60, 74) Lat 57° 39' 57" ; Long 2° 31' 17". 
In the grounds of the old Castle ; on the lawn m front of the house formerly 
occupied by Dr Bkemner, now by Sheriff Scott-Moncrieff Same station as 
that at which Mr Welsh observed 

Decimation 


2 

GMT 

0 

*0 

h m 
-2 40 

li m 

10 28 

o / 

21 8 8 

O i 

23 4 5 


Inclination. 


Needle 

GMT 

0 


1 

2 

h m 

12 58 

13 39 

7°1 19 7 

71 19 6 

O / 

71 19 0 


Horizontal Force. 


GMT 

H 

H 0 

D 

Y 

h m 

11 48 

11 7 

1 5669 

1 5681 

1 5684 


8 Berwick. April 2, 1885 ; A. W B. and T. E T. (60, 74). Lat. 55° 46' 4", 
Long 1° 59' 52". On a bastion Powder-magazine distant about 150 yaids 2L 
Church, N W , and works on sandspit at mouth of river S. 

Declination. 


2 

GMT 

8 

*0 

h. m 
-3 5 

h m 

9 50 

19 42 9 

19 36 4 


o 2 
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Inclination 


Needle 

GMT 

0 

*0 

1 

2 

]i m 

10 57 

11 34 

70 15 8 

70 17 8 

o / 

70 15 9 


Horizontal Force. 


GMT 

H. 

H 0 < 

D 

Y 

h m 

11 35 

10 28 

16474 

1 6467 

1 6483 


9 Boat of Garten July 31, 1885 ; A W. E and A. P. L. (60, 74) Lab. 57° 15' 0"; 
Long. 3° 45' 13". On the Green to the North of the Station, about 200 yards 
from the Hotel. 

Decimation, 


2 

GMT 

3. 

*0 

h m 

+ 3 37 

h m 

15 31 

212 117 

22 7 7 


Inclination. 


Needle 

GMT 

0 

Oq, 


h. m. 

0 

/ 

0 / 

1 

15 51 

71 

15 0 


2 

18 0 

71 

19 3 

71 16 3 

1 

18 28 

71 

16 0 



Horizontal Force. 


GM.T. 

H. 

H 0 . 

D 

Y 

h. m 

16 43 
, 15 6 

1-5776 

1 5781 

15786 
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10 Loch Boisdale (S Uist) August 31, 1884, A W B and T E T. (60, 74) 
Lat 57° 8' 55"; Long 7° 18' 0" In the Bay on the Island of Kisgay. 


Decimation. 


2 

GIT 

5 

s o 

li m 

- 1 51 

+ 4 56 

h m 

11 19 

16 45 

O i 

23 7 1 

23 7 1 

o / 

22 53 3 


Inclination 


Needle 

GMT 


e 


1 

k m 

11 29 

0 

71 

410 

O i 

71 39 3 

2 

12 30 

71 

39 9 


Horizontal Force 


GMT 

H. 

H 0 

D 

V 

k m 

12 49 

12 2 

1 5284 

1 5288 

15310 


11. Bunnahabhain (Islay) August 25, 1888 , A. W. R-. and T. E. T. (60, 61, 83). 
Lat 55° 53' 0"; Long 6° 8' 0". At the bottom of the road, 150 yards 1ST. of 
the Distillery and about 10 yards from the beach. 


Decimation. 


2. 

GMT. 

8 

So 

k m 
-2 32 
-1 12 

—2 29 

-1 16 

k m 

10 55 

11 36 

10 29 

12 25 

14 30 

15 9 

22 44 0 

22 46 0 

22 46 0 

22 47 3 

22 47 9 

22 47*3 i 

O / 

23 10 3 
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MR A W RllCKER AND DR T E TIIORPB ON A MAGNETIC 


Inclination. 


Needle 

GMT 

0 

0 o 

1 

2 

li m 

12 46 

14 38 

0 / 

70 39 4 

70 39 8 

o / 

70 43 0 


Horizontal Force. 


GMT 

II 




li in 



D 


15 39 

16292 

1 6243 

Y 

1 

14 55 

16291 


1 2. Callernish (Lewis) August 20, 1885 , T. E. T. (60, 74) Lat. 58° 11' 0" 
Long. 6° 42' 0". Fifty yards S.S.W. (magnetic) from front of Garynahme inn. 

Feclmation. 


2 

GMT. 


A) 

li m. 

+ 52 

h m 

18 3 

23 441 

23 40 6 


Inclination. 


Needle 

GMT. 

6 


1 

2 

It m 

7 26 

8 1 

0 t 

72 7 5 

72 7 4 

o i 

72 71 


Horizontal Force. 


GM.T. 

H 

H 0 

Y 

li m 

18 21 

1 5224 

1 5231 
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13. Campbelton. August 22,1884, A W. R andT E T (60,74) Lat 55° 25'30", 
Long 5° 36 ; 5" 200 yards N E from Lime Crags v 400 yards E S.E. from old 

Parish Church. Same station as that at which Mr Welsh observed. 


Decimation 


s 

GMT 

8 

*0 

h m 
-1 20 
-1 13 

+ 1 43 

li m 

14 36 

22 211 

22 210 

22 19 8 

a i 

22 81 


Inclination 


Needle 

GMT 

e 

*0 

1 

2 

1 

h m 

12 56 

13 27 

70 35 2 

70 36 9 

o i 

70 34 2 


Horizontal Force . 


GMT 

H 

H 0 

1) 

V 

h m 

12 58 

11 49 

1 6236 

1 6204 

1 6244 


14 


Canna August 30, 1884 , A W P and T E. T (60, 74). Lat 57° 3' 30" 
Long 6° 29' 20" On the high land 1ST E of the Harbour, and S W of Compass 
Hill 


Decimation 


2 

GMT 

8 

*0 

h m 

h 

m 

O t 

o 

/ 

CO 

I 

8 

12 

21 218 

21 

84 
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MR. A W RtTCKER AND DR T E THORPE ON A MAGNETIC 


Inclination 


Needle 

GMT 

. 0 


2 

Ii m 

8 38 

72 46 3 

72 45 0 


Horizontal Foi ce 


GMT 

H 

H 0 

D 

Y 

li m 

9 10 

8 30 

1 5065 
] 5072 

1 5092 


15, Carstajrs May 25 and 26, 1885 , A. W. Id. (60, 74). Lat 55° 4.1' 10''; 
Long 3° 40" 11". In Mr, Monteith’s grounds, about 400 yaids ftoni the station, 
and about 50 yards from the road leading from the station to the house. Nearly 
the same position as that at which Mr. Welsh observed. 


Declination . 


Date 

2 

GMT 

C 

h> 

May 25 

k m 
+ 5 55 

li m 

18 35 

20 57 0 

20 52 2 

Inclination. 

Date 

Needle 

GMT 

0 

*0 

May 26 

1 

2 

k m 

9 49 

10 23 

O i 

70 16 4 

70 16 4 

O / 

70 15 7 

Horizontal Force 

Date 

GMT 

____ 

H 

H 0 

May 25 

D 

V 

k m 

19 42 

19 5 

16434 

1 6440 

16448 
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16. Crianlarich September 17, 1884, AWE. (60, 74). Lat. 56° 23' 25", 
Long 4° 37' 6". Near the mn, about 80 yards from the roads to Dalmally and 
Loch Lomond 

Declination. 


s 

G M T 

8 

*0 

li m 

-1 47 
+ 2 49 

li m 

11 10 

22 2 2 

22 3 8 

o ; 

21 50 6 


Inclination 


Needle 

GMT 

e 

So 

1 

2 

li m 

8 31 

9 8 

o / 

70 54 5 

70 53 1 

O j 

70 52 5 

i 


Horizontal Force 


GMT 

H 

H 0 

L> 

V 

h m 

12 52 

11 32 

15943 

1 5971 

1 5980 


17. Crieff. July 28, 1885 ; A. W. ft. and A P. L (60, 74). Lat. 56° 22' 27"; 
Long 3° 50' 22" In the grounds of Morrison’s Academy, about half-way 
between the school and the gate. 

Declination 


2 

GMT 

o 

[ 

^0 

h m 

+ 1 46 | 

h m 

14 48 

o 1 

21 37 6 

21 33 6 


MDCCCXC —A. 
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ME A W RtTCKER AND DR T E THORPE ON A MAGNETIC 


Inclination. 


Needle 

GMT 

0 

4) 


h m 

o / 

o l 

1 

13 36 

70 53 4 

70 53 6 

2 

14 49 

70 54 8 

i 


Horizontal Force 


GMT 

H 

H 0 

D 

Y 

h m 

15 55 

15 19 

1 6071 

1 6072 

1 6079 


18. Cumbrae July 24, 1S88; T. E. T. (61, 83). Lat 55° 47' 45", Long. 

4° 53' 40". Eight yards to the 3SL of the Monument to the “Shearwater’s” 
midshipmen, at the N.E. end of the Island, Mr Welsh’s Station 


Decimation. 



GMT. 

8 

8 0 , 

la in 

+ 4 19 

la m 

17 0 

l 

° ' 

21 13 2 

i 

21 37 2 


Inclination . 


Needle 

GMT 

0 

o 0 . 


li m 

0 * 

O 1 

1 

17 41 

71 10 

71 2 3 

2 

18 0 

70 59 7 


Horizontal Force. 


GMT. 

H 

% 

Y 

h. m 

17 16 

1 5957 

15911 
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19. Dalwhinnie July 30, 1885. A W K and A. P L (60, 74). Lat. 56° 55'52", 
Long 4° 14' 12". About 150 yards from the Hotel, on the opposite side of the 
river 

Declination . 


s 

GMT 

O 

^0 

h m 
+ 2 54 

h m 
lb 10 

o i ! 

21 49 2 

21 45 5 


Inclination 


Needle 

GMT 

0 

0 o 

1 

2 

li m 

16 9 

17 35 

70 59 7 

71 1 6 

G l 

71 01 


Horizontal Force 



GMT 

H 


D 


h m 

14 42 

1 5901 

* 1 5909 

V 


15 49 

1 5902 


20. Dumfries September 20, 1884 and July 11, 1885 AWE (60, 74) Lat 
55° 2' 10" , Long 3° 35' 30" On Mr. Stott’s farm at Lower Netherwood In a 
field about 100 yards W of the farm-house , 39 and 50 paces from the N and E 
walls of the field respectively Neaily the same station as that of Mr. Welsh. 

Declination. 


Date 

2 

GMT 

3 


July 11 

h m 

+ 4 51 

h m 

16 33 

o / 

20 515 

20 47 4 


P 2 
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MR A W RtTGKER AND DR T E THORPE ON A MAGNETIC 


Inclination. 


Date 

Needle 

GMT 

0 


Sept 20 

1 

2 

| 

h m 

12 6 

12 46 

70 4 2 

70 4 6 

o i 

70 2 6 


Horizontal Force. 


Date 

GMT 

H. 

H 0 

Sept 20 

D 

y 

h m 

13 38 

14 19 

1 6524 
16514 

1-6542 


21. Dundee, April 9,1885 , A. W. B.andT E T. (60, 74). Lat. 56° 28' 17"; Long 
2° 56' 58" In the Baxter Park. The tower of Moigan’s Hospital JSf by W. , 
tower of lodge S.W. (100 yards); Park Pavilion N.N.E. (100 yards), Ogilvie 
Church N.W. 


Decimation. 


2 

GMT 

8 

rx 

• 




h m 

h m 

O / 

o / 

-fl 33 

12 45 

20 512 

20 44 5 


Inclination 


Needle 

GMT 

0 

°Q' 

1 

2 

i 

h in 

11 56 

12 38 

70 51 7 

70 54 6 

0 i 

70 52 2 

Horizontal Force 

G.MT 

H 

H 0 

D 

V 

1 

4. m. 

11 31 

12 16 

15990 

15989 

16002 
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22 Edinburgh April 3, 1885, A W. R. and T E. T. (60, 7 4). Lat. 55° 57' 52" 
Long. 3 d 12' 28". In the Arboretum of the Botanic Gardens. Inverleith House 
N N.W. 100 yards. Cathedral S W. by S. Melville College S.S E Donaldson’s 
Hospital W S.W. The small magnetic house in the gardens in which Mr 
Welsh piobably observed had been lemoved 

Decimation. 


2 

GMT 

8 

h 

li m 

+ 2 14 

h m 

13 5b 

20 53 8 

20 47 2 


Inclination. 


Needle 

GMT 

0 



h m 

o / 

O l 

1 

11 57 

70 37 2 


2 

12 36 

70 39 5 

70 38 5 

2 

14 21 

70 40 8 

i 



Horizontal Force 


GMT 

H 

H 0 

D 

V 

h m 

12 22 

12 51 

1 6175 

1 6165 

16183 


23 Elgin. July 8, 1885, A W. R. (60, 74). Lat. 57° 38' 40", Long 3° 19'0" 
In the grounds of North College, the residence of G. Smith, Esq., 100 yards 
N.N.E. of the Cathedial Tower and 80 yards E.SE. of the house. 


Declination. 


2 

GMT 

8 

*0 

h m 
- 1 33 

h m. 

12 29 

O t 

21 18 

20 57 5 






1J0 


MR A W BROKER AND DR. T. E. THORPE ON A MAGNETIC 


Inch nation 


Needle 

GMT 

0 


1 

2 

h m 

14 2b 

15 2 

i 

71 32 5 

71 32 7 

O I 

71 32 0 


Horizontal Force. 


GMT 

H 


D 

li m 

13 8 

1 55G6 

1 5577 

V 

12 11 

1 5570 


24. Loch Erieoll (Camas Bay) August 23,1885; T E. T (GO, 74). Lat 58° 29'15", 
Long. 4° 39' 20" Near the stieam running into Camas Bay, £ mile N.E 
(magnetic) from the ruin in the bight 


Declination 


2 

GMT 

8 

0) 

ll HI 

+ 3 31 
+ 4 34 

li m 

14 52 

o / 

22 217 

o t 

22 181 

Inclination 

Needle 

GMT 

0 

o Q 

1 

2 

k id, 

11 40 

12 13 

72 9 4 

72 10 3 

a > 

72 9 4 

Horizontal Force 

G.MT 

H 

H 0 

D 

V 

h m 

13 7 

14 29 

15184 

1-5201 

1 5198 
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25. Fairlie. August 14, 1884 A W. B and T E. T. (60, 74) Lat 55° 45' 30", 
Long 4° 51' 5". In a field on the high ground to the rear of the village 


Inclination 


Needle 

GMT 

e 


1 

2 

h m 

16 4 

16 8 

*70 43 7 

70 44 2 

i 

O i 

70 42 8 


Horizontal Foice 


GMT 

H 

Ho 

D 

V 

11 m 

12 50 

13 56 

1 6150 

1 6148 

16172 


26 Fort Augustus. August 3, 1885 A. W B. and A P L (60, 74) Lat 
57° 8' 30", Long 4° 40' 32". In a field on the south side of the Abbey, and 
about 150 yards fiom the building 


Decimation 


2 

GMT 

O 

r "u 

h m 

+ 1 37 

k m 

14 38 

21 49 4 

21 45 6 


Inclination 


Needle 

GMT 

6 

0o 


h m 

71 29 4 

O 1 

1 

14 47 

71 27 7 

2 

15 51 

71 271 


Horizontal Force 


GMT 

H 

H 0 

V 

k m 

15 47 

15634 

1 5641 
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MR A W. RUCKER AND DR. T. E. THORPE ON A MAGNETIC 


27. Gaxrloch. September 9, 1884 ; A. W It. and T. E. T (60, 74). Lat. 57° 42' 40"; 
Long. 5° 40' 55/' On the rising ground behind the pier m Flowerdale Bay. 


Decimation. 


2 

GMT 

r> 

h m 

h m 

o i 

+ 3 23 

16 33 

22 28 0 


Inclination 


Needle 

GMT 

O 

o 0 


li m 

71 459 

O 1 

1 

16 39 

71 44-3 

2 

17 36 

71 45 3 


Horizontal Donee, 


GM.T 

H 

H 0 


li m 



D 

17 37 

1 5323 


V 

— 

17 2 

1 5336 

1 5353 


28. Glasgow. August 13, 1884, and July 27, 1885 ; A. W. E. (60 74) 

Lat. 55° 52' 43", Long. 4° 17' 39". In a field to tfie West of the Observatory; 
48 paces from the building. 


Declination. 


Date 


GM.T 

»• 

*o- 

Aug. 13,1884 
July 27, 1885 

h m 
+ 3 47 
+ 2 43 

h m, 

16 53 

15 54 

21 213 

21 18 2 

O / 

21 11*5 
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Inclination 


Date 

Needle 

GMT 

e 

e o 

Aug 13, 1884 

1 

h m 

12 12 

70 44 6 

o / 

70 44 7 


2 

12 18 

70 48 4 


Horizontal Force . 


Date 

GMT 

H 

Ho 

Aug 13, 1884 

D 

V 

h m 

14 17 

15 5 

1 6038 

1 6038 

1 6064 


29 Golspie. July 4, 1885 , A. W. E (60, 74) Lat. 57° 58' 20", Long 3° 58' 15" 
The Dips were taken in a field by the road in front of the Sutheiland Arms 
Hotel and about 50 yards to the West of it. The other observations m a field 
behind the Hotel about 80 yards S W of some cottages and 50 yards N.N.W 
of the Bank. 

Decimation 


s 

GMT 

S 

*0 

li m 

+ 2 9 

+ 2 39 

li m 

15 33 

21 34 9 

21 35 6 

o t 

21 30 2 

Inclination 

Needle 

GMT 

e 

*0 

1 

2 

h m 

12 20 

12 55 

71 46 8 

71 47 8 

O / 

71 46 7 

Horizontal Force 

GMT 

H 

H 0 

D 

V 

h m 

16 37 

16 1 

1 5372 

1 5374 

1 5382 


MDCCCXC —A. 
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MR A W RUCKER AND DR T E THORPE ON A MAC NETIC 


30. Hawick March 31 and April 1, 1885, A W. R and T E T (GO, 74) 
Lat 55° 25' 58", Long 2° 47' 58" In the Park of Sillerbit Hall (T Laidlaw, 

Esq ) to the N of the town The Htdl bears 400 yards E N E and the Lodge 
120 yards S S.E 

Declination 


Date 

2 

GMT 

6 

f \) 

March 31 

h m 

1) m 

12 43 

20 215 

o / 

20 1G0 

Apiil 1 

+ 1 50 

13 34 

20 23 5 


Inclination . 


Date 

Needle 

G M T 

0 

^0 



h 

HI 

t) 1 

O / 

Mardi 31 

1 

11 

15 

70 7 5 

70 7 3 


2 

11 

54 

70 9 0 


Horizontal Force. 


Date ! 

GM.T 

H 

n 0 

Mai cli 31 

D 

li m 

11 14 

1 6473 

1 6487 


V 

12 1 

1 6476 


31. Loch Inver September 6, 1884 , A. W R. and T E. T (60, 74) Lat 
58° 9' 30" , Long. 5° 14' 40". Near the Coast-guard Station, on the bank of 
the River Inver 

Decimation. 


2 

GMT. 

d. 

^0 

li m 

t 2 53 

h m. 

14 2 

22 218 

O / 

22 7 4 
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Inclination 


Needle 

GMT 

e 

0 O 

1 

h m 

12 48 

o / 

72 2 6 

o / 

72 0 2 

2 

13 46 

72 1 0 


Horizontal Force 


GMT 

H 


D 

V 

li m 

13 14 

13 25 

1 4968 

1 4965 

1 4990 


32. Inverness August 1, 1885 , A W. E. and A P L (60, 74) Lat 
Long 4° 13' 20". In the garden of Mr Mitchell’s house, neai 
Mr Welsh’s station. 


Decimation 


2 

GMT 

fX 

0 


li 

m 

k m 

o / 

O t 

+ 2 

32 

16 18 

21 47 2 

21 43 3 


Inclination . 


Needle 

GMT 

6 

0o 

1 

2 

k m 

15 44 

16 45 

o t 

71 30 0 

71 33 2 

o J 

71 31 1 


Horizontal Force 


GMT 

H. 


D 

V 

k m 

16 56 

15 50 

i 1 5638 

1 5631 

1 5642 


57° 28' 30" , 
the Castle 
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MR A W RtTOKER AND DR T E THORPE ON A MAGNETIC 


33. Iona September 15 and 16, 1884 , A W E (60, 74). Lat 56 20' 0 ; 
Long. 6° 23' 40". In a field behind the Inn, and about 50 yards from it. 

Declination 


Date 

2 

GMT 


*0 

Sept 15 

li m 

+ 4 G 

li m 

17 4 | 

i 

23 410 

23 28 6 


Inclination 


Date 

Needle 

GMT 


e 

*0 

Sept 16 

1 

li m 

9 35 

O 

70 

57 1 

o / 

70 55 8 

2 

10 10 

70 

57*5 


Horizontal Force 


Date 

G.MT 

H 

H (l 

. 

Sept 15 

' 

Y 

h m 

17 47 

1 6162 

1 6185 


34. Kirkwall. August 27, 1885 ; T E T. (60,74). Lat. 58° 59' 12", Long. 
2° 57' 15". At Battery Point and close to the road Cathedral tower bearing 
S W. by W Cairn on Wideford Hill, bearing W N.W. 

Decimation 


2. 

G.MT 


Sq, 

! h m. 

+ 1 46 
+ 4 31 

h. m 

12 19 

p- + 

21 32 9 

21 32 7 

O 1 

21 29 3 
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Inclination. 


Needle 

GMT 

e 

*0 

1 

2 

L m 

14 31 

14 59 

72 12 4 

72 13 8 

O f 

72 12 8 


Horizontal Force 


GMT 

H 

H 0 

D 

V 

li m 

15 55 

11 51 

1 5104 

1 5100 

1 5108 


35. Kyle Akin September 11,1884, A.W.B, andT.ET (60,74). Lat. 57° 16'35", 
Long. 5° 44 / 0" Near the shore; between the Inn and Kyle House 

Decimation 


2 

GMT 

O 

*0 

h m 
- 2 49 

li m 

10 29 

23 23 4 

23 10 4 


Inclination. 


Needle 

GMT 

6 

0o 

1 

h. m 

10 15 

71 40 9 

o / 

71 38 5 

2 

11 1 

71 38 8 


Horizontal Force 


GMT 

.. 

H 

H 0 

D 

h m 

8 56 

1 5432 

15465 

V 

11 21 

15452 
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36 


Lairg. 

40 


July 6, 1885 , A. W R. (60, 74) Lat 58° 1' 30", Long 4° 24' 0" 
yards S W. of Church, and about 200 yards N.E of the Hotel. 


Decimation. 


V 

GMT 

O 


h m 

h m 

0 / 

O * 

+ 1 44 

15 5G 

21 55 2 

21 50 3 


Inclination. 


Needle 

GMT 

0 

*0 


h, in 

O * 

a i 

1 

15 13 

71 510 

71 50 3 

2 

18 5 

71 50 8 



; ^ r ._. __ , . . 



Horizontal Force. 


GMT 

H 


D 

v 

h m 

17 7 

16 23 

1 5347 

1 535G 


37. Lerwick. August 30, 1885, T E. T. (60, 74) Lat. C0° 8' 53"; Long 1° T 47". 
Towards the South Ness, \ mile due S. (mag ) from Fort Charlotte. Mr 
Welsh’s station. 


Declination, 


s. 

G.M.T 

0 


h, m. 

+ 1 53 

1 

h m, 

12 38 

20 331 

20 29 7 
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Inclination. 


Needle 

GMT 

0 


1 

2 

li m 

15 36 

16 3 

72 46 7 

72 48 1 

o / 

72 471 

Horizontal Force. 

GMT 

H 

H 0 

fii> 

h m 

14. 39 

13 34 

14712 

14696 

14710 


8S. Lochgoilhead July 21, 1888, T E T (61,83) Lat 56° 10'20", Long. 4° 54'0" 
In a field about 80 yaids N.E. of the Church Mr Welsh’s station. 

Decimation 


V 

.GMT 

f 

*0 

k m 

h m, 

G / 

o 

t 

+ 4 40 

15 48 

18 6 

21 29 2 

21 30 8 

21 

54 2 


Inclination 


Needle 

GMT 

0 

*0 


h m 

O / : 

o / 

1 

| 17 32 

70 42 4 

70 46 1 

2 

17 48 

70 43 6 


Horizontal Force 


GMT 

H 

H 0 , 

D 

V 

h m 

16 29 

16 4 

1 6069 

1 6065 

1 

1-6021 

[ 
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39 Loch Maddy (N Uist), Septeinbei 1 and 2, 1884, A W II and I E I. 
(60, 74). Lat. 57° 35' 50", Long 7° 9' 0" On the most westerly of the Keelee 

Islands 


j Declination 


Date 

V 

GMT 

r* 

O 

9 

Sept 1 

h m 

h m 

18 34 

23 31 3 

O 

23 ] 

„ 2 

-3 14 

10 29 

23 32 3 


Inclination 


Date 

Noodle 

GMT 

0 

o 0 



h m 

o / 

o / 

Sept 1 

2 

L8 55 

71 53 3 

71 52 J 


Horizontal Force . 


Date 

GMT 

H 

H 0 . 

Sept 2 

D 

11 m 

12 26 

1 5346 

1 5365 

” 1 

V 

19 13 

l 

1 5336 


40a. Oban. August 13, 1885, and July 30, 1888; T E. T (60, 61, 83). 
Lat. 56° 25' 9 "; Long 5° 28' 30'' Same station as that of Mr. "Welsh. 


Decimation. 


Date, 

2. 

G.M.T 

d 

*0 

Aug 18, 1885 
July 30, 1888 

li m 

+ 3 38 
-1 41 

li. m 

16 37 

11 20 

12 59 

22 12 0 

21 47 3 

21 45 2 

22 8 7 

22 10 2 
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‘ Inclination 


Date 

Needle 

GMT 

O 

^0 

July 30 

1 

2 

11 m 

12 43 

13 7 

70 50 7 

70 49 5 

o / 

70 53 2 


Horizontal Force 


Date 

GMT 

H 

H 0 




h m 



July 30 

D 


12 24 

1 6090 

16044 



11 38 

1 6091 


40b—Oban (Kerrera) August 26, 1884, and August 6, 1885. A. W. R. and 
T E T (60, 74) Lat. 56° 25' 20", Long. 5° 30' 0". Near the shore of 
Ardentraive Bay. 

Decimation 


Date 

2 

GMT 

O 

ri 

r/ 0 

Aug 26, 1884 

„ 6, 1885 

li m 

+ 2 5 

4- 3 55 
- 1 25 

h. m 

15 32 

12 32 

22 25 4 

22 25 5 

22 15 2 

O / 

22 12 4 

22 114 


Inclination. 


Date 

Needle 

GMT 

e 

0o 



h m 

O i 

o / 

Aug 26, 1884 

1 

15 18 

70 50 5 

70 49 5 

2 

15 47 

70 51 8 

„ 6, 1885 

1 

' 2 

13 14 

14 11 

70 491 

70 48 3 

70 48 2 


Honzontal Force. 


Date 

GMT. 

H. 

H 0 




li m 



Aug 26, 1884 

■ 

D 


17 30 

16066 

1 6092 

V 


16 44 

1 6071 

„ 6, 1885 i 

D 

Y 


13 30 

12 13 

1 6110 
16105 

1 6114 


MDCCCXC! —A. 


R 
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41 Pitlochrie July 29, 1885 , A W. R and A. P. L (60, 74) Lat 56° 42' 7" , 
Long 3° 43' 26" In the grounds of the Hydropathic Establishment, about 
100 yards S S W. of the building , near the lower road through the grounds. 


Declination. 


.w 

GMT 

PS 

0 

* 

h m 

+ 39 

h m 

16 35 

21 12 2 

21 8 3 

Inclination 

Needle 

GMT 

O 

4) 

1 

2 

h m 

17 55 

16 58 

70 58 7 

70 57 1 

0 / 

70 57 4 

Horizontal Force , 

G M.T 

H 

H 0 

1 

<iO 

h in 

17 10 

16 11 

1 5891 

1 5891 

1 5899 


42. Port Askaig (Islay) August 25, 1884; A W. R and T. E T. (60, 74). 
Lat. 55° 50' 40"; Long. 6° 6' 55". Between the Inn and the Quay. 


Declination 


2. 

GMT. 



h m. 

-2 44 

h m 

10 18 

23° 13 7 

23 0 7 


Inclination. 


Needle. 

G M.T. 

6 

Oq, 


h m 

70 37 9 

0 i 

1 

12 23 

70 36 2 

i 

2 

12 22 

70 38 1 
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Horizontal Force . 


GMT 

H 

H 0 

D 

V 

h. m 

12 2 

10 38 

16313 

16319 

1 6340 


43 Portree. T E T (61, 83) 

(a) August 9, 1888, Lat. 57° 24' 35", Long 6° ll 7 40". On the N shore of the 

bay. Boat-house 20° W. 

( b ) August 9 and 10, 1888 Lat 57° 24' 10", Long 6° 11' 5" On the S. side 

of the bay, on a rock close to the shore. Portree Landing Stage 12° W of 
N (mag). School-house 35° W of N Station (a) 22° E ofN 

(c) August 10, 1888. Lat 57° 24' 15", Long. 6° 11' 50" On the edge of 

the bay , S of the town, and within a dozen yaids of the shoie Station ( b) 
bearing 100° E of , School-house 2° E of N , Station (a) bearing 57°E 
of N. (appiox ), St Columba’s Church steeple 24° E of N. 


Decimation 


Date 

2 

GMT 

s. 

°0 

Aug 9 (a) 

» 9 (6) 

„ 19 (6) 

» to 0) 

h m 

-2 30 
+ 4 24 
-2 42 
+ 1 12 

li m 

10 26 

16 60 

11 25 

13 24 

24 37 6 

22 21 6 

22 22 7 

19 50 8 

0 l 

22 42 3 


Inclination 


Date 

T 

f 

Needle 

GMT 

9. 

0 o 



h m 

72 16 3 

O * 

Aug 9 (a) 

1 

13 2 


2 

13 21 

72 14 7 


„ 10(6) 

1 

10 34 

71 5 9 

72 1 2 

2 

10 51 

71 5 6 

„ 10(c) 

1 

14 31 

72 33 9 


2 

1 14 56 

i 

t 

72 33 6 
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Horizontal Force . 


Date 

GMT 

H 

H 0 



li in 



Aug 9 

D 

0) 12 9 

1 5223 

1 5177 


Y 

(a) 11 10 

1 522b 

„ io 

D 

(0 12 38 

1 5265 

1 5211 


V 

(o) 13 10 

1 5252 


„ 9 

Y 

(5) 15 36 

1 5906 

1 5859 

„ io 

Y 

(b) 11 1C 

1 5941 

1 5894 


Note —The ground at Portree was known to he extremely had as there is ranch basaltic rock in the 
neighbourhood The observations weie made with a view of gaming information as to the magnitude 
of the disturbing forces. 


44 Bow (Gairloch). July 23, 1888 , T E T. (61, 83) Lat. 56° 1' 0 /y ; Long 
4° 46' 50 7/ Near the shore of the loch. Pier end bears due W. (mag), 
Eoseneath House 37° W. of S. , and Boseneatli Point 17° W. of S. (mag.). 

Declination. 


2 

GMT. 

rs 

C 

% 

h in. 

h m 

o * 

a / 

— 2 23 

10 24 

21 24 4 



12 0 

21 22 6 

21 47 7 

+ 1 16 

13 13 

21 24 0 



Inclination . 


Needle 

GMT 

0 

*0 


h m 

O 1 

o / 

1 

12 28 

70 48 4 

70 51 0 

2 

12 52 

70 47 5 


Horizontal Force. 


GM.T 

H 

H 0 , 

D 

Y 

h m, 

11 31 

10 53 

1 6025 

1 6023 

1 5978 
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45. Scarnish (Tiree) August 8 and 10, 1885 , A W It and A. P L. (60, 74). Lat. 
56° 30' 12"; Long 6° 47' 20". Dips about 15 yards m front of Hotel Decima¬ 
tions . Station I. 30 yards WSW of Inn. Station II Inn bears S.W. by S. 
(200 yards), Harbour Mouth bears S Station III. Inn bears S.W by S (250 
yards) On returning to Oban, when a comparison could be made with Green¬ 
wich time, the rate of the chronometei was found to have altered suddenly during 
the visit to Tiree The difference between the values of the decimations obtamed 
at Stations I and II on the 8th and 10th is piobably due to this fact. 

Declination 


Date 

V 

GMT 

f) 

' 

Aug 8 (1) 

„ io (1) 

„ 10 (3) 

„ 8 (2) 

>, 10 (2) 

li m 

- 1 43 

- 2 49 
+ 5 57 

+ 3 27 
+ 4 13 

h m 

11 36 

9 24 

17 0 
‘ 18 5 L 

16 34 

16 30 

24 49 8 \ 
24 51 8 J 
24 52 4 I 
24 50 0 / 
23 52 1 1 
23 54 9 f 

o / 

24 46 9 

24 47 3 

23 49 6 


Inclination 


Date 

Needle 

GMT 

0 

So 

Aug 8 

1 

2 

li m 

11 43 

12 50 

71 20 0 

71 19 9 

o i 

71 19 4 


Horizontal Force. 


Date 

GMT 

H 

H 0 

Aug 8 

fit> 

11 m 

13 6 

12 9 

1 5898 

1 5907 

1 5909 


46. Soa (Skye) August 29, 1884 , A W It and T E T (60, 74) Lat. 57° 9 45 , 
Long 6° 10' 12" On the NE point, about 300 yards E of the anchorage, 
and near the Hu Mhoil Dearg 

Decimation 


2 

GMT. 

$ 

^0 

h m 

- 4 41 

h m 

8 38 

23 28 3 

23 14 9 
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Inclination. 


Needle 

GMT 

6 

So 

1 

2 

h m 

8 48 

9 31 

o / 

72 0 4 

72 15 

o J 

71 59 6 


Horizontal Force . 


GMT 

H 

Ho 

D 

V 

k m 

10 16 

9 21 

1 5051 

1 5045 

1 5072 


47. Stirling. July 10, 1885, A W 11 (60, 74) Lat 56° 7' 2" , Long 
3° 56' 55". In the King's Park, in the centre of the plain to the S. of the 
Castle. 

Decimation. 


S 

GMT 

8 


h m 

+ 1 42 

h m 

14 53 

21 330 

21 28 6 


Inclination . 


Needle 

GMT 

0 

Oq 

1 

2 

li m 

15 54 

16 26 

70 53^7 

70 541 

0 / 

70 53 3 


Horizontal Force 


G.MT 

H. 

H 0 

D 

V 

k. m 

17 11 

14 32 

1 5938 

1 5935 

1 5945 
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48a. Stornoway (Ard Point) September 4 and 5, 1884, and August 19, 1885, 
A. W. It. and T. E. T. (60, 74); aud August 14, 1888, T. E T (61, 83), 
A W. It, (00, 74) Lat 58° 12 ' 10 ", Long. 6° 23 ' 4 : 0 " On the top of the 
hillock on the Point The Decimations taken on this spot agreed well with that 
obtained m the Castle Grounds, and were therefore regarded as noimal. In 
1888, simultaneous observations were made by both of us, which agree among 
themselves but differ considerably from each other Dr. Thorpe occupied the 
old station neai the top of the hillock, Professor Rucker was about 50 yards 
distant on lower ground and nearer the mainland There can be little doubt 
that the station is disturbed 


Decimation. 


Date 

2 

GMT 

8 

^0 


h 

m 

h 

m 


24 210 


Sept 4, 1884 

- 2 

22 

10 

54 


24 9 8 

K 

- 1 

42 

11 

3 


24 20 2 

Aug 19 1885 

+ 3 

11 

14 

7 


24 12 4 

‘ 24 9 5 

„ 14, 1888 

- 1 

52 

11 

2 


f23 50‘7 





12 

28 

tJ 

23 48 4 

24 13 9 


+ 3 

24 

15 

15 


23 50 7 



- 1 

45 

11 

8 

j 

f 21 8 7 





12 

37 

R i 

'24 7 9 

24 32 3 


I + 3 

i 

23 

15 

15 

i 

1 

] 

i 

[24 8 3 



Inclination. 


Date 

Needle 

GMT 

e 

*0 

Aug 14, 1888 

1 

2 

lx m 

13 3 

13 31 

72 84 

72 8'5 

O l 

72 10 5 

i 

l 


Horizontal Force. 


Date 

GM.T 

H 

Ho 



h. 

m 




Aug 19,1885 

D 

16 

44 

15197 


15210 

V 

15 

18 

15210 



V 

17 

42 

15191 


15205 

Aug. 14,1888 

I) 

12 

1 

15205 


V 

D 

11 

12 

25 

0 

1 5242 

1 5243 J 


1 5195 


V 

11 

20 

1 5222 j 
1 5218 J 

\ T 

i 

i 

D5173 






128 


MR A W RtJCKER AND DR T E THORPE ON A MAGNETIC 


48b. Stornoway September 4, 1884, A. W. It and T E. T. (60, 74) Lai 58° 12' 40"; 

Long. 6° 23' 35". In the Castle Grounds. 


Declination 


2 

G M T 

V 

°0 

li m 

h 

in 

o 

/ 

0 

/ 

+ 2 32 

14 

20 

24 

18 4 

24 

7 G 


Inclination 


Needle 

GMT 

0 

Oq. 


h xn 

o / 

0 / 

1 

13 21 

72 9 4 

n c\ a 1 

2 

12 54 

72 110 

i 

72 91 


Horizon tal Force. 


G M.T 

H 

Jb 

D 

Y 

li m 

13 5 

13 44 

13 59 

1 5119 
15124 

1 5122 

1 5125 

1 5145 

1514 7 


49. Strachpr. August 16 and 17, 1884; A. W R and T. E. T. (60, 74). 
Lai. 56 10 20 ; Long. 5 V 4' 40" On the lawn in front of Strachur House. 


Decimation. 


Date. 

2, 

G.M.T. 

a 


Aug 17 

h. m 

li m 



— 4 4 

8 59 

22 15 

| 

21 48 9 


Inclination. 


Date 

" 1 ■■ ■■—-—*- 

Needle 

G.M.T. 

0. 

0Q* 

Aug 16 

1 

2 

h, m 

12 17 

12 19 

70 44 4 

70 44 9 

O i 

70 42 9 
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Horizontal Force. 


Date 

GMT 

H 

H 0 




la m 



Aug 16 

D 


15 38 

1 6068 

1 6095 

V 


16 19 

1 6073 


50 Stranraer September 18, 1884, A. W It (60, 74), and August 28, 1888 ; 
A. W R (60, 83), and T E T (61, 83). Lat 54° 54' 25 v , Long 5° 2'10". 
In a field 300 yards N W by W of Scliuchan Church. The same position was 
occupied on both occasions Near Mr. Welsh’s station. 

Decimation, 


Date 

2 

GMT, 

8 

*0 

Sept 18, 1884 
Aug 28, 1888 

h m 

•j - 2 7 

- 1 30 

! _ 2 10 

h m 

16 14 

11 35 

10 54 

13 6 

21 46 2 

21 13 7 

21 12 5 

21 13 0 

21 35 0 

21 37 6 T 

21 36 6 R 


Inclination. 


Date 

Needle. 

GMT. 

e 

Go 



h ni 

o / 

0 / 

Sept 18, 1884 

1 

2 

15 1 

15 37 

70 14 6 

70 13 7 

70 12 3 

Aug 28, 1888 

1 

2 

11 16 

12 43 

70 11 7 

70 10 5 

70 14 8 


Horizontal Force 


Date 

GMT 

H 

H 0 



h m 




Sept 18, 1884 

D 

V 

17 25 

16 39 

1 6421 

1 6426 


1 6446 

Aug, 28, 1888 

D 

V 

11 50 

11 21 

1 6466 ] 
1 6471J 

► R 

16420 


D 

V 

12 37 

12 3 

1 64731 
1 6473 J 

I -1 

16425 


MDCCCXC — A. 


S 





130 


MR A W. RUCKER AND DR T. E THORPE ON A MAGNETIC 


51. Stromness (Orkneys) August 2o, 1885; T. E. T (60, 74). Lat 58° 57' 30", 
Long. 3° 17' 12" 60 yards S E. from tlie door of the house on Holm of Stromness. 

Decimation 


s 

GMT 

S 

*0 

' 

h in 

+ 19 

li m 

L2 29 

i 

2°1 31 5 

21 27 9 


Inclination. 


Needle 

GMT 

0 

o 0 

1 

2 

li m. 

t 15 1 

L4 28 

i 

72 12 3 

72 119 

o / 

| 72 117 

i 


Horizontal Force 


GMT 

H 

hr? 

1 

V 

11 m 

12 8 

1 5143 

15149 


52. E. Loch Tabeert (LochFyne) August 19and20,1884; A. W. It. andT. E. T. 

(60, 74). Lat. 55 51’ 56 '; Long. 5° 24’ 25”. At the back of the town, near the 
Castle. 


Declination . 


Date 

2. 

.. - ■ — _ __„ 

GM.T. 

a. 

*V 

Aug, 19 
„ 20 

h. m 
+ 5 43 

-a 20 

h m. 

18 50 

9 46 

22 144 

22 19 3 

to ° 

CO 

[ 
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Inclination. 


Date 

Needle 

CtM t 

6 

0o 

Ang 20 

1 

2 

h m 

10 2 

10 26 

70 47 8 

70 49 5 

o i 

70 46 8 


Horizontal Force. 


Date 

GMT 

H 

H 0 

Aug 20 

D 

V 

h m 

11 33 

10 22 

1 6027 

1 6031 ! 

1 6053 


53. Thurso. July 3, 1885 , A. W R (60, 74). Lat 58° 35' SO", Long 3° 31' 15" , 
On the green by the right bank of the river, about 30 yards above the bridge. 
The station occupied by Mr. Welsh had been built over. 


Decimation. 


S 

GMT 

S 

8 

h m 
- 1 44 

li m 

11 11 

21 435 

21 38 4 

Inclination. 

Needle 

GMT 

e 

^0 

1 

2 

li m 

13 7 

13 43 

72 29 

72 0 6 

o J 

72 11 

Horizontal Force. 

GMT 

H. 

H 0 

D 

V 

h. m 

14 38 

11 54 

1 5208 

1 5217 
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54. Wick. July 2, 1885 , A. W E (60, 74) Lat. 58° 26' 20" , Long 3° 5' 45" 
On the lawn m front of Rosebank. Same station as that of Mi. Welsh 


Declination 


V 

G M T 

0 


h m 

li m 

a t 

0 t 

- 2 52 

11 0 

21 20 4 

21 15 3 


Inclination. 


Needle 

GM.T 

0 



II m, 

n / 

a i 

1 

13 25 

72 10 1 

72 0 8 

2 

14 0 

72 10 7 


Horizontal Force. 


GMT. 

H 

O 

tn 

1 

i 

D 

V 

li m 

11 5b 

10 44 

15139 ! 

1 5131 

15144 
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Descriptions of English Stations. 


55 Aberystwith. May 18, 1886 , A W. R (60,74). Lat 52° 23'51'', Long 
4° 5 7 13". About a mile to the South of the town, between the Liver Ystwith 
and the sea, near the point marked Pen-y-ro on the Ordnance map. 


Decimation 


Y 

GIT 

C 

C\ 

c o 

u m 

- 1 19 

Ii m 

11 19 

13 42 

19 54 6 

19 517 

o / 

19 56 5 


Inclination. 


Needle 

GMT 

0 


1 

2 

li m 

IS 2 

13 4 

O f 

68 34 4 

68 33 9 

G i 

08 34 7 

- 


Horizontal Force 


GMT 

H 

H c 


b m 



V 

12 16 

1 75 OS 

1 7500 

V 

12 34 

1 7485 

1 7477 


56. Alderney. April 3 and 4, 1888 ; T. E. T. (61, 83) Lat. 49° 43' 10", 
Long. 2° 11' 0". In the N.E. corner of the garden of Scott’s Hotel, about 
70 yards from the house 

Decimation 


Date 

2. 

GMT 

5 


April 3 

>> 4 

I 

b m. 

+ 1 54 

•+■ 4 27 
— 4 2 

11 m 

12 56 

15 9 

16 48 

7 54 

17 46 1 

17 46 5 | 

17 45 1 

17 49 3 

O J 

18 2 8 
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Inclination. 


Date 

Needle 

GMT 

0. 

^0 

April 3 

1 

2 

1 

h m 

16 1 

1G 23 

GO 35 2 

66 33*7 

o i 

GG 38 9 


Horizontal Force. 


Date. 

GMT. 

H 

Ho 

Apnl 3 

D 

y 

V 

h. m 

14 45 

13 41 

15 21 

1 8755 

1 8756 
18719 
18735 

1 8705 

1 8677 


57. Alnwick. September 16, 1886. A. W. E Lat. 55° 25' 19"; Long 1° 43' 53". 
In the Deer Park, on the N. side of the drive, and about one-third of a mile from 
the reservoir. Alnwick Church S.E by E. Castle E. by S. 


Decimation 


i 

2 

GMT 

8 

>0 

h m 

- 1 7 

h m 

11 26 

19 39 4 

19 45 0 

Inclination. 

Needle 

GM.T. 

0 

^0* 

1 

2 

h m 

13 1 

13 32 

n i 

70 2 1 

70 3*3 

O / 

70 3 6 

Horizontal Force 

GMT 

H. 


P 

y 

li m 

14 20 

11 50 

1 6529 

1 6526 

1'65U 
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58. Alreseord. April 28, 1888 , A. W. R (60, 74). Lat. 51° 4' 46" , Long. 1° 9' 56" 

On Tichborne Down. 


Decimation, 


s 

G-MT 

8 

s o 

h m 

+ 2 39 

3 45 

li m 

13 16 

16 19 5 

17 52 8 

17 53 2 

o / 

18 9 7 


Inclination. 


Needle 

GMT 

0 


1 

2 

li m 

15 26 

16 2 

67 17 8 

67 19 0 

o i 

67 22 3 


Horizontal Force. 


GMT 

H 

H 0 



la m 



D 


14 42 

] 8292 

1 8241 

V 


14 2 

18293 


59 Appleby September 15, 1886 , A. W. B (60, 74). Lat. 54° 34' 10", Long 
2° 29' 3". On the Holme, a common close to the Eden, to the S. of the town. 


Decimation 


2 

GMT 

8 


li m 

h m 

o t 

O i 

-1 1 

11 47 

20 15 

20 5 8 

+2 7 

13 51 

19 59 0 


Inclination 


Needle. 

GMT 

6 

*0 

1 

2 

h m 

12 46 

13 15 

69 43 7 

69 441 

n i 

69 44 9 
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Horizontal Force 


GMT. 

H. 

H 0 

— 

Y 

11 m. 

12 2 

1 6706 1 

1 6690 


60. Barrow. August 25, 1886, A. W It. (60, 74). Lat 54° 7' 24"; Long 3° 13' 0". 
In a field about 200 yards W. from the road which leads to Barrow from Furness 
Abbey. About miles from the Abbey on the brow of the hill above Bairow. 


Declination. 


2 

GMT 

8 

*0 

ll Ttl 

li m. 

o t 

<3 / 

+ 2 15 

14 52 

20 4 0 

20 9 3 

+ 5 18 

17 5 

20 2 9 


Inclination. 


KeeOlo 

GM.T 

0 


1 

2 

h m 

16 8 

16 82 

o 1 

69 29*5 

69 29 7 

o / 

69 30 G 


Horizontal Force. 


GMT 

H 

IT,,. 

D 

Y 

h m. 

17 59 

15 13 

1 6886 

1 6892 

1-6875 


61. Bedford. April 21, 1888 ; T. E. T. (61, 83). Lat. 52° 8' 3"; Long. 0° 26' 51". 
On a road on the Bower estate, half-a-mile to the E. of the town-bridge, and 
about 80 yards from the river. 

Declination. 


2. 

GM.T 

8. 


4 m 
-1 24 

h. m 

9 51 

18 10 9 

18 27 4 
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Inclination 


Noodle 

GMT 

0 


1 

2 

li m 

11 13 

11 30 

68 44 

68 3 3 

o / 

68 7 3 


Horizontal Force. 


GMT 

H 

H 0 

V 

h m 

10 8 

1 7756 

1 7705 


62 Birkenhead. August 23, 1886; A. W R (60, 74) Lat. 53° 24' 4", 
Long 3° 4' 18". 1st station, 130 yards S of Obseivatory , 2nd station, 100 yards 
S. of Obseivatory 

Declination 


2 

GMT 

S 


li m 
- 1 1 

4-5 2 

li m 

(1) 12 23 

(2) 17 32 

19 54 8 

19 52 1 

o / 

19 58 3 


Inclination 


Needle 

GMT 

e 

^0 

1 

2 

li m 

15 37 

16 4 

69 4 0 

69 2 6 

i 

0 / 

69 4 3 


Horizontal Force. 


GMT 

H 

H 0 

D 

h. m 

13 29 

1 7188 

1 7176 

V 

12 50 

1 7192 


MDCCCXC —A 


T 
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63 Birmingham May 7, 1886; A. W B (60, 74) Lat 52° 27 37 ; Long 1 53'40 
In Calthoipe Park, at the S end About 50 yaids from the East, and 200 yards 
fiom the South railings 

Decimation. 


'V 

GMT 


h 

li m 

li 

ill 

0 

t 

- 1 14 

11 

15 

18 

42 1 

+ 2 44 

14 29 

18 

39 7 


Inclination. 


Noedlo 

GMT 


0 

0 0 

1 

2 

h m 

13 24 

13 55 

o 

08 

08 

_ 

21 3 

20 1 

o i 

G8 213 


Horizontal Force. 


GMT 

* 1 

H 

IT 0 

D 

h m. 

12 22 

1 7672 

1 7669 

V 

i 

11 37 

1 7683 


64 Braintree September 22, 1888; T. E T (61, 83) Lat 51°52 / 41", Long. 
0° 32' 40" E. In a field to the W. of the Church, distant 400 yards , 400 yards 
N. of the Bail way to E) unmow 


Declination. 


2 

GMT 

5. 

<5 0 . 

h m 
+ 3 34 

h m 

15 5J 

i 

( 

17 36 4 

17 55*4 
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Inclination 


Needle 

GMT 

0 

^0 

1 

2 

h m 

17 16 

17 32 

67 41 8 

07 40 8 

o / 

67 45 4 

Horizontal Force. 

GMT 

H 

H 0 

D 

V 

h in 

10 40 

16 15 

1 8005 

1 7999 

1 7942 


65. Brecon. May 26,1886, A. W B, (60,74) Lat 51° 56' 56" , Long 3° 24/ 42". 
In the fields (Newton Port) to the W of the town, and close to the liver Chinch 
in centre of town S.E. by E. About § of a mile E. by N of Castle Hotel 

Decimation 


2 

GMT 

ri 

^0 

li m 

+ 4 42 

li m 

17 o0 

19 35 1 

19 38 6 


Inclination 


Needle 

GMT 

9 


2 

k m 

19 12 

68 15 1 

68 15 S 


Horizontal Force 


GMT 

H 

1 

H 0 

D 

V 

k m 

18 28 

17 51 

I 7710 

1 7710 

1 7701 


t 2 
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66 Btoe Haven. T. E. T. (61, 83) 

(a) April 11 and 15, 1887 , Lat 50° 49' 34", Long 4° 32' 37". On the upper 

walk of the kitchen garden of the Falcon Hotel, and on the W. front of the 
house 

(b) April 12, 1887, Lat. 50° 49' 42"; Long 4° 32" 54". On Efford Down near 

the Compass Tower, which bore 75° W. of N. (mag) Belfry of Efford 
House 10° E. of S (mag ). Entrance lock to Bude Canal 68° E of N. (mag ). 


Declination. 


-«- 





Date 

S 

GMT 

() 

5 0 


h. m 

li m. 

a / 

o i 

April 11 

- 1 40 

11 2 

19 501 

20 01 

+ 37 

15 2 

19 52 2 

„ 22 

-1 32 

11 13 

19 43 9 ! 



+ 2 44 

14 41 

19 43 5 ! 

19 52 9 

„ 15 

- 0 20 

12 20 

19 44 2 



Inclination 


Date 

Needle 

GMT 

0 


April 11 

„ 12 

1 

2 

1 

2 

h m 

15 58 

14 31 

13 46 

14 16 

67 44 8 

67 40 2 

67 41 8 

67 41 1 

1 

a i 

67 44 2 


Horizontal Force. 


Date 

GMT 

H 

H 0 



li m. 



April 11 

D 

12 14 

1*8126 



V 

11 47 

1 8100 

A OUOO 

12 

D 

12 2 

1 8103 ! 

1 Qf\^K 


V 

11 36 

1*8104 

1 oU/O 
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67. Cambridge T E T (61, 83) 

May 18, 1886 ; Lat 52° 11' 40", Long 0° 7' 17" E. In the lane off the 
Trumpmgton Road, past the Botanic Gardens, and on the right hand side 
May 19 and 20, 1886 , Lat. 52° Iff 23", Long 0° 7' 16" E In the Leys School 
Grounds 

Declination. 


Date 

2 

GMT 

5 

^0 


h m 

h m 



May 18 

+ 2 28 





+ 2 37 

1 



„ 19 


11 47 

18 21 • 




15 35 

18 0 5 

18 5 0 

„ 20 

-1 51 

10 34 

18 21 



Inclination. 


Date 

Needle 

* 

GMT 

6 

4) 



h m 

O / 

o l 

May 18 

1 

16 39 

68 18 

68 2 4 


2 

17 11 

68 19 


Horizontal Force 


Date 

GMT 

H 

H 0 

May 19 

„ 20 

D 

V 

V 

h m 

12 37 

11 11 

10 58 

1 7799 

1 7786 

1 7797 

1 7790 

1 7784 

1 7785 


68. Cardiff May 25, 1886, A. W R (60,74). Lat 51° 29' 36", Long 3° 10' 33". 
In a field W of the town, on Crwys Farm House E N E, about 80 yards 
distant; gate of barracks, 200 yards N. by W. 


Declination 


S 

GMT. 

8 

S Q 

h. m 

+ 3 0 
+ 4 33 

li m 

16 1 

17 5 

19 16 6 

19 15 9 

o * 

19 19 7 
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Inclination. 


Needle 

GMT 

0 

Oo 


h m 

O f ^ 


1 

17 38 

67 52 8 | 

67 52 3 

2 

18 3 

67 50 5 


Horizontal Force 


GMT. 

H 

Ho 

V 

li m 

16 22 

1*7953 

1 7944 


69 Cardigan. May 29, 188G ; A W B. (GO, 74). Lat 52° 5' 20", Long. 4° 40' 9". 
In a field about half a mile to the west of the town. 


Declination. 


2 

GMT 

b 

^0 

li m 

+ l 12 

h m 

12 15 

20 22 2 

20 258 


Inclination. 


Needle 

GMT. 

0 

Oo 


h m 



1 i 

13 6 

68 30'3 

o i 

2 

11 43 

68 31-0 

68 31 3 

i 


Horizontal Force 


GMT 

H 

H„ 

V 

It. m, 

13 47 

1 7544 

j 1 7535 
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70. Carlisle August 28, 1886 , A W R. (60, 74). Lat 54° 53' 55", Long 
2° 55' 40" On the Swifts, about 100 yards from the footpath on the S side, 
and 250 yards E. by S. of the Grand Stand Cathedral bore W.S.W. J S 


Decimation. 


V 

GMT 

8 


h m 

li m 

20 20'5 


- 0 4] 

12 ] 

o / 

20 25 8 

+ 1 30 

14 41 

20 19 8 

1 


Inclination 


Needle 

GMT 

Q 

0o 

1 

h m 

13 17 

69 52 1 

o / 

69 54 0 

2 

14 14 

69 54 0 


Horizontal Force. 


GMT 

H 

H 0 

V 

h m 

12 25 

16640 

1 6625 


71 Chesterfield September 14 and 15, 1887, A W R (60, 74) Lat. 53° 14' 3", 
Long 1° 24' 37" In a field on Mi. Penistone’s farm to the N of the main 
road. Church bearing W.NW about a mile distant Cemetery S.W by W. 
about half a mile 

Decimation 


Date 

2 

GMT 

8 

*0 

Sept 15 

h m 

- 2 36 

- 2 10 

h. m 

10 19 

• * 

19 0 3 

18 59 8 

O 1 

19 119 
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MR -A W RtTOKER AND DR. T E THORPE ON A MAGNETIC 


Inclination. 


Date 

Needle 

GMT 

0 

°0 

Sept 14 

1 

2 

li in 

11 40 

12 10 

68 47 1 

68 44 5 

a i 

68 48 5 


Horizontal Force 


Date 

GMT 

. . 

H 

H 0 

Sept 14 

D 

V 

h m 

14 16 

13 26 

1 7383 

1 7393 

1 7351 


72. Chichester. September 18, 1888, T E. T (61, 88) Lat. 50 50 0 , 
Long 0° 47 ; 2". In the meadows between the Cathedral and the Lailway 
Station, close to the ditch. Railway Station beaiing S E. Cathedral tower 
N.E., distant a quarter of a mile. 


Decimation. 


2 

GMT 

6 

^0 

li m 

- 0 52 

h m 

11 32 

17 46 6 

18 55 


Inclination 


Needle 

GMT 

0 

Oo 

i 

iH CM 

li m 

13 27 

13 43 

67 7 6 

67 7 0 

o / 

67 116 


Horizontal Force. 


GMT. 

H 

i 

H 0 



h m 



D 


12 3G 

1 8456 

18395 

Y 


11 54 . 

1 8455 
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73 Clenchwarton August 2, 1888, A W. B (60, 74) Lat 52° 45' 20", Long 
0° 21' 20" E In tLe grounds of a house on the road from King’s Lynn to 
Sutton Bridge Not quite 3 miles fiom King’s Lynn 

Decimation 


V 

GMT, 

C 

| 

i 

h m 

h m 

o / 

O i 

-0 29 

11 58 

17 514 

18 10 3 1 

1 


Inclination 


Needle 

GMT 

0 

e o 

1 

i 

li m 

13 45 

o j 

68 14 3 

1 68 17 a 

1 

l 


Horizontal Force 


GMT 

H 

H 0 

I) 

V 

i 

11 in 

12 49 

12 16 

1 7722 

1 7717 

i 

1 7662 


74. Clifton April 22, 1886 , T E T (61, 74) Lat 51° 27' 15", Long 2° 37' 4". 
On the Down, on the N. side of the Stoke road, about 60 yards from it, and 
about mil e from the Clifton Cricket Club Pavilion Steeple of Chust Church 
Congregational Chapel bearing E Pumping station S E. about 150 yards. 

Decimation 


V 

GMT 

C 


li. m 

li m 

0 


o / 

-f 0 15 

11 56 

19 

86 

19 10 7 


MDCCCXC.—A U 
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Inclination 


Needle 

GMT 

0 

^0 

1 

2 

II HI 

13 12 

13 47 

67 48 9 

67 47 6 

o / 

67 48 7 

1 


Horizontal Force 


G M T 

H 

H 0 

D 

h m 

14 49 

18001 

D7996 

V 

11 30 

18006 


75 , Clovelly April 16, 1887, T E. T. (61, 88) Lat 50° 59' 48", Long 
4° 23' 50". To the W of tlie village , "between it and Clovelly Court. 


Declination. 


2 

GMT 

fS 

0 

*u 

ll 1H 

li m 

19 44 2 

o / 

- 0 33 

12 9 

1 o KQ Q 

t 3 4 

15 45 

19 45 5 

iy Oo o 


Inclination 


Needle 

G M T* 

0 

0 0 


li in 

o / 

O 4 

1 

14 23 

67 47 8 

67 49 9 

2 

14 57 

67 47 6 


Horizontal Force 


G.M T. 

H 

H 0 

D 

V 

li m 

11 27 

12 44 

18027 

18030 

1 8000 
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76. Coalville April 30, 1888 , T E T (61, 83) Lat. 52° 43' 41", Long 

1° 21' 18" In a field about 100 yaids E of Coalville Station (L and N W 

Railway), and E of town. 

Decimation 


2 

-- 

GMT 1 

1 

C 

, 

r o 

h m 
+ 1 26 

li m i 

14 28 

IS 24 6 

~ 

18 41 4 

Inclination. 

Needle 

GMT 

0 

*0 

1 

) 

** 

li m 

11 58 

12 17 

08 2ob 

68 20 0 

O / 

08 24 l 


Hot izontal Force 


GMT 

! 

1 

H 

H u 

D 

V 

h m 

13 1 

14 15 

1 7583 

1 7587 

1 7534 


77. Colchester. Septembei 24, 1888, T E T. (61, 83) Lat 51° 53' 30", 
Long. 0° 54' 0" E. In the Castle grounds, to the S. of the mam tower, distant 
20 yards 

Decimation 


2 

GMT 

8 

f\ 

r D 

Ll m 

- 1 13 
+ 1 18 

11 m 

10 52 

12 52 

17 3b'2 

17 36 2 

i 

O , 

17 55 2 


Inclination, 


Needle 

GMT 

0 

Oo 

1 

2 

1 

li m. 

11 21 

11 37 

b°7 31 3 

67 311 

! 

1 o J 

I 67 35 3 

i 

l 


TJ 2 
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Horizontal Force 


GMT 

H 

H 0 

D 

V 

h m 

12 28 

12 2 

1 8078 

1 8066 

18012 


78. Cromer May 10, 1886, T E T (61,83) Lab 52° 55 20' , Long 1 18 24 E 
Jn a field S8W of the Lighthouse, Railway Station about three-quarters of a 
mile away bearing W , bown bearing N.W. by N 

Decimation. 


X 1 

G M T 

h 

*0 

li ni 
-1-10 

h m 

13 21 

17 32 7 

17 3“/8 

Ncodlo 

Inclination. 


G M.T 

0 

Oo 

1 

2 

1 _ 

h. m 

14 26 

14 53 

68 19(3 

68 19 2 

O i 

68 20 0 

Horizontal Force . 

GMT 

H 

H 0 j 


h ni 



V 

13 40 

1 7611 

1 7603 


79 Dover. September 28, 1887, T. E. T. (61, 83). Lat. 51° 6' 53", 

Long 1° 17' 52" E In the Public Recreation Ground, near Aichcliff* Foit ; 
between the town and Shakespeare Cliff. End of Dover Breakwater 63° E. of 
S. (mag ); Flagstaff on Shakespeare Cliff 65° W. of S. (mag.). 


Declination. 


2 

GMT. 

t 

r 0’ 

h in 

h* m 

o / ' 

O l 

- 1 58 

10 20 

16 44 1 

16 57 2 

+ 0 56 

12 26 

16 46 2 
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Inclination 


Needle 

GMT 

0 

0o 

1 

2 

1l m 

11 15 

11 31 

O t 

67 5 8 

67 4 7 

o / 

67 8 0 


Horizontal Force. 


GMT 

H j H 0 

i 

; 

h m 

11 59 

10 34 

1 8377 
18372 

18336 


80 Falmouth April 8, 1887 , T E T. (61, 83). Lat 50° 8' 47'"; Long 5° 4' 21" 

At the Observatory 


Decimation 


2 

GMT 

6 


h m 
-1 51 

h m 

11 10 

19 43 3 

o J 

19 53 4 

j 

+ 2 39 

15 42 

19 45 8 


Inclination. 


Needle 

GMT 

[ i 

0 

So 


h m 

o , I 

o t 

1 

2 

14 81 

13 45 

67 12 3 ! 

67 13 1 

67 15 0 , 


Horizontal Force. 


1 

GM.T 

' 

H 

Ho 

L> 

TT 

V 

h m 

11 59 

11 35 

1 8354 

18348 

18323 | 

i 
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81. Gainsborough. September 10, 1887 , AWE (60, 74) Lat 53° 23' 23"; 
Long 0° 44' 51" In a field to the W. of the Upton Road, and about 1 mile S 
(mag ) of the town. 

Declination, 


2 

GMT 

f\ 

?> 

*\ 

r 'o 

li m 

h m 

o / 

o / 

+ 3 56 

| 16 16 

18 24 5 

18 36 4 


Inclination. 


R eeclle 

G M T 

0 

<>o 


h m 

o l 

0 / 

1 

J7 53 

68 46 4 

68 19 3 

2 

18 12 

68 46 7 


Horizontal Force . 


GMT 

H 

H 0 

D 

V 

Ii m 

17 14 

16 31 

1 7302 

1 7356 

1 7321 


82. Giggleswick. September 14, 1886 , A. W. E. (60, 74). Lat. 54° 4' 18", 
Long. 2° 17' 48" In the cricket field of Giggleswick School, 150 yards NW. 
of the Pavilion, and near the W. end of the field. 


Decimation. 


S 

GM.T 


C) 

°o 

b ia 

h m 

O 

31 2 

0 / 

4-1 33 

12 2 

19 

19 35 3 

+ 3 16 

15 8 

i 

19 

29-8 

i 
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Inclination 


Needle 

GUT 

0 

^0 

1 

2 

h. m 

10 59 

11 19 

69 21 4 

69 210 

o i 

69 22 3 

: 


Horizontal Force 


GMT 

H 

H 0 | 

, 1 m 

D 13 16 

V 12 37 

1 6976 

1 6979 

l 

" 

1 6962 


83 Gloucester May 24,1886, A W R (60,74) Lat 51°52'12 ,/ , Long- 2° 14'50" 
In the fields to the E of the town, about 300 yards E by N of Alexandra 
Terrace , Cathedral bearing W. 


Decimation 


2 

GM T 

£ 

s o 

h m 
+ 1 12 
+3 26 

h m 

* 1 
16 4 

! 

a i 

19 9 4 

19 9 7 , 

a / 

19 12 9 


Inclination. 


i Needle 

GMT 


^0 

1 

li m 

13 46 

68 4 5 

on 

o 00 

2 

14 19 

68 2 8 


Horizontal Force 


GIT 


H 


h m 

15 1 1 7823 

12 46 1 7817 


H 


o 


D 

V 


17811 
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84. Grantham May 22,1886 , T E T (61, 83) Lat. 52° 54' 54", Long 0° 37' 46" 
W. In a field to the E of the town, and across the river. The Church bore 
about S.W. , distant 400 yards 

Declination 


2 

GMT 

1 

8 

: 

! °o 

* b m 

+ 1 30 

b m 

13 13 

l o i 

18 25 6 

i 

18 29 0 

1 


Inclination . 


Needle 

G.MT 

0 

*0 


h m 

o 

/ 

o 1 

1 

o 

w 

14 9 

14 30 

68 

68 

26 6 
28’3 

68 28’0 


Horizontal Force. 


GMT. 

H 


Y 

_1 

h m 

12 56 

1 7536 

1 7527 


85 and 86. Guernsey. T. E T. (61, 83). 

85. LEr^e. Lat 49° 27' 50", Long. 2° 35" 40" Eifty yards due S. of L’Ercie 
* Hotel, and about 15 yards from the road to Roquame Castle. 

86 Peter Port Lat 49° 27' 45"; Long 2° Si' 45" In the Gardena behind 
the Royal Hotel, and about 60 yards from the house. 


Decimation 


Date 

2 

GMT 

C 

r\ 

0„. 

April 2 
j }> 4 

h m. 

+ 2 32 l 

+ 2 43 

t b, m 

14 22 
| 14 19 

18 166 

18 2 3 

18 327 

18 18 4 
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Inclination 


Date 

Needle 

o 

GMT 

6 

*0 

Apnl 2 

„ 4 

1 

2 

1 

2 

h m 

13 2 

13 38 

16 2 

16 1? 

66 28 9 

66 30 3 

66 29 0 

66 26 8 

O / 

66 341 

66 32 4 


Horizontal Force 


Date 

GMT 

H 

H 0 

Apul 2 

„ 4 

D 

V 

D 

V 

h m 

15 20 

14 10 

15 28 

14 37 

1 8798 

1 8795 

1 8843 
18849 

1 8746 

1 8796 


87 Harwich May 8 1886, T E T (61, 88) Lat 51“ 56' 48"; W 1° lV 5 - E 

Easte H t 1 ° f thS t0 " n ’ HaiW1 ° h Cllurch E. byN ? Greft 

Eastern Hotel, N E, and Railway Station, E S E ’ 


Declination 


2, 

GMT 

8 

*0 

aS 

1 

li m 

11 38 

13 41 

17 35 5 
17 16 0 

o / 

17 18 8 

Inclination 

Needle 

GMT 

6 

*0 

1 

2 

li m 

12 30 

13 6 

67 370 

67 38 7 

o / 

67 38 4 

Horizontal Force. 

GM.T 

H 

H 0 

D 

V 

li m 

14 17 

11 13 

1 8040 

1 8019 

18031 


X 


UDCCCXC ,— A. 
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88 Harpenden October 5 and 6, 1887, and May 1, 1888 ; T. E T (61, 83). 
Lat. 51° 47' 27", Long 0° 21' 15" 1st Station. At the N end of the Common, 
200 yards S of the Railway Hotel, and W of the Railway Station 2nd 
Station In Dr Gilbert’s garden. To the W. of the lower Common 


Declination 


Date 

2 

G MT 

B 


May 1, 1888 

h m 
-1- 5 13 

h m 

14 33 

17 59 6 

18 16 5 


Inclination 


Date 

Needle 

G M T. 

0 

4) 

Oct 6, 1887 

May 1, 1888 

1 

2 

1 

2 

li m. 

16 13 

16 32 

18 7 

17 48 

67 53 4 

07 48 4 

67 48 2 

67 47 6 

O i 

67 53'5 

67 514 

__ 


Horizontal Force. 


Date 

GMT 

H 

H 0 

Oct 5,1887 

D 

V 

h m 

15 36 

15 13 

1 79611 

1 7970 / 

1 7926 

May 1, 1888 

y 

y 

14 50 

15 6 

1 7971 

1 7960 

1 7920 

1 7909 


89 Haslemere. September 30, 1887, T E T (61, 83) Lat 51° 6'4", Long. 0°44'40" 
On the tennis-lawn of Professor Williamson’s house, High Pitfold, and about 
50 yards S. of it About 600 feet above sea level 


Declination. 


2 

GM.T 

B 

4> 

h. m, 

h tn. 

O / 

o 


— 1 6 

11 12 

17 55*6 

18 

77 
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Inclination 


Needle 

GMT 

0 

0 0 

1 

h m 

12 57 

67 17 8 

b°7 20 6 


Hoi izontal Force 


GM T 

H 

H 0 

D 

V 

11 m 

12 17 

11 46 

18321 ! 

1 8319 

18282 


90 Holyhead May 4, 1887, T E T (61,83) Lat 53° 17' 53"; Long 4° 38' 22". 
On the road to Porth Dafarch, 20 yards from the roadside, and about a mile from 
the Kailway Station which bore 50° E of 1ST , Monument on Black Bridge, 55 c 
E of N. , Spire of New Church, 30° E of N. , Windmill, 80° E. of N., 
Summit of Holyhead Mountain, 30° W. of N. 

Decimation 


2 

GMT 

8 

*0 

h m 
- 1 51 
+ 1 42 
+ 20 

li an 

10 50 

13 42 

20 403 

20 41 8 

o t 

20 511 

Inclination 

Needle 

GMT. 

6 

00 

1 

2 

b m 

12 46 

13 10 

69 22 2 

69 201 

o i 

69 23 1 

Horizontal Force 

GMT 

H 

1 

H 0 

D 

V 

li m 

11 50 

11 11 

1 0988 

1 6986 

16958 


X 2 
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91 


Horsham. April 21, 1888 , A W. H (60,71) Lat. 51° 4 1 6 ; , Long. 0° 21 54 / . 
In a field on the N.W. side of Barbers Green, U miles W. of Horsham 


Deck nation 


s 

G M r L' 

C 

*n 

li m 

li m 

O i 

O / 

+ 0 44 

13 14 

17 47 0 


■f - 3 16 

15 37 

17 47 3 

18 3 3 

+ 5 4 

17 26 

17 46 1 | 



Inclination . 


Needle 

G M T 

0 

(>o 

1 

2 

li m 

16 17 

16 39 

67 116 

67 11 4 

o ; 

C7 15 2 


Horizontal Force . 


GM.T 

H 

n 0 . 


h m 



D 

14 44 

18358 

1 8309 

V 

13 34 

1 8303 


92. Hull Sept. 16 and 17, 1887, A. W. K. (60, 74). Lat. 53° 44' 40" , Long. 
0° 22' 5". In the Botanic Gardens. 


Declination. 


Date. 

2 

GMT. 

S. 

^0 

Sept. 16 
„ 17 

h m 

+ 5 88 
-3 3 

li xn 

18 1 

9 20 

18 45 7 

18 46 2 

O / 

18 57 8 
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Inclination 


Date 

Needle 

GMT 

0 

% 

Sept 16 

1 

h m 

16 1 

r 

o , 

69 1 8 ' 

-——- 

o 


2 

' 

! 16 44 

1 

69 1 3 ! 

I I 

69 3 9 

1 


Horizontal Force 


Date 

GMT 

H 

H 0 

Sept 16 

V 

h m 

17 18 

1 7163 

■ 

1 7125 


93. Ilfracombe April 25, 1886 , T E T (61,83) Lat 51° 12' 38" , Long 4° 7 ' 36 ". 
In a field near the Ton's Walk, between the town and the sea Pansli Church, 
bearing S byE mile) Ilfracombe Hotel, E by N 


Declination 


S 


GMT 


r 

*0 

h 

- 1 

m 

32 

h m 

11 12 

h 

19 

m 

45 5 

0 t 

19 46 5 

i 

| 

+ 1 

51 

13 48 

19 

43 3 


Inclination 


Needle 

GM T 

6 


1 

ll BQ 

13 15 

o 

67 53 3 

67 53 8 


Horizontal Force 


GMT 

H 

H 0 

D 

h m 

14 48 

1 7962 

1 7952 

V 

11 33 

1 7957 
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94, 95, 96. Jersey. T. E. T. (61, 83). 

94. Grouville Lat. 49° 12' 5" , Long 2° 1' 20". In the eastern ditch of the 
Fort. Railway Station bore about W 

95 S Louis Lat 49°12'0"; Long 2° 5' 40". 

96 S Owen. Lat 49° 13' 30", Long 2° 12' 5". Within 300 yards of the 
shore, on the flat ground near the Marde Oorbi^re Lighthouse, 40° W. of S. 
(mag ) 


Decimation 


Date 

2 

GMT 


fS 

c< 

^0 



h m 

h m 

O 

1 

O i 

Grouville 

March. 30 

+ 1 19 

13 16 

18 

19 9 

18 36 0 



+ 2 20 

14 24 

18 

19 9 

S Louis 

„ 31 

+ 1 20 

* 

12 12 

13 56 

17 

17 

34 4 

32 9 

17 49 7 

S Owen 

April l 

+ 2 21 

12 37 

15 1 

18 

18 

7 0 

9 7 

18 217 


Inclination. 


Date 

Needle 

GMT 

0 

*0 

Grouville Maich 31 

S Louis „ 31 

S Owen April 1 

1 

2 

1 

2 

1 

2 

li m 

9 49 

9 9 

14 32 

15 0 

14 4 

14 20 

6b 3 4 

66 5 1 

66 7 8 

G6 9 2 

66 9 8 

66 12*2 

o / 

66 8 7 

66 13’0 

66 15 5 


Horizontal Force, 


Date 

GMT 

H. 

H 0 



h m. 



Grouville March 30 

D 

V 

15 13 

14 7 

1 90991 

1 9106 / 

1 9053 

S Louis „ 31 

D 

13 6 

1 8938 \ 

1 8887 

S Owen April 1 

y 

32 28 

1 8934 / 

D 

13 28 

1 8952 1 

1 8904 


y 

12 51 

1 8955 / 




SURVEY OF THE BRITISH ISLES FOR THE EPOCH JANUARY 1, 1886 159 


97. Kenilworth April 16, 1888 , T. E T. (61, 83). Lat 52° 20' 51", Long 
1° 34' 43" In a field neai the Abbey Hotel, 60 yards from the load , Castle 
bearing 65° W. of N., and S Nicholas’ Chinch steeple 24° W of N. (all 
magnetic) 

Decimation 


2 

GMT 

■s 

O 

CN 

°0 

h m 
-1 23 
+ 1 16 

fa. m 

11 9 

13 42 

0 / 

18 45 2 

18 44 8 

O i 

19 14 


Inclination. 


Needle 

GMT 

e 

So 

1 

2 

fa m 

12 47 

13 5 

68 24 1 

68 26 2 

o / 

68 28 8 


Horizontal Force 


GMT 

H 

H 0 

V) 

1 

h m 

12 4 

11 28 

1 7628 

1 7524 

1 7576 


98 Kettering May 1, 1888, T. E T (61, 83). Lat. 52° 23' 44"; Long. 

0° 44' 10" In the second field past the Railway Arch, W. of the Church, 

and 70 yards from the Northampton Road. 


Declination 


2 

GMT 

S 

*0 

h ni 

— 2 37 

li m 

9 40 

18 191 | 

| 18 360 
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Inclination. 


Needle 

GMT 

0 

0 0 

1 

2 

li m 

10 56 

11 12 

0 ^ t 

68 7 7 

68 G 3 

n t 

68 10 7 


Horizontal Force, 


GMT 

I-I 

Ho 

V 

li m 

10 0 

1 7707 

1 7656 


99 Kew Lat. 51° 28' 6 ", Long. 0° 18' 45'". In the Magnetic House at the 
Observatory 


Decimation. 


Date 

Observer 

Instrument 

G.M T. 


0 


0 




h. 

m* 


t 

r i 

i 

July 17,1884 

T 

60 

16 

0 

18 

23 7 

18 

15 8 

,, 18, „ 

R 

60 

11 

59 

18 

21 9 

18 

140 

Apul 2,1886 

T 

61 

17 

14 

18 

11*0 

18 

12 5 

Septembei 30, 1887 

R 

60 

12 

33 

18 

o 4 

18 

14 0 




15 

38 

18 

5 1 

18 

15 7 

Octobei 11, 1887 

T 

61 

12 

11 

18 

3 9 

18 

13 8 




15 

33 

18 

4 0 

18 

13 9 

n 12, ,, 

R 

60 

12 

14 

18 

4 8 

18 

147 




14 

21 

18 

4 3 

18 

14 2 

n 13, , 

T 

61 

10 

33 

18 

5 3 

18 

15 2 

3) 18, 



15 

30 

18 

16 

L8 

145 

T 

61 

10 

47 

18 

4*1 

18 

14 0 

31 19? J1 



14 

56 

18 

2 6 

18 

12 5 

R 

60 

11 

9 

18 

4*8 

18 

14 7 


j 


16 

1 

18 

6 7 

18 

16 6 






Moan. 

18 

14 4 


It wdl be observed that the differences between these results are not exactly in 
accord with those which would be deduced from the table on p. 58. 

This is due to the fact that in the above table the observations have been treated 
as though Kew were an ordinary station, whereas, on p. 58, the corrections have been 
applied in the most accurate way. 

In the first place, no attempt is made on p. 58 to reduce the observations to epoch, 
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whereas m the above table they are reduced bj the mean coefficient of secular change 
at Kew (6' ]) during the period of the survey, together with a mean correction for 
monthly variation 

In the next place m the reduction on p 58, no distinction was made between the 
diurnal variation and disturbance, the total divergence from the mean being read 
off directly The corrections applied m the above table were obtained by leading 
off the disturbances only and afterwards adding the value of the diurnal variation 

The differences are a little larger than we should have expected, but this is 
probably due to the fact that, as the corrections were wanted quickly, the constants 
of the curves were only detei mined provisionally. 

That the accuracy attained was practically sufficient is pioved by a comparison of 
the numbers m the above table with those on p 58 

The mean difference between our results and those given by curves treated as 
accurately as possible is O' 81, while the mean diffeience between the numbers 
given above and their mean is 0' 83 

The Kew value for January, 1886, is 18° 16'3, and oms, from the above table 
when reduced to the Kew instrument by adding the mean difference, is 18° 14' 4 + 2' 5 
= 18° Iff 9. 

If horn each of oui uncorrected observations given on p 58, we subtract the 
difference between the corresponding Kew value and 18° 16' 3, we l educe to 
January, 1886, by one operation, m which no distinction is made between disturbance 
and the diurnal, monthly, and secular variations The laigest of the numbers so 
obtained is 18° 16' 1, and the smallest 18° 11'9, while the largest and smallest in 
the above table are 18° 16'*6 and 18° 12 / 5 Thus, not only are the mean results 
obtained by the two methods m close accord, but the range of variation of the results 
is in each case practically identical * in other words, they agree to within the limits 
of the error of experiment. 

Horizontal Force . 


Date 

Obsei ver 

Insti ament 

H 

H 0 

July 17, 1884 

R 

60 

18075 

1 8100 

April 2 , 1886 

T 

61 

18082 

1 8078 

„ 2 , „ 

R 

60 

18098 

1 8094 

» 22 , ,, 

R 

60 

18101 

18096 

September 30,1887 

R 

60 

18112 

18082 

October 11, 1887 

T 

61 

18114 

18084 

12 , , 

R 

60 

1 8115 

18085 

33 13, )} 

T. 

61 

1 8114 

1 8084 

33 1^3 33 + * 

T 

61 

1 8123 

18092 

3 3 IS, 5 j * 

T 

61 

18125 

18094 

,, 19, ,, 

R 

60 

-w 

1 8125 

18094 




Mean 

18089 


MDCCCXC.-A 


Y 
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Inch nation. 


Date 

Needle 

Observe* 

Dip Cuole 

a m t 

0 

*0 





h m 

o t 

o / 

July 17,1884 

1 

R 

74 

15 38 

67 3b 0 

67 34 8 

), 18, „ 

1 

T 

74 

12 9 

67 35 7 

67 34 5 


2 

T 

74 

12 38 

67 36 0 

67 34 8 

n 19, 

1 

R 

74 

12 12 

67 36 7 

07 35 5 


2 

R 

74 

12 47 

67 36 l 

67 34 9 

September 30,1887 

1 

R 

74 

16 43 

67 35 4 

67 36 8 


2 

R 

74 

17 10 

67 34 2 

67 35 6 

Octobei 11, 1887 

1 

T 

83 

14 33 

67 34 2 

67 35 6 


2 

T 

83 

15 7 

67 35 4 

67 36 8 

18, „ 

1 

T 

83 

14 27 

67 35 0 

67 36 4 


2 

T 

83 

15 0 

67 3 > 0 

67 36 4 

» 18, „ 

1 

T 

83 

13 52 

67 34 2 

67 35 6 


2 

T 

83 

34 28 

67 34 3 

67 35 7 

„ 19, „ 

1 

R 

; 74 

13 38 

67 35 3 

67 36 7 


2 

R 

| 74 

t 

14 2 

67 34 5 

67 35 9 



1 

j 


Mean 

67 35*8 


In the following Table the values for January 1, 1886, deducod above from the survey 
instruments, are given in Column I. In Column II. are the mean differences between 
the survey and Kew instruments (see p. 58), and hence in Column 111 the Kew 
(calculated) values are deduced In Column IV. are the published elements for that 
epoch (‘Key Soc. Proc / vol. 41, 1887, p 416), the Declination being conected for 
diurnal variation. 


I 

II 

III 

' i 

IV. 

18° 14'4 
18089 

67° 35'8 

+ 2'5 
- 0 0029 

4- 2' 7 

18° 16' 9 ! 
1 8060 

67° 38'5 

18° 16' 3 

1 8093 

07° 37'4 

l 


The agieement between Columns III. and IV. is satisfactory in the cases of the 
Declination and Dip In that of the Horizontal Force the actual value in January, 
1886, seems to have been rather high. As a good deal will hereafter be said about 
the relative values of the elements at Kew and Greenwich, and as we have not 
compared our instruments with those at Gieenwich, it has been thought better to 
tieat both these observatories in the same way, and therefore to use the numbers in 
Column IV as the Kew values 
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100 King’s Lynn 

(a) May 20, 1886 , T E T (61, 83) Lat 52° 45' 43", Long 0° 24' 30" E. 

In a field to the E of the town, S Nicholas’ Church half-a- mil e away, 
bearing WSW , Waterworks, S W , quarter of a mile away 

(b) August 2, 1888 , A W B, (60, 74) Lat 52° 45' 20", Long 0° 26' 0" E 

In a field on the S side of the road from Gaywood to Gayton Hoad 
Station About half a mile from the village of Gaywood 


Decimation 


Date 

V 

GMT 

8 

‘‘o 


b m 

h. m. 

o / 

O 1 

May 20, 1886 

+ 5 12 

16 14 

17 54 5 

17 57 9 

(Gaywood) Aug 2, 1888 

+ 3 26 

15’47 

17 42 8 

18 17 


Inclination . 


Date 

Needle 

GMT 

9 

*0 

May 20, 1886 

2 

h in 

17 15 

68 17 3 

68 17 8 

Aug 2, 1888 

1 

16 39 

68 13 2 

68 16 8 


Horizontal Foi ce 


Date 

GMT 

. 

H 

H 0 

May 20, 1886 

V 

h id 

15 51 . 

1 7664 

1 7656 

Aug 2, 1888 

V 

16 5 

1 7703 

1 7646 


101. King’s Sutton April 14,1888; T E T. (61, 83) Lat 52° V 9", Long 1° 16' 19". 
In a field 25 yards E of the road to Aynho, and parallel to the Great Western 
line; King’s Sutton Church bearing 35° W. of N., and distant 300 yards. 

Declination . 


2. 

GMT 

8 

^0 

h m 
+1 27 

h ni 

13 45 

18 35'4 

18 51 8 


Y 2 
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Inclination 


Needle 

G M T 

0 



h m 

15 35 

16 1 

68 2 6 

08 2 4 

0 t 

08 0 4 


Horizontal Force, 


GMT 

H 

H () 

D 

V 

li m. 

14 55 

14 23 

1 7825 

1 7832 

1 7778 


102. Lampeter. May 31, 1886 , A. W. II. (GO, 74). Lat. 52° 6' 38" , Long- 4° 
In a field to the S. of the town Church booting a little to the W. 
Distance from the Church, about two-thirds of that between it and the 
250 yards from the nearest point of a bend in the river. 


Decimation. 


2 

GMT 

5 


h. m 
-1 35 

h. in 

11 2 

19 51*7 

19 55 3 


Inclination. 


Needle 

GIT 

0 

0q. 

1 

2 

la m 

12 34 

12 59 

6°8 24*6 

68 25 1 

0 / 

68 25*5 

Horizontal Force . 

6M.T 

H 

H 0 . 

i 

T) 

V 

la. m 

13 38 

11 26 

1 7569 

1 7567 

1*7559 


4' 36". 
of N. 
river , 
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103 Leeds September 22 and 24, 1886 , A W R (60, 74) Lat 53° 50' 58", 
Long 1° 35' 3". In the centre of a field behind St Helens, the residence of 
O. Eddison, Esq, at Adel The Dip observations were repeated m the same 
position on Decembet 31, 1888 

Declination 


Date 

s 

GMT 

*■* 

C 

*0 

Sept 22, 1886 

k m 

+ 42 

k m 
j 16 38 

1 

19 3 9 

1 

i 19 8 9 

! 1 


Inclination 


Date 

Needle 

GMT 

0 

So 

Sept 24, 1886 

Dec 31, 1888 

1 

2 

1 

2 

h m 

9 58 

10 21 

10 57 

11 30 

69 10 7 

69 8 8 

69 7 5 

69 6 3 

O i 

69 10 8 

69 114 


Horizontal Force. 


Date 

GMT 

H 

H 0 

Sept 22, 1886 

V 

h, m. 

16 51 

1 7098 

1 7082 


104. Leicester June 19, 1886 ; T E T (61, 83) Lat 52° 37' 38", Long 1°6 41 . 
Twenty yards E of Evmgton Hoad, Evmgton, 1-^ mile away, bearing S,E. 
Kailway Station (Midland) § of a mile away, bearing N. 


Decimation 


2 

GMT 

a 

So 

k m 
+ 1 57 

k m 

13 4 

16 42 

18 18 0 

18 210 

0 * 

18 23 6 
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MR A. W RttOKlSR AND DU T TC TIIORPD ON A MAGNETIC 


Inclination . 


Needle 

G M T 

0 

4) 


h m 

u i 

0 * 

l 

15 48 

08 23 0 : 

68 24 0 

2 j 

16 16 

68 23 5 



. _ 



Horizontal Force 


G M T 

n 

Ho- 

D 

h m 

14 46 

13 42 

1 7548 

1 7538 


105. Lincoln. Apiil 26, 1888 ; T. E. T (61, 83). Lat. 53° 12' 27"; Long. 0° 31'14" 
On the South Common, S of the Cathedral, and about GO yards from the road. 

Declination. 


2 

GMT 


*0- 

h m 

h m 

o / 

O * 

+3 39 

15 35 

18 2 2 

18 18 0 

Inclination. 

Needle 

GMT 

0 

0 o 


h m 

0 ' 

O / 

1 

16 43 

68 40 3 

68 43 

1 2 

16 57 

68 38 3 


Horizontal Force . 


G.MT 

H 



h m, 

16 0 

1 7446 

1 7395 
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106. Llandudno May 14, 1886, A. W B, (60, 74) Lat 53° 19' 5", Long 3°50 , 23 // 
Near the Beach to the W. of the Town, steeple hearing E by N In a little Bay 
about 300 yards S of the road round Great Orme’s Head 


Declination 


2 


GMT 

a 


h 

- 2 

m 

45 

b m 

9 1 

20 495 

O i 

20 51 5 

+ 1 

37 ; 

14 2 

20 46 9 


Inclination 


Needle 

GMT 

e 

^0 

1 

2 

lx m 

12 36 

13 8 

69 125 

69 10 4 

O i 

69 12 0 


Hoinzontal Force. 


GMT 

H 

H 0 

D 

V 

k. m 

11 15 

10 29 

1 7087 

1 7098 

17084 


107 Llangollen. May 10,1886; A W It (60, 74) Lat 52° 58'23", Long. 3° 10'13". 
On a hillock m a field on the N. of the town, near the road which runs parallel to 
the canal, and through which the footpath to Castle Dinas Bran passes Llan¬ 
gollen Church bearing S Bridge over Oaual S by E (80 yards distant). 
Castle Dinas Bian N.E by N 


Decimation 


2 

GMT 

h 

^0 

h m 
— 1 30 

i 

I 

■ 

h m 

11 15 

20 5 3 

20 84 







168 
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Inclination 


Needle 

GMT 

e 

0o 

1 

2 

h in 

13 39 

14 9 

68 

68 

50 5 

47 3 

o / 

68 49 4 


Horizontal Foicc 


G T M 

H 

H fl 



h 

m 



D 


12 

40 

1 7338 

1 7331 

V 


11 

51 

17340 


108 Llanidloes. 


May 19, 1886, A W R (60, 7 4). Lat. 52° 56' 57"; 
3° 32' 20". In the garden of the Inn. 


Decimation 


2 

G M T 

8 


h m 

h m 

19 52 2 

o / 

- 2 31 

9 57 

19 53 8 

+ 2 21 

14 53 

19 48 7 


Inclination 


Needle 

GMT 

0 

0o* 

1 

fc. m 

7 3 

68 33 2 

68 33 8 


Horizontal Force 


GMT 

H 

1I 0 

D 

li m 

17 56 

1*7504 

1*7501 

V 

15 13 

1 7515 


Long. 
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109 Loughborough April 30, 1888 , T E T. (61, 83) Lat. 52° 46' 37", 
Long 1° 13' 3" In a field to the N. of the London and North-Western Hallway 
Station, distant 100 yards. 

Decimation . 


2 

GM T 

c 

So 

k m 

h in. 

o 

/ 

O / 

— 2 22 

| 10 3 

18 

24 

18 18 7 


Inclination. 


Needle 

GMT 

e 

So 

1 

1 

h in 

10 47 

68 24 0 

68 27 7 


Horizontal Foi ce 


GMT : H 

1 

i 

H 0 

lim 

Y | 10 16 1 1 7582 

; 1 

1 7531 


110. Lowestoft. May 9, 1886 , T E T (61, 83) Lat 52° 27' 54"; Long 
1° 43 / 56" E. In a field W.S, W. of the town 1^- mile away S John’s Church, 
S. Lowestoft bore E N.E. Kirkley Old Church, E by S, ; Cemeteiy, half a 
mile away, S E by E 

Declination 



GMT 


C 

^0 

h m 
— 1 13 

h m 

11 3 

o 

17 

214 

O i 

17 24 0 

I 

4-2 2 

13 34 

17 

20 5 


Inclination 


Needle 

GMT 

6 

^0 

1 

1 2 

k m 

12 21 

12 53 

O 

68 00 0 

67 59 7 

o i 

68 00 4 


MDCCCXC —A 


z 
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MB, A W RtJCKER AND DR T E 


THORPE ON A MAGNETIC? 


Horizontal Force 


GMT 

H 

H 0 

- 

h id 



T) 

14 28 

1 7804 

1 7797 

Y 

11 22 

17806 

_ 


, Q ^ nn/. t E T (61 83). Lat 53° 20' 20'; Long 

0 ^“T m 6» “A- ™ I 

„ H»4- 

Convalescent Home bearing b Ji by s> (mag ; j 

(mag.) 


r M~\ . . 7 . ... J i n 


1 S 

G M T 

_ - 

t 


h xn 

11 o 

13 53 

18 13 5 

18 12 7 

o / 

18 16 5 

h m 
-1 20 
+ 2 15 


Inclination 


Needle 

G M T 

0 

0.) 

- « - —^---- ' ' 

h m 

o i 

o i 

1 

12 59 

68 42 0 

68 42 7 

X 

2 

i 

13 28 

68 42 5 


Horizontal Force. 


[ GMT J 

H, 

[ —-—--- 

H 0 1 

D 

h m, 

12 5 

17381 1 

1 7370 

Y 

11 20 

17378 
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112 Malvern. AWE, (60, 74) 

(a) Colwall Green, May 22, 1886; Lat 52° 4' 0" , Long 2° 21' 40" About 
250 yards S of the bridge over the railway, m the space between two roads 
which bifurcate about 100 yaids away 

( h ) Gieat Malvern, May 21, 1886 , Lat 52° 6' 22", Long 2° 18' 10" At the 
west end of Barnard’s Green, about 20 yards S of the south side of a 
triangle formed by thiee loads , near a pond 

(c) Malvern Wells, May 22, 1886, Lat 52° 4" 49"; Long 2° 18' 30" In a 

field to the N of the Hanley Eoad from Malvern Wells ; and 1ST W of the 
cross-roads which are E of the Midland Station , about 10 yards from the 
road. 

(d) Mathon, May 22, 1886 ; Lat. 52° 6' 40" , Long 2° 22' 6" In a field to the 

S of the load to Mathon , a laige pond on the other side of the road, 250 
yards N.E. by N. , small church at West Malvern nearly due E. 

Declination 


Date 

! 

i 

2 

i 

1 

GMT 

r* 

c 

?n 


h m 

li m 

19 31 31 

o / 

May 21 Great Malvei u 

+ 1 33 

12 40 

19 33 0 

+ 4 11 

16 57 

19 28 0 / 

,, 22 Matlion 

+ 1 19 1 

12 45 

18 43 1 

18 46 5 

„ 22 Colwall Gieen 

+ 29 
+ 35 

14 37 

19 0 31 

19 01 / 

19 3 6 

,, 22 Malvern Wells 

+ 4 12 

16 32 

19 19 0 

19 22 4 


Inclination. 


Date 

Needle 

GMT 

e 

*0 

May 21 Great Malvern 

1 

h ro 

12 57 

6S 14 8 

o t 

68 14 2 


2 

16 34 

68 12 3 


Horizontal Force 


Date 

GMT 

H 

H 0 




h m 



May 21 Great Malvern 

D 


14 28 

1 7691 

17687 

V 


13 12 

1 7700 

, 22 Mathon 

V 


13 1 

1 7664 

1 7655 

„ 22 Colwall Green 

V 


14 53 

1 7636 

1 7b2 7 

,, 22 Malvern Wells 

V 


16 47 

1 7691 

1 1 7682 
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113. Manchester June 20 and 21, 1886*; T. E. T (61, 83). Lat. 53° 27'40"; 
Long. 2° 16' 54". Old Trafford On the lawn of the Royal Botanic Gaidens, 
near the Winter House Second series of Dip Observations, close to the lake, 
and about 100 yaids S.E. of the first station. 

Declination . 


Date 

2 

G MT 

t 

1 0 


h m 

h m 

0 

19 12 5 

19 1G 7 

June 20 

+ 2 25 

14 13 


Inclination, 


Date 

Needle 

G M T 

0 

°Q 

June 20 

1 

ll in 

13 3 

69 3 2 

o l 

09 3 9 


2 

12 13 

69 3 0 


Honzontal Force 


Date 

GMT 

H 

H 0 

June 21 
„ 20 
„ 21 

I 

D 

Y 

Y 

li m 

16 33 

13 51 

17 8 

1 7138 

1 7133 

1 7128 

1 7123 


114. Manton. April 21, 1888 ; T, E T. (61, 83). Lat. 52° 37' 32", Long 0° 41' 51". 
On the hill about 400 yards from the Railway Station. 

Declination . 


2 

GMT 

a. 

*0 

h m 

1 +3 16 

h. m 

15 13 

18 5‘2 

18 21 7 
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Inclination 


Needle 

GMT 

e 

d o 

1 

2 

li m 

17 1 

16 46 

68 18 8 

68 13 0 

o / 

68 171 


Horizontal Force,, 


GMT 

. 

H 

H 0 

D 

V 

h. m 

16 15 

15 84 

1 7711 

1 7714 

1 7661 


115. March. July 27, 1888, A. W. R (60, 74) Lat 52° 32' 0 /r ; Long 0° 4' 0"E. 
About a mile from Maicb Chuich, on the south side of the road which runs west 
towards Banow Moor 

Declination. 


2 

GMT 

c 

*0 

h m 
+ 3 10 

h. m 

15 36 

17 43 9 

18 2 8 


Inclination 


Needle 

GMT 

0 

O 

1 

2 

h m 

17 46 

18 14 

68 6 8 

68 6 0 

o t 

68 10 3 


Horizontal Force , 


GMT. 

H 

H 0 * 

D 

V 

h m 

16 36 

15 53 

1 7780 

1 7772 

1*7719 
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116. Melton Mowbray. T E T (61, 83). 

(a) April 22, 1888 , Lat 52° 44' 54", Long 0° 52' 46". In a field about a mile 

S (mag ) of the Midland Station 20 yards E of the Sandy Hoad. 

(b) April 30, 1888 ; Lat 52° 45' 47" , Long 0° 53' 20" In a field by the river, 

400 yards W of the Church Egerton Lodge bearing about N. 

Decimation 


Date 

2 

GMT 

a 

b 


li m 

h m 

o / 

o l 

Apul 22 

- 0 30 

11 2 

18 55 0 



- 0 12 

11 2 

18 54 3 

19 10 9 


- 0 5 

13 8 

18 53 7 


„ 30 

+ 5 22 

17 44 

18 47 5 

19 4 2 


Inclination. 


Date 

Needle 

GET 

0 

0q 



h m 

o 

\ 

0 

/ 

April 22 

1 

2 

13 43 

14 0 

68 

68 

29 0 

26 7 

68 

315 

„ 30 

1 

18 20 

68 

361 

68 

39 7 


2 

18 32 

68 

36 0 


Horizontal Force 


Date 

GMT 

H 

. 

H 0 

Apn.1 22 

„ 30 

D 

V 

Y 

y 

h m. 

12 26 

11 17 

12 55 

17 55 

1 76731 

1 7670 / 
1-76691 

1 7674/ 
17466 

1 7620 

1 7620 

1 7415 
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117. Milford Haven. July 29, 1887, A W. B, (60, 74) Lat 51° 42' 24"; 
Long. 4° 56' 47". In a field belonging to Mr Caron 100 yards S W by W. 
of the mam road which leads inland, and about 50 yards N W. of a short lane 
leading to Mr Caron’s house. Bairacks due S on the other side of the inlet; 
about -J- of a mile N N W of the quay 

Declination. 


2 


GMT 

C 

*0 

h 

- 1 

m 

13 

h m 

10 29 

19 56 5 

00 
- co 

• £ 

+1 

51 

13 58 

19 5G 8 

f 

1 


Inclination 


Needle 

GMT 

9 

% 

1 1 

li m 

11 46 

o 

68 

79 

O 1 

68 9 9 

2 

12 12 

68 

6 6 


Horizontal Force 


G MT 

H 

H 0 

D 

V 

i 

h m 

12 58 

13 41 

1 7844 

1 7843 

1 7808 


118. Newark April 27, 1888 , T E T. (61, 83) Lat 53° 4' 35" , Long. 0° 48' 43' 

In the middle of the Castle grounds 

Decimation 


S 

GMT 

r\ 

C 

^0 

h ru 

h m 

o / 

o 

J 

+ 1 29 

14 18 

18 29 5 

18 

46 2 







176 


MR A. W RtTCKER AND DR T. E THORPE ON A MAGNETIC 


Inclination. 


Needle 

GMT 

0 

0o 

1 

2 

h m 

12 8 

12 25 

68 30 5 

68 28 9 

O i 

68 33 4 

Honzontal Force 

GMT 

H 

H 0 

<j O 

h. m 

13 1 

14 0 

1 7505 

1 7525 

1 7464 


119 Newcastle September 17, 1886 , A W R (60, 74). Lat 54° 59' 25", 
Long 1° 39' 44". At the W end of the mooi, about 200 yaids fiom the road. 
First Station about 150 yards from a Colliery , second, about 200. 


Decimation 


2 

GM T 

S 

^0 

h m 
- 0 59 
+ 1 44 

h m 

11 37 

13 32 

19 25 6 

19 23 9 

o t 

19 30 3 

Inclination 

Needle 

GMT 

0 

0o 

1 

2 

li m 

13 10 

14 17 

69 48 0 

69 49 0 

° t 

69 49 5 


Horizontal Force, 


GMT 

H. 

H 0 * 

Y 

11 m. 

12 22 

1 6681 

16665 
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120 Northampton. October 7, 1887 , T E T (61, 83) Lat 52° 13' 1' , 

Long 0° 53' 52" In a field on the W side of the High Hoad, and nearly 
opposite Queen Eleanor’s Cross, distant about 30 yards 


Declination 


2 

GMT 

C 

C Q 

h m 

b m 

o / | 

» 

- 1 48 

10 27 

18 29 7 

18 41 7 

I 

l i 

J 

+ 1 25 

13 37 

1 18 30 5 

I 


Inclination 


Needle 

GMT 

6 

*0 


b HL 

O J 

o / 

1 

12 15 

68 6 3 

68 9 4 

2 

12 47 

i 

6S 7 2 

i 


Horizontal Force 


GMT 

H 

Ho 



li m 



D 


11 22 

1 7708 

1 7671 

Y 


10 46 

1 7713 

Y 


13 51 

1 7701 

1 7705 

1 7664 


121. Nottingham April 28, 1888, T E T (61,83) Lat 52° 57' 0", Long 1° 9' 20' 
To the W. of Tunnel Hoad, due W of the Castle, towards the Bowling Gieen 

Declination. 


2 

GMT 

£ 

So 

h. m 
- 0 28 
+ 3 20 

bu m 

9 35 

15 9 

18 27 1 

18 29 4 

O i 

18 44 9 


2 A 


MDCCCXC.—A, 
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Inclination 


"Needle 

GMT 

0 

o 0 

1 

2 

h m 

15 52 

16 9 

68 33 7 

68 34 1 

o / 

68 37 6 


Horizontal Force 


GMT 

IT 

TT 

JJ-0 

D 

V 

Y 

li m 

11 0 

9 54 

10 24 

1 7520 

1 7524 

1 7515 

1 7524 

1 7471 

1 7468 


122 OxiTOKb May 5 and 6, 1886, A W to (60,74) Lat. 51 45 34 ; Long*. 1 15 C 
In the Paiks, near the Physical Laboratory Ventilating flue m the middle of the 
Physical Lecture Boom bears magnetic 8. , Cncket Pavilion E by N. , 29 paces 
W from Plantation 

Decimation 


Date 

2 

GMT 

r 

h) 

May 5 
„ 6 

h m 
+ 5 15 
-1 15 

b m 

17 51 

11 5 

18 29 0 

18 32 2 

o / 

18 33 7 

Inclination. 


Date 

Needle 

! 

GMT 

. 

0 Q 

May 6 

1 

l 2 

h m 

14 24 

14 55 

67 57 1 

67 56 8 

o / 

67 57 5 

Horizontal Force 

Date 

GMT. 

H. 

H 0 

May 6 

1 

D 

Y 

h m 

12 18 

11 34 

1 7900 

1 7894 

1 7890 
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123 Peterborough May 21, 1886, T E T (61, 83) Lat 52° 34' 16", 
Long 0° 15' 57". In themeadows to the W of G N Railway Station,and about 
three quaiters of a mile fiom it, 200 yaids jST of the Rivei Nen, and 50 yaids S 
of the Thoipe Road 

Declination 


2 

GMT 

C 

*0 

h m 

h m 

/ 

o / 

+ 1 23 

12 30 

18 18 6 

18 21 9 

+ 4 10 

15 40 

18 18 5 


Inclination 


Needle 

GMT 

0 

0Q 


h m 

n / 

O 4 

1 

14 50 

68 14 3 

6S 14 8 

2 

15 18 

68 141 


Hoi izontcil Foice 


GM T 

H 

H 0 

| h m 

D i 13 IG 

V 1 12 52 

1 

1 

1 7692 

1 7708 

1 7692 


124 Plymouth April 7, 1887, T E T (61, 83) Lat 50° 21' 59", Long 4° S'35". 
On the West Hoe, S of the Liake Monument W end of Breakwatei 40° W. 
of S , E end of Bieakwater, 10° W of S Old Edd'v stone Tower, 42° E of S . 
70 yaids away Grand Hotel, 55° W of N 


Decimation 


2 

GMT 

O 

s o 

ll 1U 

- 1 33 

h m 

11 13 | 

14 25 

i 

i 1 

19 23 6 

| 19 23 8 

1 

o / 

19 816 


2 A 2 
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3 80 


Inclination. 


Needle 

GMT 

e 

d 0 

T 

A 

2 

h. in 

13 27 

13 56 

67 12 9 

67 121 

o / 

67 14 7 


Honzontcd Force 


GMT 

H 

Ho 

D 

y 

h m 

12 5 

11 39 

1 8343 j 

1 8331 

18309 


125 Port Erin (Isle of Man) August 8, 1887 , T E T (61, 83) Lat 54° 5' 4 
Long 4° 46 ; 7" On tlie S side of the Haibour near the Breakwater. 

Decimation 


2 

GMT 

rs 

0 

s o 

h 

m 

h m 

o 

40'3 

o ; 

- 1 

5 

11 46 

20 

20 55 4 

+ 2 

37 

13 47 

20 

44 2 


Inclination 


Needle 

GMT 

0 

*0 

1 

2 

h m 

14 26 

14 45 

69 462 

69 45 7 

o i 

69 481 


Horizontal Force 


GMT 

H 

H 0 

1 

h m 



D 

15 36 

1 6714 


y 

12 38 

16712 

1 6b78 
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126 Preston. August 24, 1886 , AWE (60, 74) Lat 53“ 42' 46"; Long 
2° 43' 18" On Farrington Mooi, about 2 miles S W of the town, and 200 yaids 
from a railway crossing. Close to cioss-roads mnmng N. and S and E and W 
Spire of St James’ Layland, S. by W , -J W Farrington Factory, E S E 

Decimation. 


V 

GMT 

C 

*0 

ll 

m 

h m 

O 1 

o / 

+1 

45 

14 25 

19 49 7 

19 52 3 

4- 4* 

48 

17 24 

19 43 2 


Inclination 


Needle 

GMT 

0 

0o 

1 

li m 

16 29 

G ' 

69 13 7 

69 14 7 


Horizontal Force 


GMT 

H 

H 0 

D 

V 

ll 1H 

15 30 

14 48 

1 7070 

1 7064 

1 7053 


127 Purfl ee t April 14, 1888 ; A W E (60, 74) Lat. 51 29 7 , Long 
0° 14' 58 7/ E. Near a footpath which leads to the woods behind the village 

Declination 


2 

GMT 


°0 

Jl m 

li. m 

G 1 

o * 

+ 1 32 

15 30 

17 38 9 

17 54 5 

+ 4 44 

16 55 

17 37 4 
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Inclination. 


Needle 

GM T 

0 

0<j 

1 

li m 

14 40 

6°7 27 2 

O i 

67 .30 9 

2 

15 0 

57 27 8 1 


Honzontal Force 


GMT 

H 

H () 

D 

Y 

li m 

16 21 

15 48 

1 81 78 

1 8190 

1 8134 


128 .Pwllheli May 15, 1886 , AWE (60, 74) Lat 52° 52' 55", Long 4°24'35" 
On the beach to the S of the town and haibour About 100 yards E of the 
road -which leads to the beach. The first decimation was taken on the shore of 
the harbour about 100 yaids off 


Decimation. 


2 

GMT 

8 

So 

h m 
- 1 46 

+ 2 9 

h m 

11 0 

14 6 

20 40 3 

20 36 9 

O / 

20 419 


Inclination 


Needle 

GMT 

9 

^0 

1 

2 

h. m 

12 15 

12 48 

i 

68 49 7 

68 51 0 

Q / 

68 50 9 


Horizontal Fume 


GI.F 

H 

H 0 

1 

! v 

! 

1 

h m 

13 54 

j 1 7415 
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129 Ramsey (Isle of Man) August 3, 1887 , T E T (61, 83) Lat. 54° 19' 22", 
Long 4° 22 48" On the N shore of the harbour and about 60 yards WSW 
of the end of the pier Ramsey Church bearing due S , end of North pier 
bearing E S E. 

Declination 


2 

GMT 

r\ 

c 

«o 

k m 
-1 31 
+ 1 52 

k ra 

11 19 

13 54 

20 40 9 

20 42 8 

0 / 

20 54 9 


Inclination 


Needle 

GMT 

0 

^0 

1 

2 

k m 

12 22 

12 44 

69 54 0 

69 51 6 

0 J 

69 55 0 


Horizontal Force 


GMT 

H 

H 0 

D 

V 

k m 

14 47 

11 40 

1 6653 

1 6651 

1 6617 

1 


130. Ranmore May 21, 1888 , T E T. (61, 83). Lat 51° 14' 38", Long 
0° 21' 36" On Ranmore Common, half-way between the Post Office and the 
Church, and 20 yards N. of the road. 

Decimation 


2 

GMT 

£ 

*0 

k m 

- 0 57 
+ 1 18 

h m 

11 20 

13 6 

o - 

17 53 1 

17 49 9 

O l 

18 8 9 


Inclination. 


Needle 

. 

GMT 

e 


1 

2 

h m. 

9 10 

10 27 

67 16 7 

67 161 

o l 

67 20 0 
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Horizontal Force 


GMT 

H 

. 

H 0 



h m 



D 


12 11 

1 8810 

1 8261 

y 


11 36 

1 S318 


3 31 Beading. T E T (61,74). 

(a) April 20, 1886 Lat 51° 27' 57"; Long 0° 58'46". On the river-bank 
opposite Caversham Church. 

(b) May 30, 1888 Lat 51° 27' 56", Long 0° 58' 50". Close to the formei 

station 


Decimation 


Date 

2 

GMT 

IN 

0 

^0 

April 20,1886 

j 

h m 
- 1 21 

b m 

11 14 

18 13 6 

O l 

4- 2 24 

14 1 

18 12 7 

18 li> 2 

May 30, 1888 ' 

+ 4 12 
+ 14 

12 1 

17 53 9 

18 116 


Inclination 


] 

Date 

Needle 

i- 

GMT. 

0 

*0 

April 20 

1 

b m 

15 47 

67 41 6 

o / 


2 

16 45 

67 38 9 

67 40 7 


Horizontal Force. 


Date 

GI.T 

H 

H 0 

April 20 

D 


h m 

12 40 

18112 

18110 

May 30 

Y 


13 27 

1 8121 

y 


12 15 

18194 

18141 




i 











SURVEY OE THE BRITISH ISLES EOR THE EPOCH JANUARY 1, 1886 185 


132 Bedcak Septembei 18, 1886 , A W B (60, 74) 

(a) Lat 54° 34' 33"; Long 1° 0' 22" In a field on tlie spur of the lulls 

due S of Marske Church, and about tkiee-quaiters of a mile from it, 
about 20 yards E of the road which runs inland from Marske 

(b) Lat 54° 35' 46" Long 1° 1' 15" In a straight line between Marske 

Chuick and the Sea About 250 yaids from the Church. 


Declination 


2 

GMT 

L 


h m 

h m 

19 2 0 

c / 

+ 1 21 

11 22 

19 5 6 

+ 3 45 

15 11 

18 58 0 


Inclination. 


Needle 

GMT 

9 

*0 

1 

li in 

14 2 

69 30 5 

69 31 5 


Horizontal Force 


GMT 

H 

H 0 

D 

h m 

12 15 

1 6865 

1*6847 

Y 

11 42 

1 6861 


133. Hyde April 28, 1886, T E T. (61, 74) Lat 50° 43' 13", Long 1° 10' 44". 
In a field W of Pellshurst, near Byde Parish Church bore E by N , Mr. 
Hunter’s house W.N.W About 40 yards N of the road 

Decimation 


2 

GMT 

f*i 

C 

^0 

h m 

-1 29 i 
+ 26 

h. m 

11 4 

13 50 

o / 

18 11 

17 57 8 

o / 

18 16 


2 b 


MDCCCXC —A 
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Inclination 


Needle 

GMT 

e 

0n 

- - 

h za 

o / 

o 1 

1 

12 24 

67 6 1 

67 7 8 

2 

■ 

12 58 

67 8 5 


Horizontal Force. 



GMT 

H 

H 0 

D 


h m 

14 39 

18398 

18391 

V 


11 22 

1 8399 


134 St Cykes April 26, 1886, T. E T. (61, 74) Lat. 50° 46' 30", Long 
3° 35' 26" In the middle of a field to the S. of the S W Railway,^ .ear the 
road, and N. of the river Avon. 

Declination. 


2 

GMT 

a 

S 0 

li m 

+ 2 43 

h m 

13 25 

19 26 4 

19 28 6 


Inclination. 


Needle 

GMT 

0 

0o 

1 

2 

h m 

14 27 

14 6 

67 26 4 

67 251 

0 i 

67 26 2 


Horizontal Force 


GMT 

H 

H 0 

D 

Y 


1 8269 

1 8266 

18260 
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135 St. Leonards. August 9, 1886, A W R (60, 74) Lat 50° 50' 56", 
Long 0° SI 7 5" E On the Common N of the road thiee-quarteis of a mile 
W of Bo Peep Station About 100 yards N W of Coastguard Station. 

Decimation 


2 

GMT 

£ 

*0 

+ 2 41 
+ 5 35 

h. m 

15 13 

17 214 

17 19 0 

o / 

17 24 8 


Inclination 


Needle 

GMT 

e 


1 

2 

li m 

17 21 

17 58 

66 59 1 

66 56 7 

■ 

o J 

66 58 9 


Horizontal Force 


GMT 

H 

H 0 



li 

m 



D 


16 

17 

1 8452 

18437 

' 

V 


15 

37 

i 

18449 

1 


136 Salisbury April 27, 1886, T E T. (61, 74), Lat 51° 5' 3"; Long 

1° 48' 6" To the N of the town, and S of Old Sarurn, m a field E of the 
Avon , 60 yards fiom the Old Castle oi Stratfoid Road. 


Declination 


2 

GMT 

£ 

h 

h m 

h m 

o * 

a i 

- 1 3 

10 46 

18 2> 5 

1 18 23 9 

+ 1 59 

i 

l . _ 

13 46 

18 21 0 

i 


2 B 2 
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MB. A W. RtJCKER AND DUE THORPE ON A MAGNETIC 


Inclination 


ITeedle 

GMT 

e 

^0 

1 

2 

11 Ill 

12 38 

13 15 

67 25 9 

67 24 4 

o i 

67 25 6 


Horizontal Force 


GMT 

H 


D 

V 

- 7 - 

li m 

14 35 

11 34 

1 8253 

1 8246 

18242 


137 Scarborough September 2t, 1886, AWE, (60, 74), Lat 54 15 55 , 
Long 0° 23' 24" In a field neai the edge of the cliff on the south side of 
the town About 200 yards fiom the residence of Aldeison Smith, Esq 


Decimation 


2 

GMT 

C 

"o 

h in 

+ 2 57 

k m 

13 17 

18 434 

18 483 


Inclination. 


Needle 

GMT 

_ 

0 

*0 


h m 

a i 

O * 

1 

16 31 

69 14 3 

69 15 6 

2 

17 9 

69 15 2 


Horizontal Force. 


GMT- 

H ‘ 

H 0 

D 

v 

11 m 

12 38 

14 19 

_ 

1 7032 

1 7035 

1 7017 
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138 Shrewsbury May 8, 1886, A W. R (60, 74) Lat 52° 42' 11", Long 
2° 45" 36". In the School Grounds, about 100 yards S W. by W. of the new 
buildings. On grass W of road and E of the Cricket Ground. 

Decimation 


2 

GMT 

5 

'S 

c 0 

li m 

h m 

O i 

o / 

- 1 26 

11 7 

19 38 1 

1 

19 412 


Inclination 


Needle 

GMT 

... 

0 


1 

h m ] 

12 40 

i 

68 35 9 

! o i 

68 36 4 

i 


Horizontal Forte 


GM T 

H 

H 0 

h m 

V 1 11 27 

V j 11 53 

1 7352 

1 7349 

1 7344 

1 7341 


139 Southend May 24, 1887, T. E T (61,83) Lat 51° 32'49", Long 0° 43' 11" 
E In a held, about 20 yaids fiom the point where the Sutton Load bends at 
light angles towaids Pnttlewell, half a mile N of Southend Station, and about 
half a mile E of Pnttlewell Church 


Decimation 


2 

GMT 

rv 

c 

r o 

h m 

h m 

o i 

t 

o 

+ 2 32 

14 3 

17 34 0 

17 44 4 
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Af RtTCKER AND DR T E 


THORPE ON A MAGNETIC 


Inclination. 


Needle 

GMT 

-■- 

9 

#0 

1 

2 

h m. 

15 12 

14 56 

— 

o / 

67 28 9 

67 28 5 

o ' 

67 30 8 

_. 


Horizontal Foi ce. 


GMT 

H 

“ 

J li m 

D IS 12 

Y 13 46 

18135 

18152 

1 8112 


» 1 iorq . T E T (61, 83). Lat 52° 47' 5"; Long 

140 Spalding. Apnl 26, 1888 , 1 -&• 1 \? L >° ' 

Spvm+.v vards "W. of the chinch. 


Decimation. 


1 2 

GMT 

£ 

—- 

5 o | 

1---- 

h. m 
-1 5 

h m 

11 10 5 

17 34 9 

17 51 6 

l 


Inclination. 


Needle 

GMT 1 

!_ i _ 



h. m 

1 O < 

O * 

1 

12 36 

1 68 19 9 

68 23 1 

2 

12 50 

I 

68 19 4 

i 


Horizontal Force 


GMT 

H 

H 0 


h. m 



D 

12 0 

175761 

1 7512 

V 

11 25 

17541J 


1 Y 

11 25 

17487 

I 

1 7436 


0° 8' 48". 
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141 Stoke-on-Trent September 13, 1887, AWE (60, 74) Lat 52° 57' 47", 
Long 2° 12' 20" In Trentham Park, about 350 yaids S W of the house. 

Decimation 


2 

j GMT 

£ 

j *0 

h m 

+ 2 29 

h m 

11 22 

14 14 

i 

! 19 118 

! 19 10 0 

1 

1 

> O * 

\ 19 22 7 

1 

1 

1 


Inclination 


Needle 

GMT 

. . 

^ | ! 

! ] 

. 

1 

2 

h. m 

13 33 j 

13 58 

RMS ! 68 438 

1 


Horizontal Force 


i ! 


GMT 

H 

H 0 


1 h in 



D 

! 1*2 35 

J 

i 

17443 

1 7439 

1 7404 

V 

1 11 37 

1 7435 | 

1 7398 

V 

11 55 

1 

| 1 7436 ; 

1 


142. Sutton Bridge July 31, 1888 , AWE (60, 74). Lat 52° 45' 40", 
Long 0°11' 50'E In a field on the E. bank of the Eiver, about a quarter ot 
a mile from the Railway 

Declination. 


2 

GMT 

8 

S 0 

k m 

+ 1 39 
+ 5 34 

h m 1 o > 

14 8 17 36 2 

17 24 , 17 34 3 

1 

o f 

17 541 

i 

i 






a F 
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HR A W RtTCKER AND DR T E THORPE OH A MAGNETIC 


Inclination 


Needle 

GMT 

e 

^0 

1 

2 

. 

h m 

15 30 

15 54 

68 18 2 : 
68 16 8 

o i 

68 21 1 


Horizontal Force. 


GMT 

IT 

H 0 

h m 

Y i 14 29 

1 

1 7677 

i 

1 7620 


143. Swansea. May 28,1886; A W. H. (60, 74) Lat 51° 36 50', 
Cwmdonkm Paik, one and a half mile N of the town 
W. of the Beservon 

Declination 


2 

GMT 

8 

*0 

li m 

h m 

O 1 

o / 

-1 4 

11 39 

19 43 2 

iq 

+ 2 22 

13 15 

19 410 



Inclination. 


Needle 

GMT 

e 

^0 

1 

2 

h m 

16 22 

16 59 

67 59 5 

67 58 6 

o ; 

67 59 7 


Horizontal Force 


G M.T 

H 

H 0 

i h m 

D 14 0 

Y 12 26 

Y 1 13 0 

1 

1 79391 
17943/ 
179391 

1 7941 / 

1 7932 

1 7931 


Long 3° 58' 57". 
and 150 yards 
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144 Swindon April 21,1886 , T E T (61,74) Lat 51° 34' 12", Long 1°46'54" 
In a field 1ST 1ST E (mag ) of railway station, about a quaiter of a mile from laihvay 
line, and near a farm 

Indirection 


Needle 


GMT 

h m 

10 44 

11 IS 


6 


67 49 8 
67 521 


67 51 4 


Horizontal Foice 


G M T H 


f h m 

D j 12 5 I 1 7934 

V < n 48 i 1 7941 



j 

I 


1 79 J<> 


145 Taunton Apul 23, ISSb , T E T (61, 74) Lat 51° 0' 52" , Long 3° 5'32" 
In a field to the S E. of the town , King’s College, about quarter of a mile away, 
bearing S W. by W. (mag ) Timity Church a quartei of a mile away, N N W 
(mag ) 


Decimation 


j 2 1 

GMT ] 

C 

*0 

! -1 35 1 

-j-1 30 

li. m 

12 32 ! 

J / 

19 8 8 

19 8 3 

19 10 7 


Inch nation 


i 

Needle 

GM T 

! o 

| 

1 1 
1 I 

1 

2 

li m 

10 34 

11 11 

1 

i 

j 67 32 0 

67 32 5 

j o , 

! 67 32 7 

f 

i 


MDCCCXC.—A 2 C 
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MU A W RUCKER AND DR 


T E THORPE ON A MAGNETIC 


Horizontal Force 


GMT 

I 

H 

H 0 

— 

li m 

1 81511 
18156/ 


D 

13 15 

18146 

Y 

11 50 

1 81691 

1 8162 

Y 

12 7 

1 8170 / 



146 


Theteord September 20, 1837 , A W B (60, 74) Lat 52“ 23' 57" 
Long 0° 43' 12' 7 E In tlie Hundiecl-aoie Field, on the estate ol the Maharaja 

Duleep Smgh 


J Decimation 


2 

GMT 

r*. 

0 

% 

li m 

li m 

17 29 8 

17 28 8 

o 1 

+ 3 32 
+ 3 48 

13 44 

17 41 2 


Inclination 


Needle 

GMT 

6 

1 

On 

1 

2 

li m 

16 5 

16 31 

6°7 58 9 

67 58 7 

1 ° ^ 

j b8 14 


Horizontal Face. 



i 

GMT j 

H. 1 

Ho 

D 


h m. 

14 43 

| 1 7831 ! 

1 7791 

Y 


13 55 

| 17828 
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147 Thie.sk September 20, 1886 ; A W R (60, 74) Lat 54° 14' 35", Long 
1° 20' 38" In the Kilvmgton fields, about half a mile N of the Chmch About 
50 yaids W S W of the high road to York, and between it and the stream 


Decimation 


2 

GMT 

1 

fs. 

r '■o 

i 

h ru 

1 - 1 11 

| + 2 21 

h m 

11 lb 

15 14 

fa 6 | j 9 01 ' 7 

19 131 , ld " l 


Inclination 


Heedle 

! GMT 

i 

j 

0 

* | 

1 

E m. 

13 51 

69 27 6 

C j 

69 28 3 

2 

14 44 

\ 

! 

69 26 8 


Hoi izontcil Foi te 


GMT 

H 

i 

H 0 j 


h m 



D 

12 42 

1 6930 


V 

11 35 

1 6926 

1 6926 ! 

1 6912 

V 

i 

12 1 

1 6932 j 

1 


148 Tilney August 1, 1888 , A. W. R Lat 52° 42' 10", Long. 0° 17' 11" E 
In a field behind a farm house on the main road from Wisbech, and about half 
way between Tilney Buck and the point where the road crosses the Five-Mile 
Drain. 


Declination 


I 

i 

1 ^ < 

! 2 1 

! 1 

i _ . ! 

GMT 

0 ! 

dt 

j & m ] 

h ra. 

17 39'2 

17 58 1 

: + i 27 

i 

i 

12 10 


1 c 2 
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jffi A W KtrOKER AND DR T H THORPE ON A MAGNETIC 


Inclination 


Needle 

CtIT 

e 

*0 

I-, 

1 

h m 

13 57 

68 17 1 

00 


Horizontal Force 


G1SIT 

H 

H (1 

! 

D | 

h m 

11 20 

1 7707 

1 7655 

Y 

12 1 

1 7717 

L —■ 


a , , „ 91 -r -.007 T E T (61,83) Lat 51° 7' 36", 

'" L T”“»rT 0»t‘c—2.0 

Long 0 IS 0]T of w / ma o) St Peter’s Chuich bearing 95 E. of 

Trinity Church bearing 45 it ot il (mag ; 

N. (mag). St Mark’s Chuich bearing 35 W. of S. (mag) 


nr\ 7_^ a 


Y 

GMT ' 

C 

*0 

17 29 1 

17 29 3 

o / 

17 413 

h m 
- 1 49 
+ 1 39 

li in 

10 31 

13 52 


Inclination. 


Needle, 

GMT 

6 

^0 


h m 

O / 

o * 

; 1 

, 12 9 

67 7 8 

07 10 8 j 

2 

1 * 

| 12 32 

l 

67 8 3 


Horizontal Force. 


GMT. 

1 

H. 

Ho 

-- 

1 l m 



| D | 

11 34 

183401 

1 8299 



18335 J 


Y 

10 54 

183331 

18296 

Y 

i —— 

14 7 

18335 J 
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150 W allinGtFOHd May 29, 1888, T E T (61, 83) Lat 51° 36'3", Long 1° 7'21" 
Below Wallingford Bridge, 70 yards away, on the left bank, opposite the Chinch 

Decimation 


V 

1 

GMT 

i 

i ‘ 

1 C ° 

1 l 

h m 

+ 0 49 

1 h m 

! 13 18 

i 

1 

i 

i * 39 

,. " 1 1 

! 18 216 

| 


Inch nation 


Needle | 

G.MT 

0 


1 

2 

h m 

14 48 

15 1 

! 67 449 1 

67 44 2 I 

o i 

67 48 4 


Horizontal Force 


GMT 

1 

I .. 

i 

H 

i 

Ho , 

1 

D 

V 

b m 

14 7 

13 31 

18040 

18039 

I 

1 7986 '1 

1 


151. Weymouth April 6, 1887, T. E. T (61, 83) Lat 50° 36' 16", Long 2° 26' 52 // . 
On the S side of the Nothe, close to the shoie. End of Portland Breakwater, 
28° E of S (mag.). Bmcleaves House, 60° W of S. (mag) Coastguaid 
Station on Nothe, 55° W. of N (mag ) 

Declination 



f 

GMT j 

; 

£ ! t 

c i 

1 

\ . 

b, m 
-1 26 

4 2 4 1 

f 

h m 1 

11 17 

14 3 

| 1 

18 37 3 

IS 38 6 

o i 

IS ‘46 7 

i 

Inclination 

Needle. 

GMT 

1 

e ! Gq i 

! 

1 

2 

h m 

13 25 

13 46 

67 103 

67 8 9 

1 ° ' i 

j 67 117 | 
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MR A W RUCKER AND DR T E THORPE ON A MAGNETIC 

Horizontal Force 


GMT 

H 

* 

D 

y 

h m 

12 24 

11 48 

1 8357 

1 8358 


H 0 


1 8329 


152 Wheelock. February 18,1887, T E T. (83) Lat 53° 7 50 , Long 2 22 30 

In the field behind Wettenhall Cottage 


Inclination 


Needle 

GMT 

e 


1 

2 

li m 

13 37 

14 42 

68 4b 8 

68 47 9 

o ' 

68 49 0 


153. Whitehaven August 27, 1886; A W It (60, 74) Lat 54° 32" 37 v , 
Long 3° 34' 20". In Midgey Mount, S E of the Castle, and m the grounds 
About 300 yards from Cukickle Gate 


Decimation. 


! 

2 

GMT 

r\ 

c 

*0 

h m 
- 1 40 
+ 2 22 

I. m 

11 2 

14 21 

20 35 5 

20 36 6 

O 1 

20 41 6 

Inclination 

Needle 

GMT 

e 

. 

* 

1 

2 

h, m 

13 19 

13 52 

o 

69 45 8 

69 47 7 

o l 

69 47 6 

Horizontal Foice 

GMT. 

H 

H 0 

I) 

Y 

! U. m 

12 14 

11 23 

1 6740 

1 6743 

1*6727 
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154 Windsor May 31, 1888, T E T (61, 83) Lat. 51° 29' 22", Long 
0° 37 ' 25" To the W of the town, near the point where the river makes a bend 
towards the Railway Bridge 


Decimation 


2 

OUT 

* 


h m 
+ 3 47 

k Ml 

16 10 

o , 

18 12 2 

1— * 

00° 

t<i 

tO 

Inclination 

Needle 

GMT 

6 

1 

^0 ] 

1 

b m 

17 20 

17 30 

o / 

67 35 5 

67 34 3 

c l 

67 38 8 i 


Horizontal Fo/te 


T) 

V 


GMT ! H | H 0 


h m 1 

16 48 1 8132 

1*3 22 1 bl42 


1 80b4 


[ 

l 


155 Wisbech July 31 1888, A W R (60, 74) Lat 52° 40' 30", Long. 
0° 8' 20" F In a held belonging to Mi Sharp to the S ot the Levermgton 
Road About 50 yaids E of an octagonal pigeon house 

Decimation 


h m 


GMT 

h to 

o 57 



IS 5 6 


Inclination. 


i 

1 Needle 

GMT 


e 

| 

! h m 

o 

i 

, i 

1 1 

17 53 

68 

17 2 

1 

i 18 12 

bS 

13 7 


0 n 


O I 

68 19 0 


i 

t 




TOO 


HE A W RtTCKEE AND DR T E THORPE OH A MAGNETIC 


Horizontal Force 


GMT 

H 

H 0 

: j 

i 

h m 

16 47 

16 1 

1 7707 

1 7713 

1 7653 


156 Worthing September 29, 1887 , T. E T (61, 83) Lat 50 48 35 , Long 
0° 23" 22" In a field adjoining a new road W of West Worthing, about 300 
yaids from, the beach and tin ee-qnartei s of a mile fiom the Pier , about half¬ 
way between the railway line and the beach Tarring Chuich 10 E of N 
(mag ) S Botolph’s (W Woithing) 55° E of N (mag ) 

Declination 


v | 

1 

GMT 

■ 

? 

h) 

li. m 

h m 

o f 

o / 

-1 10 

4-2 56 

11 6 

14 12 

1 

1 

17 46 2 

17 47 6 

I 

17 59 0 


Inch nation 


Needle 

GMT 

e 

i 

t 

0o 


h m 

1 0 ' 

0 / 

1 

i 12 4t> 

i 67 4 3 

67 b 4 

-) 

1 13 12 

1 

1 

b7 2 9 


Horizontal Force 



V 

V 


11 20 
14 25 


184431 
1 8439 J 
1 84451 
1 8433/ 
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Descriptions op Irish Stations 

157 Armagh Observatory August 15, 1887 ^ T E T (61, 83) Lat. 54° 21" 10", 
Long 6° 38' 53" In a field belonging to tbe Obseivatoiy about 100 yaids S of 
the house, and close to tbe position on v Inch Lloyd and Loss had made 
observations. 

Declination 


2 

GMT 

C 

9) 

h m 

+ 1 14 
+ 3 15 

h m 

14 13 

16 1 

22 3 8 

22 2 5 

O / 

22 16 5 

Inclination 

Needle 

GMT 

0 

. 

j 

1 

1 

1 

2 

b m 

15 9 

15 29 

G Q 55 3 

69 55 2 

3 ' 1 

69 57 6 1 

1 

i 

Horizontal Force 

1 

i GMT 

j 

H 

H 0 | 

D 

V 

b m 

16 40 

14 26 

1 6659 
16656 

j 

J 

1 6625 

! 


158 AthlOne T E T (61, 83) 

(a) May 8, 1887 Lat 53° 26' 8" , Long. 7° 57' 22" On the N. bank of the 

Shannon and about 50 yards fiorn the river’s edge About 1 mile from 
the town 

(b) May 9, 1887. In the middle of the kitchen garden, 150 yards behind 
the Prince of Wales’ Hotel, and near the Protestant Church 

Decimation 


Date 

1 

2 

GMT 

* ! 

i 3 

c 0 

! 

May 8 

h. m 
+ 1 41 

h m 

12 39 

i 

22 16 5 

° 

j 22 26 7 

„ 9 

- 3 44 

9 9 

22 16 8 


MDCCCXC.—A. 


2 D 
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MR A W. RtJCKER 


AND DR T E THORPE ON A MAGNETIC 


Inclination 


» Date 

Needle 

GMT 

0 

So 

May 8 

1 

2 

li m 

13 25 

13 55 

69 38 5 

69 37 6 

0 / 

69 40 0 


Horizontal Force 


Date 

GMT 

H 

H 0 

May 8 

1 h. m 

D ! 15 18 

Y | 12 14 

16874 

16885 

1 6852 


159 Bagstalstown September 8, 1887 ; A. W. R (60, 74) Lat 52 41 37 , 
Long. 6° 57' 36" In a field to the W of the Ennisc orthy-road, about a quarter 
of a mil e from the point where it crosses the railway 


Decimation 


2. 

GMT 

S 


h m 

h 

m 

o / 

o 

/ 

— 3 27 

9 

9 

21 43 3 

21 

55 0 


Inclination, 


Needle 

GMT 

0 


1 

h m 

9 47 

69 2 2 

69 51 


Horizontal Force. 


G.M T. 

H. 

H 0 

v 

4 m 

9 20 * 

17242 

17208 
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160 Ballina September 2, 1887 , A W. Pc (60, 74). Lat 54° 7 ’ 3 0", Long 
9° 9' 0" About 400 yards S of Belleck Castle. In a field on tbe west side of 
tlie road which runs noith from the town, about a quarter of a mile from the 
river. 


Decimation . 


2 

GMT 

<3 

*0 

h m 
-2 1 

la m 

11 b 

23 15 3 

2°3 26 9 


Inclination 


Needle. 

GMT. 

e 


1 

2 

1 

la. aaa 

13 20 

13 42 

' 

70 22 8 i 

70 23 8 

> 

o ; 

70 25 8 


Hoi izontal Force. 


i 

i GMT ! H 

' 

Ho 

D 

V 

la m 

12 3 

11 23 

1 6356 
16357 

1 6323 

! 


161 Ballywilliam. September 8, 1887; AWE (60, 74) Lat 52° 26' 37"; 
Long 6° 52' 0" In a field W of the road, nearly S. of the station, and about 
one-thud of a mile from it 


Decimation 


2 

G.MT 

O Cq 

& m. 

-0 49 

li m 

11 56 

: 21 25 6 1 21 37 3 


2 J> 2 
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MB A W BtfCKEB, AND DB T E THOBPE ON A MAGNETIC 


Inclination 


Needle 

GMT 

e 

0 o 

1 

li m 

13 49 

69 2 7 

69 5 6 


Horizontal Force 


GMT 

H 

H 0 

D 

h m 

13 7 

1 7247 

1 7223 

Y 

12 13 

1 7268 

1 7255 

1 7222 

Y 

12 29 

1 7258 

1 


162 


Bangor 

5° 


August 18, 1887, T E T. (61, 83), Lat 54° 39' 57'; 
39' 50". Station 200 yards E (mag ) from the Harbour. 


Decimation 


•M* 

GMT 

£ 

r> 

c 0 

h m 

- 1 27 
+ 25 

1 

li m 

11 39 

13 53 

21 ao'e 

21 315 

0 / 

21 44 4 

i_--—----- 

Inclination 

i i 

! 

| Needle 

GMT 

0 

^0 

l -- 

I i 

! 2 

i 

h m 

12 48 

13 15 

69 59 7 

69 58 1 

o / 

70 1 3 

Horizontal Force 

G M T 

H 

H 0 

■ D 

Y 

Y 

li m 

15 7 

11 53 

14 10 

1 6636 

1 6633 

1 6624 

1 6632 

1 6601 

1 6595 


Long. 
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163 Bantry August 9, 1887, A. W B (30, 74), Lat, 51° 40' 25", Long 
9° 28' 53" In a field opposite to Ivy Cottage, about a mile and a quarter 
W. of the town 

Declination 


2 

GUT 

C 


h m 
+ 2 35 
+ 5 50 

i 

h. m 

15 53 

18 13 

22 29 7 

22 27 8 

o * 

22 40 3 


Intimation 


Needle 

GMT 

e 

^0 

1 

2 

h m 

17 9 

17 41 

68 43 1 

6S 42 8 

• 

o / 

68 46 0 


Horizontal Force. 


GMT 

H 

Ho 

D 

h m 

18 59 

1 7561 

1 7529 

! 

Y 

16 10 

1 7561 


164. Carrick-on-Shaktnon May 12, 1887 , T E T. (61, 83) Lat 53° 56' 36" ; 
Long 8° 5' 46" To tlie N of the Shannon Bridge, about 70 yaids ftom the 
road, and close to the Quay-side , nearly opposite the door of the Boyal lush 
Constabulary Office 

Declination 


s 

GMT 


' ' < 

| 

h m 
-2 49 
-1 24 

h m 

10 20 

: 

22 52 7 

22 53 1 

o # 

23 31 
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MR. A. W. RUCKER AND 


DR. T. E THORPE ON A MAGNETIC 


Inclination. 


Needle 

GMT 

e 

0o 

1 

2 

h m 

11 55 

11 58 

69 51 7 

69 50 9 

o / 

69 53 3 


Horizontal Force. 


GMT 

H 

H 0 

” V 

h m 

10 42 

1 6727 

1 6700 


] 65. Castlebeagh May 9, 1887, T. E T (61 83). Lat 53 ° 45 ^, Long 8 
About 150 yards W of the Castlereagli Railway Station. 


Decimation 


2 

GMT 

8 

5 0 

li m 
-0 32 

h m 

12 22 

23 10 

23 111 


Inclination 


Needle 

GMT 

e 

0o 

_ 


h. in 


o ' 

1 

13 16 

69 53 9 

69 56 3 

2 

13 36 

69 54 7 


Horizontal Force. 


GMT 

H 

H 0 

TT 

T 

L __ _ 

h m 

12 35 

16743 

16716 


29' 7" 
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166 Cayait. September 6, 1887, AWE (60, 74) Lat 53°59'4", Long 7°21'43". 

In a field about 100 yards N of the College. 


Declination . 



GMT 

r 

h m 

h m 

C i 

i - 4 29 j 

9 13 

22 26 1 

+ 1 29 | 

14 10 

22 26 7 


15 45 

22 27 4 

i 


Inclination 


Heedle 

GMT 

e 

, : 

1 

h m 

! 12 IS 

j 69 546 

1 

= - i 

69 57 3 | 

! 

[ o 

f 

12 52 

6D 55 1 

! 


Horizontal Force 


GMT 

H 

H 0 

D 

k m 

13 22 

1 6660 

1 6629 

Y 

9 24 

1 6666 


167. Charleyille August 6, 1887; A W. E (60, 74) Lat. 52° 20' 54' 7 , Long. 
8° 40' 22". In a field about halfway between the Station and the Town. 


Declination . 


V 

GMT 

C 

*0* 

h, hl 

+ a se 
+ 4 37 ; 

k m 

15 6 

17 52 

22 194 

22 19 1 

z* * 

j 22 30 8 
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MR A W RUCKER AND DR T E THORPE ON A MAGNETIC 


Inclination. 


Needle 

GMT 

e 


1 

b m 

16 43 

69 41 

O I 

69 5 3 

2 

17 30 

69 0 8 


Horizontal Force 



GMT 

H 

H 0 

V 


h m 

15 36 

1 7261 

1 7226 

V 


15 20 

1 7255 


168 Clieden. August 30,1887, A.W It (60,74) Lat 53° 29' 35", Long 10°4 / 10" 
In a field on the S side of the road which runs fiom Clifden to Ballymaconry 
Three-quarters of a mile from the upper gate to the grounds of Clifden Castle. 

j Decimation 


2 j 

GMT 

8 

<*\ 

c 0 

b 

m 

b 

m 

O i 

o / 

-1 

35 

11 

30 1 

24 8 2 

24 20 7 

+ 1 

49 

* 14 

44 

24 9 2 


Inclination 


Needle 

GMT 

9 

0o 


b m 

o i 

O / 

1 

13 24 

70 2 3 

O 

GO 

2 

13 48 

70 19 


Horizontal Force . 


GMT. 

H 

H 0 

D 

V 

h m 

12 20 

11 40 

1 6660 
16668 

16631 
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169. Coleraine August 21, 1887, T E T. (61, 83) Lat .15° 7'31", Long 6° 40'24" 
On the West Side of the Livei and 200 vards S of the Budee 


Deal illation 


N 

JmU 

| G M T 

* 

r- 

1 

i 

* ? it 

b m 

i 

h 

IQ 

c 

i 

- 

+ 0 39 

13 

32 

22 

24 3 

22 36 9 


15 

1 

23 

22 

■22 5 


Inch nation 


1 

Needle ; GMT 

j _ _ 

j ; 

j n 

0, 

j b m 

1 j 15 50 

! i 

70 45 2 

1 

70 47 7 


Horizontal Force 


UM 1 

1 

: 

XI 

-n-0 , 

. _ 1 


b 

m 



D 

14 

SO 

1 6123 ] 
1 6125 j 

\ 

1 6091 

V 

Y 

14 

15 

2 

8 

1 61111 
1 6115J 

f | 

i 

1 6080 


170 Cookstowx Junction August 19, 1887 , T E T. (61, 83). Lat 54° 44' 56"; 
Long. 6° 16' 1". About 300 yards W of Cookstcwn Junction Station, on the 
road to Landalstown. 


j Declination 


2. 

GMT 

_ _ . 

£ 

^0 

h m 
+ 0 28 
+ 1 38 

h m 

I 13 26 

21 19 6 1 Q-t 30 o 

21 19 3 | 21 


2 E 


KPCCOXO —A 
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MR A W RtTCKER AND DR T E THORPE ON A MAGNETIC 


Inclination 


Needle 

GMT 

e 

*0 

1 

9 

h m 

14 38 

15 4 

69 31 8 

69 32 0 

Q i 

69 34 5 


IIoi izontal Force 


G M T 

H 

H 0 



li m 



D 


15 43 

16862 

1 6830 

V 


13 52 

16865 

1 


171 Cork August 8,1887 , A. W R (60, 74). Lat 51° 53' 30", Long 8° 29'30". 
In the quariy behind Queen’s College. The second Decimation was taken m a 
field about 250 yards to the E of the first station. The difference between the 
two results is larger than was anticipated. 


Decimation. 


s 

GMT 

S 

«b 

li m 

— 3 44 

+ 2 49 

« h m 

10 40 ; 

14 36 

15 49 

2°2 3 8 1 
22 1 7 J 
22 10 3 

Q / 

22 14 3 

22 21 9 


Inclination 


Needle 

GMT 

e 

*0 

1 

2 

h m 

12 52 

13 25 

68 44 2 

68 43 2 

o / 

68 46 4 


Horizontal Force . 


GM.T 

H 

H 0 

D 

V 

I m. 

12 6 

II 26 

1 7537 

I 7540 

1 7506 
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172 Donegal August 23, 1887, T E T (61,83) Lat 54° 39'5", Long 8° 6'57" 
On the N bank of the Port, nearly opposite the rums of the Abbey, which boie 
S.S W Village boie due E. 

Decimation 


V 


GMT 

? 

i 

h 

m i 

h iq 

Q 

/ 

A i 

+ 0 

11 

11 

42 

23 

G 9 

23 20 1 1 

i 

+ 1 

t o 

jfj 

15 

31 

23 

64 

i 


I 


Inch nation 


Needle 

! 

GMT 

i 

! 

1 

0 

* 

i i 

h 

m 

1 

1 

1 . 

1 

13 

46 

! 70 12 5 , 

i 

70 15 3 

i 

2 

! 

14 

32 ; 

70 131 1 


Ho) iiontal Dot te 


1 

i 

1 

GMT 


H 

; h 0 

D 

V | 

h 

15 

12 

111 

7 

2 

1 6482 

1 1 6483 

I 

i 

1 6449 

I 


173. Drogheda. May 15, 1SS7 , T E T (61, 83) Lat 53° 43'45" , Long 6° 22' 4" 
In a field S S W of Bathiniillan House, about 1 mile y est of Diogheda Cnthedial, 
and on the S side of the Pivei Boyne 


Declaration 


2 

GMT 

1 

f 

1 

h 

ID 

h m 

1 

1 o i 

-0 

38 

11 29 

1 21 418 

+ 1 

0 

13 4 

21 42 3 


2 E 2 
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MR A W RtTCKER AND DR T E THORPE ON A MAGNETIC 


Inclination 


Needle 

GMT 

e 

0 0 

1 

h. m 

13 59 

o 

69 

34 5 

o / 

69 36 3 

2 

14 14 

69 

33 8 


Horizontal Force 


GMT 

H 

H t) 



h 

m 



D 


12 

19 

1 6921 

16894 

Y 


n 

11 

16921 

D 

Y 

1 

12 

50 

i 

1 6924 

1 6924 

1 6897 


174. Dublin (Tmnty College) May 5 and 6, 1887, T E T (61, 83) Lat. 
53° 20' 35", Long 6° 15' 24". 1st Station On the path before the Magnetic 
Rouse, between it and the Umveisity Buildings About 20 yards from the 
former. 2nd Station On the middle walk and almost due E of the Provost’s 
House , to the 1ST.E. of the entrance of the Magnetic Observatory. 

Decimation 


Date 

2 

GMT 

8 

^0 

May 5 
„ 6 

li m 

+ 1 30 
-1 6 

I 

h m 

13 28 

11 46 

21 29 5 

21 29 4 

o / 

21 40 8 


Inclination. 


Date 

Needle 

GMT 

0 

0 o 

May 5 

1 

O 

At 

h m 

15 30 

15 57 

69 13 9 

69 13 3 

O / 

69 15 7 
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Horizontal Force 


Date 

G-MT 

H 

H u 




h. 

331 , 



Hay o 

D 


12 

5 

1 7108 

1 7o7Q 


V 


18 

11 

1 7105 

1 / Ui t? j 


V 


12 

5 

1 7125 

1 7120 

1 7095 


175 Enniskillen 

May 14, 1887, T. E T (61, 83) Lat 54° 21' 18", Long 7° 39' 50" At 
Silverhill, at the S end of lower Lough Eine Portoia Old Castle, beaiing 
due E (mag), Devemsh Hound Towei, 3S° E of N (mag), Boyal 
Schools, Portora, 35° E. of S (mag ) 

September 3, 1S87 , A. W R (60, 74) Lat 54° 21' 7", Long 7° 39' 8" In a 
field close to the river, and about 150 vards east of the Hoval Schools 


Fed motion 


1 

Date j 


GilT 

1 

1 < 

\ 


j 

i 

h m. 

h m 

i J t 

u J 

Sept 3 (R ) 

1 

+ 2 39 
+ 2 49 

; 15 44 

22 53 1 

1 

1 1 

i 

+ 5 44 

18 41 

22 51 0 

i 

> lo O O 

f 

r 


Inclination 


Date | 

Needle 

GMT 

! 

1 o 


i 

May 14 (T ) ! 

! 

1 

h m 

13 5 

, 0 • 

' 70 12 8 

O J 

2 

13 22 

{ 70 12 0 ! 

! 

Sept 3 (R ) j 

1 

1 

17 9 

! 70 12 3 ; 

70 14 2 

o 

17 29 

' 70 11 5 


1 

1 [ 

f 

2 

IS 24 

70 10 8 ! 



Horizontal Fo/ce 


Date 

j 1 

GMT , H 1 H 0 

.... . . _ i i 

May 14 (T ) 

Sept 3 (R ) j 

. i i ; 

h m. 1 

D 1 11 8 1 16526 - n fliQ n • 

V [ 11 42 16507 W I 

V i 16 1 7 1 6496 3/6465 ! 

; V j 15 58 16501 D 
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176. Galway AWE (60, 74) 

(a) August 25, 1887 , Lat 53° 16' 37 // , Long 9° 3' 42" On the Lawn in front 

of Queen’s College 

(b) August 26, 1887 , Lat 53° 17' 30" , Long 9° 3' 21 " At the lowei end of 

Loch Cool, on the S side, near the entiance of the nvei The first station 
was chosen as being near to the College but as it is on the granite, and was 
found to be highly distuibed, the second position was selected on the 
limestone 


Declination 


Date 

S 

GMT 

0 

*0 

_ . . . 


h m 

h. m 

23 553 1 


Aug 25 

+ 2 15 

15 18 

24 6 3 

+ 4 28 

17 49 

23 53 6 / 

„ 26 

+ 2 14 

15 26 

23 18 0 1 



+ 2 31 


23 18 5 } 

23 29 8 

1 

1 

+ 5 14 

1 

1 

23 17 3 J 



Inclination 


Date 

Needle 

GMT 

0 

% 

Aug 25 


li m 



1 

2 

16 51 

17 23 

69 53 5 

69 52 6 

69 55 5 

„ 26 

1 

17 1 

69 40 2 ) 



1 

17 31 

69 42 3 

69 441 


2 

| 

17 16 

69 42 3 j 



Horizontal Force 


Date 

GMT 

H 

H 0 

Aug 25 (1) 

„ 26 (1) 
(2> j 

i h m 

D 16 12 

Y 15 33 

Y 12 55 

D 1 16 22 

! Y j 16 46 

1 1 

1 6602 
16600 
16631 
16631 
16898 
16903 

1 6568 

16598 

1 6867 
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177. Gout August 24 and 25, 1887, AWE, (60, 74) Lat. 53° 4' 20'', Long 
8° 49" 15" In a field to the E of the road which runs 1ST fiom the town, 
due N of the Church, and about 500 yaids fiom it 


Dei luxation 


Date 

1 2 

j 

GMT 

l 

1 

i 

*i» i 

\ 
f 


! li m 

L in 

1 3 

i 

Zj i > 

Aug 24 
i 25 

i it 

1 

-b 4 28 i 
- 4 17 

15 41 

8 4G 

22 38 2 

22 391 ! 

22 50 5 j 

1 


Inclination 


Date 

i Needle 

i 

GMT 

! i 

0 

1 

1 


1 

i 

h. m 

a 

I 

c / 

Aug 24 

1 1 

1 2 

16 47 

| 17 I 7 

i 

69 29 5 

69 28 7 

1 i 

69 31 7 

1 

t 


Horizontal Force 


Date 

GMT 

H 

Ho 

Aug 24 

! h m 

V 1 lu 6 1 

l 

1 7046 

i 

! 1 7013 

1 

1 


178 Greenore August 14,1887 , T E T (61,83) Lat 54 C 1'35", Long 6° T 47". 

On the shore near the Coast Guard Station. 


Declination. 


2 


I 


t 


GMT 


a i j 

22 13 | 

22 10 ! 


fSr 

‘0 


o t 

22 115 


h. m 
— 0 10 
+ 3 41 


11 m 

12 43 
15 17 
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MR A W RtiCKER AND DR T E THORPE ON A MAGNETIC 


Inclination 


Needle 

GIT 

Q 

0o 

1 

2 

li m 

14 42 

15 1 

69 41 7 

69 37 5 

o i 

69 42 2 


Horizontal Force. 


GMT 

H 

H 0 

D 

h m 

15 50 

1 6868 

1 6833 


13 13 

1 6863 


179 Kells. May 16, 1887 , T E T (61, 83). Lai 53° 43' 8" , Long 6° 52' 46". 
In a field half a mile S of the Kells Railway Station and about 50 yards E. of 
the main road 


Decimation 


2 

GMT 

c 

s o 

h m 

h 

m 

a 


o ; 

- 0 14 

12 

30 

21 

56 7 

22 7 0 


Inclination 


Needle. 

GMT 

9 

0o 

1 

2 

h m 

1.3 51 

14 6 

69 36 9 

69 36 2 

0 1 

69 38 7 


Horizontal Force. 


GM.T 

H 

H 0 

D 

v 

4 m. 

13 18 

12 42 

1 6949 

1 6955 

16925 
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180 Kildare May 6 and 7, 1887 , T E T (61, 83) Lat 53° 9' 25", 
Long 6° 54' 30" In the centre of the enclosed ground attached to the rums of 
the Castle—a plot of ground given by the Duke of Leinster to the town 

Declination 


Date 

1 1 t 

2, GMT r c 0 \ 

May 6 
» 7 

h “ h m o / ! c i 

+ 6 7 IS 56 1 21 50 2 1 0 -> n , 

-2 38 1 11 7 j 21 50 4 j U4i 


Inclination 


Date 

, 

Needle GMT 

i 

o 

| 

1 

<£> 

; 

j h m 

May 7 1 12 8 

! 2 12 2 S ! 

I 

Ol^| O / 

69 15 0 i cq Ti- 9 

69 151 69 1/2 


Hot izontcd Force 


Date 

GMT 

H 

Ho 

May 7 

” s 

7 

h m 

D 10 39 

V , 19 16 

V ' 11 20 

| 

1 7101 

1 7096 

1 7105 

1 7101 

1 7071 

1 7076 

. 

' 

; 


181* Kilkenny Septembei 7, 1887, A W. R (60, 74) Lat 52° 38' 41"; 
Long. 7° 15' 30". In the centre of the grounds of the Catholic College. 


Declination. 


2 

GMT c 

i ...... 

r 0 

h m 
+ 1 50 
] +4 11 

i 

i 

h m 

14 42 

16 20 

i 

O l 

21 40 0 

21 45 0 

i 

21 58 7 

l 


MUCCCXC — A 
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MR A W RUCKER AND DR T E THORPE ON A MAGNETIC 


Inclination 


Needle 

GMT 

e 

0 o 


h m 

o 

18 

o / 

1 

15 38 

69 

69 5 0 

2 

15 57 

69 

24 


Horizontal Force 


GMT 

H 

H 0 

D 

V 

li m 

13 38 

14 58 

1 7290 

1 7295 

17258 


182. Killarney August 11, 1887 , A. W R (60, 74) Lat 52° 3' 50"; 
Long 9° 32" 20" In the grounds of the Victoria Hotel To the E of the road 
leading from the Hotel to the Lake 


Decimation 


2 

GMT 

C 

li m 

li m 

22 44 1 

- 1 0 

11 28 

+ 3 25 

15 23 

22 44 2 


Inclination . 


Needle. 

GMT 

. 

e 

i 

0 o 

1 

h m 

—. -- —,— 

68 54 2 

0 / 

1 

13 56 

68 56 5 

2 

15 49 

68 531 


Horizontal Force . 


GMT 

H 

H 0 

D 

V 

A m 

12 23 

12 59 

1 7435 

17436 ! 

1 7405 
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183 Kilrush August 22, 1887, A W R (60, 74) Lat 52° 37' 56", 

Long 9° 29' 40". In a field to the W. of the road from the village to the quay, 
and about half-way between them 

Declination 




GMT < 

c 

h 

m 

h m 


+ 4 

24 | 

16 32 

2-3 01 



17 43 

22 59 1 

+ G 

12 1 

18 33 

22 59 3 


Inclination 


Needle 

GMT 

9 

.0 


I la m 

\ o / 

o ) 

1 

15 50 

69 1 5 

, 69 23 

i 

2 

10 10 

69 20 3 

1 


Horizontal Fotce 


GMT 


H I H n 


D 

V 


h m I 

18 5 17124 

17 31 ' 1 7123 


1 7090 


184. Leenane August 31. 1887, A W R. (60, 74) Lat 53° 35' 43", Long. 

9° 42' 28" On the Gieen, immediately m front of the Hotel 

' */ 

Dec hnatiou 




2 

( 

G M T 

i r 1 

l ! 

h m j 

Ll in 

C i 

1 

o 4 | 

+1 34 ; 

14 31 

23 24 0 

23 36 2 , 

, + 310 ; 

15 3 

1 23 24 5 i 


i 
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Inclination. 


Needle 

GMT 

9 

00 

1 

b m 

16 2 

CO 

"“lO 

70 8 0 


Horizontal Force 


GMT 

H 


V 

h m 

15 50 

1 6545 

1 6512 


185. Limerick. August 20 , 1887, AWL, (60, 74). Lat. 52° 39' 13"; Long 
8° 38' 46" In a field at Summerville, the residence of J. Baisnatyne, Esq. 
The same position as m the survey of 1838 


Decimation. 


2 

GMT 

o 

? u 

b id 

- 1 27 

+ 2 48 

h id 

11 50 

12 42 

13 57 

15 13 

! 

22 24 2 

22 24 8 

22 24 8 

22 25 4 

o i 

22 36 6 


Inclination. 


Needle 

GMT. 

e 

G o 

1 

2 

b m 

14 32 

14 53 

69 5 9 

69 61 

i 

o i 

69 8 8 


Horizontal Force 


GMT 

H 

H 0 



h. m. 



D 


13 25 

1 7266 

1 7235 

V 


12 27 

1-7271 

i 
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186 Lisdoonvarna August 23, 1887, A. W B (60, 74) Lat 53° 1' 47'', 

Long 9° 1 7 f 34" In a field behind the Queen s Hotel 

Decimation 




G 11 T 




h 

m 

h. in 


i i 


-f- 4* 

17 

16 17 

[ 

481 

22 

4" 5 

25 i 

18 26 

22 

45 2 


Inclination. 
Needle I GMT 0 



h 

m 

a 

' 1 

o / 

1 

17 

25 

, 69 

30 3 ’ 

69 318 

2 

17 

46 

' 69 

28 4 ! 



Horizontal 

Foi ce 



GMT ! 

\ 

H 



i 

li m 

, 


D 

; is si 

1 7078 ! 

f 

1 7042 1 

i 

[ 

f 

V 

16 35 

1 7073 


187. Lismore August 1, 1887, A W B (60,74) Lat 52° 8' 15", Long 7° 55'12" 

In a field, quarter of a mile E. by S. of the Cathedral 

Decimation 


V 

GMT . e 

1 

c o 

L m 

i 

| h m ! - t 

O 1 

- 3 29 

1 10 23 ! 21 541 

| 13 24 j 21 54 0 

22 5 5 
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Inclination 


Needle 

GMT 

6 

0Q 

1 

2 

11 m 

11 £2 

12 16 

68 46 2 

68 45 6 

o i 

68 48 6 


Horizontal Force. 


GMT 

H 

H 0 

D 

Y 

h m 

12 52 

10 49 

1 7463 

1 7455 

17427 


188 Londonderry August 20, 1887, T E T (63, 83) Lat 55° V 24", Long 
7° 18 / 0" In a field adjoining tlie Moville Road, about 2 miles fiom Derry, and 
between the Road and tlie Lough. Boom Hall Lodge Gate 70° E. of N. , 
distant 50 yaids Boom Hall 35° W of S , distant 400 yards 


Declination 


V 

G M T 

IN 

C 

\) 

h m 

- 0 25 
+ 1 52 

h m 

12 52 

14 13 

1 

22 35 5 

22 38 7 

o / 

22 50 5 


Inclination 


Needle 

GMT 

& 



li m. 

o t 

0 

/ 

1 

1 2 

1 15 28 

I 15 56 

70 24 6 
' 70 24 2 

70 

26 9 


Horizontal Force 


1 

GMT 1 

i 

H 

H 0 


i 

h 

in 



D 


16 

21 

16368 

16365 

l 6333 

Y 


13 

22 

1 6376 

1 6338 

Y 


13 

49 

K 

1 6367 
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189. Otjghterard August 27, 1887, A W Pi (60, 74) Lat, 53° 26' 10"; 
Long 9° ] 9' 1". On the shore of Lough Comb, to the E of the Town, on 
limestone 


Declination. 


2 

GMT 

1 

i f 1 

^0 

h 

m 

h m 

1 

u > \ 

, ! 

*j~ 3 
+ 3 

ii 

25 

j 17 0 

23 28 0 ' 
23 29 5 

' 

23 40 6 | 


Inclination 


Needle ■ 

i 

! 

GMT 

| 

* ! 

\ 

1 

j 

h. m 

i 

- j 

1 

o J ! 

1 , 

18 1 

69 

541 

69 56 7 | 

i 

2 i 

i 

18 28 

1 69 

i 

54 2 


Hoi izontfd Force 


GMT 

H 

" 


k m 

/ 


V 

j 

17 15 

1 6795 

i 

1 6762 


190. Parsonstovhst. August 4 and 5, 1887, AWE (60, 74). Lat. 53° 5'47"; 
Long. 7° 54' 57 ' In the grounds of Birr Castle, near the meridian mark used 
for the telescope of the Eail of Kosse 


Decimation 


Date 

V 

GMT 

C 



h m 

h. m 


o 0 

August 4 

(18 20 GMT) 

18 49 

22 14 S ! 


„ 5 

1 

(10 40 „ ) : 

11 7 \ 

\ 

22 16 3 1 

w— — % t1 
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Inclination 


Date 

Needle 

GMT 

6 

So 

August 5 

1 

h m 

13 8 

69 27 8 

•3 t 

69 30 3 


Horizontal Force 


Date 

GMT 

H 

H 0 




h m 



August 5 

i 

D 

y 


12 8 

11 27 

1 7022 

1 7020 

. 

1 6989 


191. Sligo. May 13, 1887 ; T E T ( 61 , 83). Lat 54 16 34 , Long. 8 28 36 
On a promontory m the harbour, to the W. of the town, and about a quarter of 
a mile distant from the bridge 


Decimation. 


1 5 

G M T 

r 

*0 

h. m 

-1 46 
+ 1 44 

11 m 

12 24 

13 53 

Q / 

22 55 0 

22 53 9 

o / 

23 4 6 

Inclination 

[ " ' " 

Needle 

GMT 

9 

0 o 

' 

1 

2 

h m 

11 35 

12 2 

70 15 4 

70 16 3 

o J 

70 17 8 


Horizontal Force . 


GET. 

H. 

H 0 

D 

Y 

h m 

13 23 

12 39 

1 6453 

1 6461 

51 6430 
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192 Strabane August 22, 1887, T. E T (61,83) Lat 54°49' 48", Long 7° 28' 20" 
In a field midway between the Railway Station and the Bridge at Liffoid 
Railway Station boie 300 yards E.S E (mag), Bridge, W.N.W. (mag), and 
Church at Lifford, (mag ) 


Declination. 


V 

! . _ i 

ci m r j 

C 

! 0) ! 

i * 

l h Hi 


1 

HI 

^ i 

1 i 

1 

— 0 17 | 

12 

33 

| 22 313 

22 40 9 

1 

: +i i 

I 1 

16 

21 

: 22 32 6 

l 

1 

! 


Inclination 


Xeeclle 

GMT 

1 

1 

t 

0 i ^0 

1 


h 

Ill 

i 

i 

O 

J 

i Q i 

20 4 1 ■> 3 ^ 

217 ■ ' (J 230 

"" t 

1 

1 

14 

44 

70 

> 

15 

20 

70 


Horizontal Force 



GMT 

I 

H 

H 0 

1 

D 

i ]> 

; is 

m 

55 

1 6391 

1 

i 1 6352 j 

Y 

[ 

i 12 

16 ; 

1 

1 6380 


3 93 Tipperary August 3, 1887, A W R (60, 74) Lat. 52° 2S' 36", Long. 8° 9'12". 
1st Station In a held on the W side of the road to Limeiiek Junction, about a 
third of a mile from the point at which it crosses the railway. 2nd Station In 
a field opposite the Hotel 

Declination . 


jit 

| 2 j GMT i 5 

i 

*o \ 

1 | 

\ h m h m => / 

1 + 5 52 19 1 22 11 1 

22 *22 6 


-I p 
** v 


MDCCCXC.—A 
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MB A. W RtTOKEB AND DR T E THOBPE ON A MAGNETIC 


Inclination. 


Needle 

GMT 

6 

#0 


h 

ro 

0 - 

o * 

1 

12 

42 

69 2 2 

69 4 9 

2 

i 

13 

13 

69 2 6 


Horizontal Force 


GMT 

H 

H 0 



b 

m 



D 


11 

59 

1 7317 

1 7287 

V 


11 

11 

1 7321 

D 


20 

15 

1 7292 

1 7258 

Y 

. 

19 

41 

; 

1 7289 

1 


194 Tralee August 19, 188*7, A. W R. (60, 74). Lat 52° 16' 15", Long. 
9° 44' 30". In a field about a mile to the W. of the town. 

Inclination, 


Needle 

GMT 

9 


1 

2 

li m 

13 36 

14 10 

b°9 il 

69 5 6 

O / 

69 9 4 


195. Yalentia. August 16 and 17, 1887 ; A W. R. (60, 74) Lat 51° 55' 34", 
Long 10° 17' 40" Lat. 51° 55' 22'', Long 10° 17' 25" Station 1. On the 
cliffs to the N of the town. Station 2 In a field to the S of the town 


Decimation, 


Date 

2 

GMT 

? 

^0 

Aug 16 (1) 

.. 17 (2) 

' 

h m 

4 - 5 19 
+ 5 35 
- 1 25 
-f 1 54 

1 

li m 

18 44 

13 * 2 

13 57 

23 41 

23 3 3 

23 5 1 

23 4 2 

O i 

23 16 0 
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Inclination 


Date 

Needle 

GUT 


e 

0«. 



h m 

1 o 

52 9 

0 / 

Aug 17 (2) 

1 

12 8 

68 

j 68 54 7 

i 

! i 

2 

15 11 

: 68 

t 

1 

504 


Hoi izontcrt Force 


Date 


GMT 


i H 

1 

t 

Ho 

Aug 17 (2) 

' V 

h 

1 13 

m 

25 

i 

! 17485 

1 7452 

1 v 

1 13 

48 

i 1 7478 

! 

~t * J K 

1 /-±±o 


196. "Waterfoot. August 25, 1887 , T. E T (61, 83) Lat 55° 3'11", Long 
6° 2' 32". The Declination was taken on the shore, and before the Chapel, 
the Forces m the road to the N of the Chapel 

Decimation. 


2 

GMT 

1 

r 

\ 


li m 

h m 

: 22 15 

! 

o / 

+ 2 11 

1 14 59 

22 15 1 


Inclination. 


J Needle j 

! 

I 

GMT 

0 

f? o 

i 

1 

; i 

h m 1 

lb 38 

70 26 3 

<2 i 

1 70 29 (i 

i 2 

lb 55 

70 20 5 


Horizontal Force. 


G.MT ! 

H 

! h " 

j h. m 


i ■■■■■■ 

i 

v j 16 a 

1 6326 

j 16293 


2 G 2 
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197. Waterford August 2, 1887, A. W. R (60, 74). Lat 52° 16' 54", Long 
7° 8' 41" In a field on the E. of the Kilmacow Road near the junction of 
the Lower Limestone and Shale About a third of a mile from the junction of 
the Limerick and Kilkenny Railways 

Decimation 


2 

GMT 

z 

°Q 

h m 

— 1 44? 

+ 21 1 

\ 

1 

11 m 

12 7 

14 10 

o t 

21 13 1 

21 17 7 

l 

o / 

21 27 9 


Inclination 


Needle 

GMT 

Q 

On 

1 

2 

h m 

11 44 

14 12 

68 49 G ! 
68 52 5 

l 

O J 

68 53 7 


Horizontal Force. 


GMT 

H 

H 0 

D 

Y 

h m 

12* 31 

1 7362 

1 7361 

1 7329 

1 

1 


198. Westport. May 9 and 10,1887; T.E.T (61,83) Lat. 53°48'8"; Loug 9°31'17". 
In the demesne of the Marquis of Sligo, and about 100 yards from the main 
entrance from the town. 

Declination. 


Date 

s. 

GMT 

B 

*> 

May 9 

„ io 

b m 

+ 4 48 
-1 55 
+ 2 4 | 

b. m. 

17 54 

11 10 

14 13 

Q * 

23 5 5 

23 4 2 

23 5 4 

0 / 

23 151 
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Inclination. 


Date 

Needle 

GMT 

0 

*0 

May 10 

1 

h m 
j 13 25 

70 16 9 

o / 

70 17 9 

2 

i 13 42 

1 

70 15 5 


Horizontal Force. 


Date 

G M T 

H 






h 

in 



May 10 


D 


12 

21 

1 6536 
16529 

1 6505 

„ 9 


V 


18 

10 

16545 

1 6514 

, io 


V 


11 

25 

16537 


199. Wexford September 8, 1887 , A. W. R. (60, 74) Lat. 52° 21' 27", 
Long 6° 27" 18" On the limestone on the opposite side of the river (Ardeavan) 
to the Town. In a field on the Western side of the main load, about a quarter 
of a mile N. of the point where the roads to the Wooden Bridge and Berry 
Bank unite 

Declination 


! 

2 

GMT 

a 

fN 

b m 

b m 

o 

J 

O * 

+ 4 24 ! 

17 12 

21 

64 

21 181 

1 


Inclination. 


Needle 

GMT. 

e. 

e o 

1 

2 

h. m 

18 22 

18 41 

68 55 0 

68 518 

a / 

68 5b*2 

i 
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Horizontal Force. 


GMT 

H 

H 0 

Y 

h m 

17 49 

1 7358 

] 7324 


200 Wicklow September 9 and 10, 1887 , A W E l. (60, 74) Lat. 52° 58' 53"; 
Long 6° 3' 30". Half a mile W ot the town, m a field on the 1ST side of the 
road through Ballynerrin, opposite to and a little beyond the old Boman 
Catholic Chapel. 


Declination. 


Date 

2 

GMT 

ft 


Sept 9 
» io 

h m 

+ 5 18 
-1 55 

h m 

IS 5 

10 55 

2°1 5 0 

21 14 4 

a 1 

21 214 


Inclination. 


Date 

Needle 

GMT 

6 

0 O 

Sept 10 

1 

2 

h m 

11 44 

12 11 

69 7 6 

69 6 9 

o J 

69 9 9 


Horizontal Force. 


Date. 

GMT. 

H 

H 0 

Sept 9 

D 

Y 

h m. 

18 49 

18 18 

1 7155 1 

1 7165 

1-7126 
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Supplementary Stations 
(Dips only observed. T. E. T. (83)) 

201 Chepstow Apnl 22, 1S89 In the couityaid of the Castle. 


Inclination 


Needle 

GMT 

! e 

i 

*0 

1 

1 

li m 

18 9 

67 51 9 , 

u - 1 

67 57 5 1 

, 7 j 

18 26 

67 51 9 


i 


202. Goodrich Castle. April 19, 1889 On the Baibican To the East of the 

entrance to the Castle 

Inch notiuu 


Needle 

GMT 

> 


0 

1 i 

U } 

J 1 

1 

2 

1 Ji m | 

16 47 ! 

i 16 52 | 

o 

68 

68 

33 

35 

i o i ! 

68 9 0 i 


t 

i 


203. Hereeord April 17, 1889 On the slope of Aylstone Hill overlooking Lugg 
Meadov About a mile fiom Heiefoid, and down a short lane which leads past 
Lugg Yale, the residence of Hi Hawkins. 

Inclination 


i 

Needle 

G M T 

e 

l 

a 0 j 

i 


h. m 

o 

t 

o 1 

! 1 ■ 

16 1 

68 10 2 

68 15 6 

2 

16 20 

68 

99 
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204. Boss April 18, 1889 In the garden of the Royal Hotel. South of the house 
and between the large yew and the wall of the Prospect. 

Inclination 


Needle 

GMT 

6 

6^4 


h 

m. 

0 

22 

0 l 

1 

12 

29 

68 

68 6 9 

2 

13 

5 

68 

05 


205. Tintern. April 22, 1889 On the Monmouth Road, above the Railway 

Station 

Inclination 


Needle 

GMT 

0 

*o 


Ii m 

b 7 56 2 

o i 

1 

13 30 

68 13 

2 

13 49 

67 55 2 





SURVEY OF THE BRITISH ISLES FOR THE EPOCH JANUARY 1, 18SG 233 


Calculation of the Isomagnetic Lines 
(1 ) The lsogonnl Lines 

The isogonals, isocimals, isodynamics and lines of equal Horizontal Foiee are 
drawn through points, at which the values of the magnetic elements to which they 
refer are equal A general term which shall include them all would be useful, and we 
venture to suggest isomagnetic as the most obvious and convenient In nothing do 
different magnetic suiveys differ more widely than m the methods employed of 
diawing these hues Some obseivers have calculated them by least squares; otheis 
give maps on which they are exhibited, but siy nothing about the principles m 
accoidance with which they have been diawn But, inasmuch as the mam object and 
result of a survey is the delineation of these isomagnetics, it seems to us that it is 
most impoitant that they should be drawn with all the accuracy that the observations 
wall allow Before proceeding to discuss the method of doing this, it will be well to 
consider the exact meaning to be attached to the operation, and to attempt to give 
gi eater precision to the language m which the various curves, and the physical 
phenomena which they represent, are described 

If we suppose that a series of magnetic curves are drawn, m which all distortions 
due to local magnetism aie neglected, except those which are on a scale compaiable with 
the dimensions of the earth itself, they would be the terrestrial isomagnetic lines, on 
the other hand, lines which showed eveiy distuibance, however large or small, would 
be the true iso mag net ic lines 

The object of a suivey is to deteimme as neaily as possible the foims of the true 
lines, and to deduce from them the directions of the terrestrial lines m the district 
under investigation Between these two extremes various grades of accuracy of 
detail intervene, and the terrestrial lines may be regarded as affected with distortions 
of diffeient orders due to disturbances of various magnitudes It is of course 
impossible to frame definitions which shall accurately distinguish between them, but 
it is nevertheless convenient to recognise three classes, into which they may be 
divided with respect to any particular survey 

We may legald a disturbance as being of the third, second, or first class according 
as its range is less than the aveiage distance between the stations, greater than this 
distance, but small compaied with the dimensions of the entire area under survey, or 
such as to involve the whole or a considerable fraction of that area 

The term local may be reserved for disturbances of the third class, which affect 
only a single station or its immediate neighbourhood, and are represented by minor 
bends or small loops in the isomagnetic curves. 

Those of the second class may be called regional disturbances. They are repre¬ 
sented by considerable distortions of the curves, but do not seriously interfere with 
the determination of the general direction or average distance apart of the terrestrial 
mdcccxc —a 2 H 
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lines A disturbance of the first class is however an obstacle to any inference as to 
the lelation between the true and the terrestrial cuives It may distort them 
similarly, and so lead to false conclusions as to then- undistuibed directions, or it may 
introduce such widespread and important irregularities that any conclusion deduced 
fiom the data afforded by the survey would be manifestly uncertain 

It is to be noticed that the same cause may produce distuibailees of different 
classes m the lines corresponding to different elements Thus a broad band of 
magnetic rock at right angles to the magnetic meridian, the extremities of which lay 
outside the distnct under investigation, would produce little effect on the Decimation, 
but might affect the Dip to a much larger extent 

If an equation can be found to a family of curves which represents, as closely as 
possible, the general direction of the true isomagnetics of a particular kind thioughout 
the whole country, the curves are the neaiest approach to the terrestrial fines which 
can be deduced from the observations The undulations of the district lines on each 
side of these are evidence of regional distuibances, while the still more sinuous lines 
obtained by joining the points calculated as corresponding to any particular value of 
the element fiom the values m two neighbouring stations are influenced by the local 
disturbances also 

If the district under survey is very small, the assumption that the terrestrial lines 
are straight is very appioximately true, but the nature of the curve indicated by a 
straight line on a map depends on the projection on which the map is diawn 

The English observers have generally determined the position of the station by its 
distance north or south of a particular line of latitude, and east or west of a 
particular meridian, both distances being expressed m geographical miles That this 
system is open to objection is evident by considering its application to a simple ideal case 
m which the geographical meridians aie themselves supposed to be the isogonal lines 
It would evidently be better under such conditions to take the latitude and longitude 
as coordinates, and inasmuch as m the neighbourhood of the United Kingdom there 
is an approximation to such an arrangement, it is probable that the latitude and 
longitude are at least as convenient as any other data for the determination of the 
position of rhe stations By this plan also, we are saved the trouble of converting 
the longitude east or west of Greenwich into miles east or west of the piime meridian 
We have therefore taken the latitude and longitude as our coordinates 

In the next place it is, we think, important to find the general equations to the 
isomagnetic lines, hut it would be difficult to determine their form with sufficient 
accuracy by a graphical process We therefore decided to tiace them by a pre¬ 
liminary process of calculation which was carried out as follows. 

The country was divided into nine overlapping districts bounded by lines of latitude 
and longitude. If the stations within any district were not uniformly distributed, they 
Tore weighted* so that the weighted number of stations per unit of area should 
bq everywhere about thq same. In speaking of the mean value of any quantity in a 
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district, it will be understood that the values appropriate to any station aie throughout 
piopeily weighted The means of the latitudes, longitudes, and decimations deter¬ 
mined the central station of the district and the decimation at that station (S 0 ') It 
was then assumed, if V and X' be the disti ict coordinates of a station, i e , the 
differences between its latitude and longitude and those of the central station, 
that the declination is connected with these quantities by the lineai equation— 

S == $q + xV + yX’. 

Two equations of condition weie then formed by adding the equations thus 
obtained—(1), foi all stations to the north of the central station , (2), for all stations 
to the east of it, and dividing by the number of stations employed, each multiplied by 
its proper weight. 

By solving these foi x and y, the rates of change of the Decimation per degiee 
of latitude and longitude respectively were obtained * 

To test this method, it was applied in the case of the Dips to the whole of Scotland. 
This portion of Great Britain furnished a severe test, as fiom the irregularity of 
its form it is not particularly well adapted for the application of the method of 
equations of condition. The calculation was also made by the method of least squares. 
Both calculations were lepeated twice, viz , with and without the mclusion of Soa and 
Canna, at w T hich the local disturbance is very consndeable The central station was 
not that given by the mean latitude and longitude, but that obtained from Welsh’s 
Dip observations, viz , lat 56° 48' jSL , long. 4° 19' W Id this particular again, the 
conditions of the selected example were unfavourable to the method of equations 
of condition 

In the following* Table, u is the angle made by the lines of equal Inclination with 
the geogiaphical meridian, r is the change in Inclination (expressed m minutes) per 
geographical mile, measured at right angles to the isoclinals, and 0 O ' is the Dip at the 
central station — 


On 


Including Soa and Canna 


Excluding Soa and Canna 


f , Least squaies . 71 9 7 

\ , Equations of condition i 71 9 1 

{ ! Least squares 71 8 0 

i Equations of condition i 71 7 8 


67 23 

68 7 

72 49 
72 42 


0 625 
0 670 

0 595 
0 609 


# A plan very similar to that above described was employed by Dr. vax Rijckevobsel m working up 
the results of bis survey of the Indian Aichipelago (* Magnetisehe Opnemmg van den Indischen 
Archipel in de Jaren 1874—77, gedaian door Dr. tax Rijckevobsel * Amsterda m , J Mclleb, 1879) 

2 H 2 
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These results piove that m this case, at all events, the diffeiences between the 
results of the two methods of calculation are not greater than those pioduced in the 
numbers given by the method of least squares according as stations affected with 
consideiable disturbances (23' and 76' respectively), and amounting to 4 pel cent only 
of the total number, aie included or excluded 

We do not think, therefore, that it is m geneial advisable to use so cumbious a 
method as that of least squares, when the addition of a station oi two may modify the 
lesults to an extent far exceeding the error with which numbers obtained by the 
equations of condition are likely to be affected If, howevei, the distuct undei 
investigation is of such a shape that the effects of change of latitude and longitude 
lespectively cannot be easily separated, it may be desirable either to modify the lule 
for obtain ing the equations, or to employ least squares 

In the case of a distuct so laige as Scotland theie is another objection to the use 
of least squaies, viz, that the fundamental assumption on which that method is 
based is almost certainly not true when applied to it We shall show lieieafter, as is 
indeed already known foi other districts, that the errors are not irregularly distubuted 
ovei the entire area, but that large fractions of the whole are affected with enors of 
a particular kind We cannot, therefore, regard the employment of least squares as 
theoietically better, while it is ceitainly piactically rnoie inconvenient than the 
method of equations of condition The following Table contains the boimdaues of 
the nine districts, the latitudes and the longitudes of the cential stations, the values 
of the Decimation at the central stations (§ 0 '), and of the change m Decimation pei 
degree of latitude and longitude ( dh'jdl and dS'/dX) both expiessed m minutes of aic 


Table Y 




Boundai ie& 


Cential Station 
















do 

dff 










£ 




JL/ lb U ICt 











TJ — — 

dl 

V ~~ dX 


Lat 

N 

Long 

_ . i 

Lat 

N 

Lon 

g w 






0 

o ( 

0 

□ 

0 

/ 

□ 

I 

o 


t 

i 

i 


All Sc 

otland 


56 

48 0 

4 

19 0 

21 

38 8 

14 5 

40 l 

II 

54 to 57 

0 to 

6 W 

55 

27 3 

3 

41 6 

20 

55 6 

16 7 

36 4 

i HI 

52 

55 

0 

5 W 

53 

26 7 

2 

26 0 

19 

39 0 

15 5 1 

33 6 

! iv 

50 

53 

2E 

aw 

51 

47 7 

0 

17 5 

18 

66 

17 4 

28 9 

; V 

53 

55 30 

5W. 

10W 

54 

29 

7 

36 5 

22 

41 3 

17 2 

32 5 

1 VI 

52 

55 

3 W 

8 W 

53 

29 0 

5 

43 0 

21 

25 6 

20 9 

316 

j vn 

49 

52 

1W 

6 W 

50 

47 0 

3 

1 1 

19 

62 

17 8 

28 9 

! viii 

51 

54 

5 W 

11W 

52 

571 

8 

13 1 

22 

35 0 

27 3 

CO I 

! IX 

T 

! 

50 

53 

3 W 

8 W 

51 

49 5 

4 

47 4 

20 

19 7 

22 4 

29 2 


In District I, on account of its irregular form, the method of equations of condition is 
not very suitable, and the method of least squares has been used In older to compare 
this with the formula obtained by Balfour Stewart from Welsh’s obseivation the 
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same cooidmates have been employed as he used (the geographical-mile system), hence 
the values of dS'/dl and dS'/dX can only be considered as applying to the central stations 
By means of the fust the Decimation at any point on the mendian through that 
station can be calculated, and for other points on the patallel of latitude passing 
through such a point, the foimula y — y Q cos 1/ cos 1 Q must be employed where y Q 
and l 0 refer to the central station In all the other districts the values of x and y 
are valid for the whole distiict 

By means of these formulae the Decimation was calculated lor all points withm the 
United Kingdom defined by whole degrees of longitude and half degrees of latitude, 
eg, for lat 50° 30', long 2° E , 1° E , 0, 1° W , and so on Where the districts 
overlapped the means of the numbeis thus obtained weie taken All these values 
aie given in the following table The figures m brackets at the end of a low 
indicate the number of the distiict from which it was deduced Wheie two oi moie 
districts overlap, the individual decimations aie given m italics and the mean m 
oidmary type 

Throughout the central parts of the kingdom the agreement between the numbeis 
given by the linear formulae proper to different districts is sufficiently close to leave 
little doubt that the mean cannot be more than 1' or 2' wrong Where greater 
differences appeal it is geneially easy to account foi them Thus, lat 53° 30', 
long 10° W is m the highly disturbed legion in the west of Galway Lat 52° 30', 
long 0°, is close to a remarkable and hitherto unsuspected disturbance m the eastern 
counties, of which we shall have more to say hereafter The large diffeiences on the 
bordei of Districts I and II (lat 56° 30') are, perhaps, m part due to the irregu¬ 
larities m the shapes of these districts owing to which the formulae aie not obtamed 
under favourable conditions. Both the other elements, however, agree with the 
De cim ation m indicating violent local disturbance m this region, and there can be no 
doubt that the discrepancies are due to a physical cause 
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Table YI. — Declinations Calculated 


Longitude 


Lat, 

O 

o 

3 

0° , 8° 

7° 

6° 

5° 

60 30 

o 1 

c i at 

O i 

O i 

O i 

59 30 






58 30 



(1) 23 46 2 

23 7 9 

22 29 6 

57 30 


(1) 24 13 7 

23 34 4 

22 55 1 

22 15 8 

56 30 


(1) 24 2 8 

1 

1 

) 

i 

23 22 4 

22 42 0 
(2) 22 38 1 

22 40 0 

22 16 

22 17 

22 16 

55 30 



(5) 23 18 7 

22 46 3 

(2) 22 21 4 

22 13 8(5) 
22 17 6 

21 45 0 

i 

i 

54 30 


(5) 23 34 0 

23 15 

22 29 0 
(6) 22 27 4 

22 28 2 

(2) 22 4 7 

21 56 5(5) 
21 55 8 

21 59 0 

21 28 3 

21 24 2 

21 26 2 

i 

, 53 30 

(5) 23 49 2 

(8) 23 43 7 

23 46 4 

23 16 8 

23 13 6 

23 15 2 

22 43 3 

22 43 5 

22 43 4 

22 118 
(6) 22 6 5 

22 13 4 

22 10 6 

' 

21 39 3(5) 
21 34 9 

21 433 (8) 
21 39 2 

1 

21 3 4 

5*2 30 

; (8) 23 16*4 

1 

J 

22 46 3 

m 

22 16 2 

(l 6)21 45 6 

21 461 
(9)21 39 4 

21 43 4 

-- 

21 14 0 

21 16 0(8) 
21 10 2 

21 13 4 

20 42 4 

20 410 

20 41 7 

t 

51 30 

i 

; (8) 22 49 1 

22 19 0 

21 48 9 

1 

1 

21 18 8 
(9)21 17 0 

21 17 9 

20 487 (8) 
20 47 8 

20 48 2 

20 18 6 

(7)20 16 3 

20 17 4 

50 30 

i 

* 

__ 

r 

f 


t .... 

L 

1 

1 

1 

1 

i 

t 

(9) 20 54 6 

20 25 4 

19 56 2 

(7) 19 58 5 

19 57 3 

48 30 






(7) 19 40 7 
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from the District Lines 


Longitude 

Lat 

i 

f 

! 

i 

i 

! 

r 

i 

i 

i 

I 

1 

f 

i 

i 

r 

i 

i 

i 

i 

i 

i 

4° 

3° 

2° 

1° 

0° 

1°E 

2° 

O J 

(1) 21 46 6 

21 lO'o 

20 34 0 

19 58 0 (1) 

O i 

O i 

bO 30 

(1) 22 6 2 

21 29 2 

20 52 0 

20 14 9(1) 




59 30 

21 514 

21 13 2 

20 34 9 

19 56 7(1; 




58 30 

21 36 5 

20 57 2 

20 17 9 

19 38 6(1) 




57 30 

21 21 2 

21 25 3 

21 23 2 

20 40 8 

20 48 9 

20 44 8 

20 0 4 

20 12 5 
20 6 4 

19 20 0(1) 
19 36 1 (2) 
19 28 0 




56 30 

21 8 6 

20 32 2 

19 55 8 

19 19 4 (2) ■ 



55 30 1 

20 51 9 
(3) 20 47 9 

20 52 7 (6) 
20 50 8 

20 15 5 

20 14 3 

20 14 9 

19 39 1 
19 40 7 

19 39 9 

19 2 7(2) i 

19 7 1 18 33 5 (3) , 

19 4 9 

- 


i 

54 30 

( 3) 20 32 4 

20 31 8 (6) 

20 32 1 

19 58 8 

19 25 2 

18 51 6 

18 18 0 (3) 

i 

[ 

i 

53 SO ! 

f 

1 

1 

20 10 8 (6) 
(3) 20 16 9 

20 118 

20 13 2 

19 43 3 
(4) 19 37 1 

19 42 6(9) 
19 410 

I 

19 9 7 
19 8 2 

19 9 0 

18 36 1 

18 39 3 

IS 37 7 

18 2 5 (3) 
18 10 4 

18 6 4 

17 41 5 

1 17 12 6 (4) 

j 

l 

1 

j 

52 30 

1 

19 49 4 

19 47 4 

19 48 4 

19 20 2(9 ) 
(4) 19 19 7 

19 18 5 

19 19 5 

18 50 8 
18 49 6 
18 50 2 

18 21 9 

18 20 7 (7) 
18 213 

i 

17 53 0 

s 

, 17 241 

[ 

16 55 2 (4) 

j 

} 

i 

I 

51 30 

J 

i 

i 

; 

19 27 0 

\ 19 29 6 

19 28 3 

1 18 57 8 ( 9) 

1 (4) 19 23 

19 0 7 

19 0 3 

18 33 4 
18 31 8 
18 32 6 

1 

18 4 5 

18 2 9 (7 ) 
18 3 7 

17 35 6 

17 6 7 

i i 

| 16 37 8 (4) 

j 

50 30 1 

- 1 

1 19 118 

i 

\ 

! IS 42 9 

18 14*0 

17 45 1 (7) 

* 

{ 


| f 

! 

t 1 

49 30 

1 

1 
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Isoo-onal lines weie next drawn by the aid of the mean values of the Decimation 

o 

given m this Table, the points at which they intersect any particulai line of latitude 
or longitude being calculated on the assumption that the late of change of the Decima¬ 
tion with latitude 01 longitude may be legarded as constant over a single degiee The 
curves thus obtained are shown m dotted lines m Plate II As they were deduced 
fiom the linear district formulae t*hey may be called the district curves 

By diawing a smooth curve to coincide as nearly as possible with any one of the 
longer of these broken district curves, a close appioxmiation to the conesponding 
isogonal could be obtained, but m order that the intervals between the cuives might 
be properly spaced out, it was thought better to obtain a gerteial foimula by which 
they could be expressed 

It appears from Table V, p 236, that y increases vuth the latitude, but is neaily 
independent of the longitude The values of x aie more irregular After seveial 
trials it was found that the mean Decimations at the cential stations of the various 1 
districts could he reproduced veiy accuiately by means of the formula, 

S = 19° 11' + 19' 1 {l - 49 5) — 3' 5 cos {45° (l - 49 5)} 

-f {26' 6 -f 1'’5 (l — 49*5)} (A - 4), 

* 

where l and X are the numerical values of the latitude and longitude expressed m 
degrees and fractions of a degree 

It must be distinctly understood that this formula has no theoretical value except 
in so far as it expresses satisfactorily the equation to smooth curves drawn aocoidmg 
to a definite rule to represent the general foi m of the broken district curves 

In applying it to the various stations the curves given by the periodic terms weie 
drawn, and the values corresponding to the latitude and longitude of each lead off 
It is possible that errors of 0'*2 or O' 3 may have occurred m this piocess The mean 
values of the Decimations at the central stations of each district are m the following 
Table compared with the results given by the formula 


Decimation at central station 


District 

Mean of values 
observed in distuct 


I 

© 

i 21 

38 S 

ir 

! 20 

55 6 

iii 

19 

39 0 

IV 

18 

6 6 

V. 

22 

413 

VI. 

21 

25 6 

VII. 

19 

62 

Till 

22 

35 0 

IX 

20 

19 7 


Diffei enee 

Calculated 


J 

21 

39 4 

-06 

20 

541 

+ 15 

19 

38 9 

! +01 

18 

44 

+ 22 

22 

41 5 

-02 

21 

26 5 

-09 

19 

56 

+ 06 

22 

344 

+ 06 

20 

19 8 

- 01 
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In District III. we included Stonylmrst; in District IV Gieenwich, Kew, and 
Derek-sur-Mer, and m District VII, Cherbourg The data for the Fiench stations 
were those given by M Moureaux, i educed, of course, to Januaiy 1, 1886 

The values of the constants m the equation weie not finally chosen until the 
Decimation had been deteimined by means of a pieliwinarv foimula closely agreeing 
with that given above for all the pomts indicated m Table VI, pp 238—9, and the 
values given by it and by the distiict curves compared Over the greater part of the 
country the agieement is extremely close It is not necessary to reproduce the numbers 
here, as m Plate II. we have plotted down both the broken district curves, and 
also the smooth curves given by the equation The former are dotted, the latter are 
continuous lmes The agreement is all that can be desired, except, peihaps, on the 
coast of Norfolk, and on the west and noith coasts of Scotland 

Taking, however, the English Channel first into consideration, we have calculated 
the points at which our 16° 53', 17° 53', etc., isogonals cut lat 50°. When secular 
change is thus allowed for, these correspond to the positions of the 17°, 18° isogonals 
on January 1, 1885, i e , with those of M. Moureaux. We have also measured the 
corresponding pomts fiom his map. The result is shown m the following Table — 


Isogonal 

Jon 1, 1SS5 

Longitude fi om Greemvieb 

R andT 

AIoureatjx 

o 

17 

o i 

1 17 E 

1 9E 

18 

0 55 AY 

0 57 AY 

19 

i 3 7 AY 

! 2 55 AY 

20 

5 19 AY 

; 4 58 AY 

! 


The 20° isogonal does not pass through France, and, therefoie, M. Moure aux’s 
map is not of special authority on its direction, hut there seems no doubt that while 
the 18° isogonals cut latitude 50° at the same point, there is a considerable divergence 
between the otlieis 

Accoiding to the general foimula, 27' 35 is the change of Decimation per degree of 
longitude on lat 50° The tw r o Channel Distiicts m Table V, p 236, viz, VII 
and IV agree m giving 28' 9 for this number, and if we take this as correct and 
adhere to 55' W. for the 18° isogonal, we obtain the following values :— 


! Isogonal 

R and T 

MGCTiEALX 

r 

( 

! 

f n 

O * 

) 

O i * 

17 1 

1 10 E 

l 9 E : 

18 

1 O 55 AY 

0 57 AY. 

19 

1 3 0 AY 

2 55 AY ! 

20 

1 

! 5 5 AY j 

4 58 AY 1 
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These aie in much better accord than those obtained from the geneial foimula, 
and the conclusions 'which may be drawn from them are that in latitude 50 , 

(l ) M Moureaux’s hues are ceitainly not too far to the west, 

(2 ) And oiu 17° isogonal is not too far to the west 
Both these conclusions are important M Moureaux believes that there is what 
we should call a considerable regional disturbance m Brittany The isogonals drawn 
by him sweep out to the west m the western part of E ranee and do not resume their 
normal course until they have leached the English coast In the English Channel, 
theiefore, they are deflected to the west, and as both our district lines, and to a much 
more marked extent our terrestrial lines are still further west, it is evident that 
M. Moureaux has not in any way exaggerated the westerly tendency of the lines m 
the western paits of the Channel, and that, therefore, our observations tend to confirm 
his view It is probable that our terrestrial curves are in this district a little too far 
to the west, but it must be remembeied thatlat 50 is almost outside the region of our 
survey, and that m the Channel Isles, which with Cherbourg, are our only stations 
to the south of it, theie aie considerable disturbances 

In fig 2 the continuous lines aie our terrestrial isogonals, which on January 1, 
1886, conesponded to M. Moureauxs 17°, 18°, etc, isogonals on January 1, 1885, 
the secular change being about Y . M Moureaux’s curves are shown with dashes 
and dots, and the hypothetical connections m dots A satisfactory comparison on the 
borders of the areas of two surveys cannot, however, be made unless there is a closer 
agreement in the methods of working up the results of the observations than there 
is between our own and M Moureaux’s. 

Coming next to the 17° isogonal, we find that on the coast of Noifolk the calculated 
Decimations are generally much lower than the observed values This would be 
remedied by moving the 17° isogonal further to the east, but the fact that it is 
already to the east of M. Moureaux’s hue is a strong argument against such a course 
It is noticeable that Sir Fred Evans appears to have found some difficulty m 
this part of the country (‘ Phil Trans.,’ 1872, vol. 162, p 330) His curves are shown 
in Plate H. The points at which the isogonals cut lat 52° are given below, 
and it will be seen that the distance between them is a maximum in the centre 
of England, 


Isogonal (1872). 

i 

Long 

Difference of J 
Long 

o 

25 

9 54 W 

0 

24 

7 86 

168 

23 

616 

1 70 

22 

440 

1*76 

21 

2 40 

2 00 

20 

040 

2 00 

19 

147 E 

1*87 

-. 1 
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Isomagnetics in the hordei district of the English. and Fiench Smveys, 

-R and T , — — . — — Moueeatjs, hypothetical connections 


We think the agreement between our calculated and observed curves is too close to 
leave any doubt that in this and neighbouring latitudes the law that the distance 
between the points of intersection with a line of latitude is constant is very approxi¬ 
mately true At all events, there is no trace of a change in this distance amounting 
to a quarter of a degree as is shown by the 1872 lines. As the observations on which 
Sir F. Evans’s map were based were comparatively few in number and were made 
exclusively at coast stations the accurate delineation of the isogonals was not easy 
He makes the observed Declinations too small m the eastern counties. If the 
distances between the isogonals had been kept constant the 19° line would have been 
pushed further to the west, and a closer agreement with our observations would have 
been attained. Considering the circumstances under which Sir F. Evans’s map was 
drawn, we think the concordance between the general directions of the lines is satis¬ 
factory. We are also of opinion that our 17° isogonal is not too far to the west, and 
that the fact that in the eastern counties the calculated are less than the observed 
Declinations is due to a real physical cause. M. Moureaux’s results confirm our own 
as to the 18° isogonal, and if we suppose that the easterly tendency of the lines which 

2 i 2 
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he assumes m the western paits of the English Channel is continued to the Straits of 
Dover, his 17° isogonal and our own would be in practical accord 

As regards the consideiable deviation between the district and calculated terrestrial 
lines in the North of Scotland, we have no hesitation m adhering to the calculated 
hnes as being probably the more correct The masses of basalt and other igneous 
rocks which occur m the West of Scotland and North of Ireland produce a very 
maiked effect on the magnetic elements The general formula gives the Declination 
at the outlying station at Lerwick almost as accurately as the local district equations 
obtained from Scotland only The tliiee values are — 


Observed Declination 

0 

20 

29 7 

~ , , , , . f Local formula . 

Calculated by •< ~ _ 

L General formula 

20 

31 3 

20 

33 7 


Regarding this station as giving a fixed point it is evident that in drawing’ the curves 
to it from the South of Scotland, gieat weight ought to be given to the general law 
which is found to be obeyed with accuiacy m Great Britain from the English Channel 
to the Tay, and m the South and East of Ireland The only way of el im inating the 
effect of regional disturbances of such magnitude as these which exist m Scotland, is 
by studying the shape of the tenestnal lines in adjacent districts Observations to 
the north of Scotland would be very valuable for this purpose, but as it would be 
difficult to obtain them we think that the lesults of the general formula must be 
accepted as a close approximation to the truth. We shall return to this subject in the 
discussion of local disturbances 

( 2 ) The Isoclinal Lines 

The isoclinals were obtained in a precisely similar manner to that above described. 
The districts were the same, but the positions of the central stations were m some 
cases slightly different, as at a few places Dips had been observed without Declinations 
and vice versit 

In District TIL the inclusion of the Channel Isles led to rates of change with 
latitude and longitude so widely different from those obtained elsewheie that it was 
thought better to omit them. When this was done the coefficients assumed normal 
values* We give in the next Table the latitude and longitude of the central stations, 
and the corresponding values of the Dips, and the rates of change of Inc lin ation per 
degree of latitude and longitude. 
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Table VII 


District 

Central Station 

II 

ft 

II 

do' 
y - d\ 

Lat X 

Long W 

I 

56 48 0 

4 19 0 

c . 

71 8 0 

34 1 

58 

n 

55 27 3 

3 416 

70 19 6 1 

31 9 

82 

in 

53 26 7 

2 26 0 

69 3 0 

.36 1 

71 

IV 

51 47 7 

0 174 

67 45 6 

40 8 

76 

V 

54 14 

7 39 3 

69 59 8 

38 3 

98 

YI 

53 26 7 

5 42 0 

69 24 8 

36 2 

63 

YII 

51 81 

3 96 

67 412 

38 8 

6 6 

Yin 

52 571 

8 33 1 

69 24 3 

38 7 

85 

IX 

51 49 5 

4 47 4 

68 18 2 

39 1 

68 j 

) 1 


A general formula was next found to embrace the whole country. For this purpose 
a Table similar to Table VI, pp 238-9, was prepared, and the district isoclmal lines 
were diawn from it on curve paper, on a purely artificial system, m which all degrees 
of latitude and longitude were regarded as of equal length YYhen thus drawn the 
mean directions of the isoclinals were neaily straight lines and piactically parallel. 

The equation to the 67° isoclinal was 

7 — 49° 92 + 0 2 (X — 4) = 0, 

where l and X are the latitude and longitude expressed in degrees and fractions of 
a degree If then s be the length of the perpendicular on this line from any pomt, 
the Dip at the station indicated by that point would (if the lmes were equidistant) be 
given by the equation 

B == 67 -f As, 

where A is a constant This condition was not fulfilled. The distance between the 
lines increased approximately in the proportion of their distance from the 67° line, 
but a small periodic term was necessary in addition to this correction to produce the 
desired accuracy. 

The following plan was finally adopted:— 

If we write 

p S= 7 — 49*92 -f 0*2 (X — 4) 
and q = p “ 0 1 sin (20 p) 

we get the Dip in degrees from the equation 

0=67°+ 1,0083 q ■ 

T 1-456 + 0 03 q 
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The Dips given by this formula for the central stations m each district are, m the 
following Table compared with those given in Table VII, p 245 


District 

Inclination at Central Station 

1 

Difference 

Mean of "Values 
! observed m District 

Calculated 

I 

71 8 0 

71 103 

/ 

-2 3 

11 

70 19 6 

70 21 2 

-1 6 

III 

69 3 0 

69 18 

+ 1 2 

IV 

67 45 6 

67 44 5 

+ 0 9 

V 

69 59 8 

69 59 3 

+ 05 

VI 

69 24 8 

69 25 3 

-0 5 

VII 

67 41 2 

67 412 

00 

VIII 

69 24 3 

69 25 6 

-18 

IX 

i 

68 18 2 

l 

68 19 7 | 

1 

-1 5 


In Plate III we show the broken curves obtained by the district lines and also 
the tenestnal isoclinals as represented by the formula 

The agreement is on the whole satisfactory, but it is possible that a closer approxi¬ 
mation to the true terrestrial lines might have been obtained had we made the 
inclination to the geographical meridian increase rather moie rapidly in the west. 
This would have diminished the discrepancy m the south of Ireland. On the other 
hand it would have considerably increased it m the north of Ireland and the central 
districts of Scotland, in which large regional disturbances undoubtedly exist It does 
not, however, appear to be safe to depart from the rule that the terrestrial lines 
deduced from any survey should give, as nearly as possible, the mean directions of the 
true lines in the district under investigation. This end is better attained by oui 
formulae than if the agreement were closer in the south of Ireland. 

Our 67° isoclinal agrees almost exactly with that of M Moureaux in the more 
easterly parts of the English Channel (see fig 2. p. 243). Both just cut Dungeness 
and Beachy Head. For the longitude of Falmouth, however, our line is 10 or 12 miles 
to the south of that of M. Moureaux 

As it is at this point much nearer to the English than the French coast, our result 
is probably the more trustworthy, and this opinion is confirmed by a study of the map 
of the French Survey. The isoclinals drawn by M. Moureaux upon a map on 
Mercators projection are curved m the south of France, the convexity being towards 
the north. The curvature becomes less as the Dip increases, and the 67° line is repre¬ 
sented as quite straight. M. Moureaux Gannot have much to guide him in drawing 
this line, and a divergence such as that which exists between his line and ours could 
easily be introduced by an apparently trifling error in the estimation of the rate of 
disappearance of the curvature of the lines. Our lines would be slightly concave to 
the north if drawn upon a map on Mercator's projection. 
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(3 ) Lines of equal Horizontal Force 

These lines were treated m the same way as the isogonals and isoclinals, and in the 
following Table the constants for the nine districts are tabulated as before As Professor 
Balfour Stewart did not deduce the lines of equal Horizontal Force from Mi Welsh’s 
observations, there was not as much reason in this case as m the otheis foi taking the 
whole of Scotland as District I. We therefoie included m this district only all 
stations north of lat 56° 


Distiict 

Central Station 

i 

h; 

' 

i 

__ dB. 

* dl , 

i 

II 

?iw 

Lat X 

Long W 

I 

57 26 3 

4 300 

1 5580 

-0 03930 

-0 00575 

II 

55 27 3 

3 41 6 

1 6363 

-0 03324 

-0 00882 j 

in ! 

53 26 7 

2 26 0 

1 7164 

-0 03868 1 

-0 00661 

IV 1 

51 47 7 

0 17 4 

1 7970 

-0 04374 } 

-0 00620 : 

V 

54 2 9 

7 36 5 

16650 i 

i -0 04380 f 

—0 01046 

VI 

53 29 0 

5 43 0 1 

16979 j 

-0 03771 ! 

-0 00439 ; 

VII 

50 49 3 

2 57 6 1 

18212 . 

-0 04134 1 

-0 00598 | 

VIII 

52 571 

S 13 I 

1 7053 

-0 04237 

-0 00628 

IX 

1 

51 49 5 ! 

i 

1 

4 47 4 

1 7694 

-0 04212 

-0 00598 

1 


By means of these data a Table like Table YI , pp 238—9, was piepaied, and lines 
of equal Horizontal Force were drawn on curve paper as in the case of the isoclinals (see 
p. 245) These at once showed that the lines above and below that corresponding to 
1 7 units weie differently disposed The mean direction of each of the southern lines 
can be accurately represented by a linear function of the latitude and longitude, their 
departure from parallelism is not great, and then mean distances are nearly the same. 
On the other hand, though the hues inDistrict I, i e , in the extreme north of Scotland, 
are parallel to the 1 7 line, which runs from the neighbourhood of Miltown Malbay to 
that of Scarborough, the intermediate isodynamics make smaller angles with the geo¬ 
graphical meridian, and their average distance is greater than m the south. It is, 
however, difficult to decide what is the direction of the tenestiial lines Too much 
weight must not be attached to the fact that the lines m the north of Scotland agiee 
with those m the Midlands and south of England, as they are deduced from a single 
district of irregular form and the seat of gi eat local and regional disturbances There 
is also reason to suppose from what is known of the lines of equal Horizontal Force on 
the continent that the distance between them increases towards the east, and those 
crossing England are so represented on M Moureaux’s map It may well be, there¬ 
fore, that the diverging lines are those which agree most closely with the terrestrial 
lines of equal Horizontal Force. 




248 


MR A W. RtTCKER AND DR T E THORPE ON A MAGNETIC 

On the whole then, the risk of introducing fictitious disturbances by attempting to 
include the whole country under one simple law would be very great. 

"We decided, therefore, in calculating the lines of equal Horizontal Force, to employ 
different formulae for districts to the north and south of the 1*7 line. 

T akin g the southern district first, the lines may be regarded as stiaight but, inas¬ 
much as they run across the whole breadth of the kmgdom, a very small error m the 
calculated slope is important. A lather complicated formula is therefore unfortunately 
necessary 

If c be the mean distance, expressed in degrees of latitude and measured along 
longitude 5° W, between any line and that which corresponds to 1*85 units, we have 
a relation of the form 

1 85 — H = cic, 

where a is a constant. 

The 1 85 line cuts longitude 5° W. m latitude 49° 83, and thus the equation to the 
isodynamic through c is 

l — 49 83 = — (X — 5) m + c, 

where m measures the slope of the line. 

Neither a nor m aie quite constant, but both are functions of c, so that 

1/a — 24 47 (l + —) ; 

1 \ n 1000/ 

m— 157 —‘0019c—*0155 sm(50c) 

Thus, if we wish to find where the lme correspondmg to H cuts longitude X, we 
find o from the equation 

c = 24 47 (1*85 - H) + 0 001 c 3 , 

where the value of c, used in the small term m c 2 , is the approximate 
by neglecting it. ^ From this m is found, and l is then known. 

If the latitude and longitude are given, and the Horizontal Force 
first find o approximately from the formula 

c —l — 49*83 -f 0 157 (X - 5). 

Subtracting from this 

c" = (X - 5) {0*0019 e' + 0*0155 sm(50c / )}, 

the difference is c, whence H is found 

T ak in g next the district north of the 1*7 line, there is no particular difficulty m 
similar equations to express the mean direction of the lines with great 
exactitude. If we write 


value obtained 
is required, we 
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1 7 — H = 0 03G854 e, 
l — 53 514 = — m(X — 5) + c, 

7n — 151 -f- 07 sin (45 e), 

all that can be desired m this lespect is attained 

These equations do not, however, give the forces at the cential stations with the 
accuracy attained m the southern districts Fai bettei results are obtained if we 
assume that the lines are parallel to the 1 7 line and are at equal distances fiom each 
other In this case m is constant, and, in addition to the first of the above equations, 
we have only 

l — 53 514 = — 0 151 (X — 5) -j- c 

The values obtained fiom the cential stations by both foimuLe are given m the 
following Table — 


Distuct 

1 

i | 

Horizontal Force at central stations in noithern j 

districts deduced from ' 

t 

Mean of all 
stations m district 

Foimula 
with rn variable 

i 

Formula ' 

with m constant 

r "" 

i i 

1 55S0 

1 5583 

1 5582 

i ii 

1 6363 

1 6390 

1 6358 

! v 

1 6650 

1 6608 

I 6658 

i VI ; 

i 1 

1 1 

1 6979 ; 

1 6971 

1 6972 


We have, therefore, to choose between two formulae The simpler lepresents the 
lines throughout Scotland as practically parallel, botli with those which in the south 
extend right across the kingdom without considerable curvature and with those 
found by the district equations for the north of Scotland, and also repioduces the 
values of the Horizontal Force at the central stations with great accuracy. The more 
complex expression represents the mean directions of the lines in the centre of Scot - 
land and north of Ii eland more satisfactorily, though these are obviously affected by 
some widespread disturbance, but it fails when tried by the test of the reproduction of 
the forces at the central stations. We thinjfc there can be no question that, under 
these circumstances, the simpler foimula, which assigns directions to the lines m 
harmony with those obtained in other parts of the kingdom, must be that selected ; 
and we have therefore employed it 

In the following Table the values of the Hoiizontal Forces at the cential stations 
aie compared with the calculated values given by the formulae— 

MDCCCXC —A. 2 K 



250 


MR A W ROCKER AND DR T E THORPE OH A MAGNETIC 


1 85 - H = c (1 — 0 001 c) /24 47 


and 


7 — 49 83 = c — ??2- (X — 5) 


and 


m = 0 157 — 0 0019 c — 0 0155 sm (50 c) 


foi values of H > 3 7, and by 

17- H= 0 036854 c 


and 

Z — 53 514 = c — 0 151 (X —5) 

for values of H < 1 7 

The diffeience between the obseived and calculated results in District VIII (South 
Ireland), is largei than m the other cases. It must, however, be remembered that it is 
absolutely veiy small Thus, if the distuibed stations at Galway (which have been 
excluded fiom the calculations) were introduced, the difference would be reduced from 
0022 to 0007 As the effect of one station is so great, it is lemaikable that the 
discrepancies aie not larger. 


District 

Horizontal Foice at central stations 

Difference 
m terms of 

0 0001 

Mean of values 
obseived in. district 

Calculated 

I 

1 5580 

1 5582 

- 2 

II 

16363 

1 6358 

4- 5 

III 

1 7164 

1 7180 

-16 

IY 

I 7970 

1 7969 

+ 1 

Y 

1 6650 

1 6658 

- 8 

VI 

1 6979 

1 6972 

+ 7 

VII 

1 8212 

18218 

- 6 

VIII 

I 7053 

1 7031 

+ 22 

IK 

1 7694 

1 7698 

- 4 


We conclude this section with a Table, which gives the observed and calculated 
elements at every station 

In the calculations, graphic methods have been partly used, and, m some cases, this 
may have led to slight differences (which are, however, so small as to be quite unim¬ 
portant) between the values given and those which would be deduced directly from 
the formulae. 




Summary of Dec] ations, I ations H and Ye cal Forces, Observed and Cal ated 
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Local and Regional Disturbances 

We now come to the consicleiation of the local and regional disturbances which exist 
m many parts of the United Kingdom and which we have investigated much more 
fully than has hitherto been done 

As the pioblem is one of difficulty, it is necessary that every step should be carefully 
considered It may be attacked in three ways, which aie not independent, but each 
of which is attended with special advantages and disadvantages, and which, when 
combined, afford in many cases the means of arriving at definite conclusions 

(1 ) If the tiue isomagnetic curves aie drawn as accurately as possible, without any 
attempt to smooth the irregulaiities, they piesent m distiubed distucts distorted 
forms which enable us to judge of the nature and magnitude of the disturbance The 
great advantage of this method is, that it is independent of calculation It is not 
affected by errors possibly nitroduced by the method of detei mining the terrestrial 
curves The conclusions aruved at are based dnectly upon tbe observations 

The objections that may be raised to it aie, that it can only be used with effect m 
the case of considerable distuibances, and that it may tend to exaggerate the importance 
of those which, though of great local intensity, are of small lange A cuive may 
be earned many miles horn its tine position, m oidei to pass tbiough a station, 
tbe disturbance at which dies out within a very shoit distance 

When the stations are as numerous as ouis, and when the cuives are diawn with a 
due regard to the possibility of isolated maxima and minima, we do not think that 
thensk of error on this account is as great as it might at fiist sight appeal, but in so 
far as it exists, it may he checked by the second method 

(2 ) If the disturbances of the elements, i e , the differences betw een the observed 
values and those calculated from the general equations given above, are plotted down 
on a map, it is found that they are not scattered haphazaid, but that certam districts 
exhibit definite peculiarities, such as that the obseived value is always too large or 
too small Fiona a study of such maps deductions can be made as to the natuie of the 
disturbing foices 

This method is open to the objection that the peculiarities m question may not 
correspond to physical leahties, but may be due to the inadequacy of the formulae 
The calculated rate of mciease of the declination with longitude, foi instance, may be 
made a little too lapid m one pait of the countiv, and a little too slow elsewhere. The 
observed declinations may, therefore, appear too laige in the one distiict and too small 
in another, and thus a mere mathematical enor may create a fictitious attractive or 
repulsive force. 

To this objection, it may be answered that the obseived disturbances are too large 
and too inegular to be thus explained Taking, for instance, the English and Welsh 
stations which lie between long, 3 W. and long. 5 W., the mean disturbances of the 
Declinations for the groups indicated, aie as follows :— 

2 L 2 
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Four most northerly stations . 14 4 W 

Intel mediate group of eight stations 6 0 E. 

Six most southerly stations . 3 0 W 

A glance at the isogoiials (Plate II) m this part of the kingdom, is sufficient to show 
that ic is impossible to believe that the real terrestrial cuive not only crosses and 
recrosses that which we have drawn between Plymouth and Holyhead (which is quite 
possible), but that the amplitude of the oscillation amounts to moie than 20' of 
Decimation, or to about 45' of longitude If this were so, the terrestrial would be 
neaily as sinuous as the tiue curves {cf Plate V ) 

It is also to beobseived, that even if there is a slight tendency of the kind supposed, 
it w ill be partly conected by the first method The objection to that is, that too 
much stress may be laid on the peculiarities of individual stations—to this, that 
too great weight may be given to the cliaracteiistics of districts. 

If the two methods pomt to the same conclusion the two criticisms aie mutually 
destructive 

A moie serious objection is, that the indications are, at times, somewhat ambiguous 
An increase m the Decimation may be due to a small force acting at right angles to 
the magnetic meiidian, or to a large one acting nearly parallel to it The value of 
the disturbance of the Horizontal Foice wall often decide to which of these the effect 
is due, but nevertheless, it is not easy to deduce definite conclusions from a mere 
inspection of the maps. This consideration has, theiefoie, led us to supplement this 
method by another 

(3.) In this third method, we calculate the magnitude and direction of the 
disturbing force at each station If S be the observed, and S c the calculated value of 
the Decimation, if a similar notation he used for the other elements, and if N, W, and 
Z be the northerly, westerly, and vertical components of the disturbing force, we have 

N = H c cos S 0 — H cos 8, 

W = H c sm — H sin 8, 

Z — H c tan 6 C — H tan 0, 

whence the magnitude and diiection of the disturbrng force are known Obviously the 
danger to be feared, in this case, is that the differences with which we deal are too 
small to give trustworthy results. The calculation must, however, lead to conclusions 
compatible with those to which the study of the disturbances points, and even if the 
results are only approximate, they are valuable as indicating, in a way which is more 
easily interpreted, the direction and magnitude of the forces under investigation. 

Having thus described the general course which we propose to adopt, we shall now 
consider the methods more in detail. After that we shall apply them to certain dis¬ 
tricts, of which we have made a special study, and then to the whole area of the survey. 

Ia attempting to discover the order which underlies the apparent irregularity of 
the disturbances, it is necessary to proceed on a working hypothesis, and we shall 
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postulate only the possibility of the existence of points oi suifaces which exeit 
magnetic forces They will be called attractive or repulsive accoidmg as they attiaot 
or lepel a noith-seeking pole If the existence or apparent existence of such centies 
is established the cause of the phenomenon will be a proper subject foi enquny 

The distortion produced by a symmetrical mass of magnetic matter on the isogonals 
depends upon the angle which these curves make with the magnetic mendian 

If we are dealing with a sufficiently small area, both the isogonals and the magnetic 
meridians may be repiesented by stiaight lines If these lmes are mutually 
perpendicular, and if the decimation is westerly and mci eases with the latitude, the 
forms of the true isogonals m the neighbouihood of a symmetrical attracting mass, 
the centre of which is below the suiface at A, will be of the type shown m Fig 3, m 
which NS is the magnetic meridian through A 


7 
6 

5 

<7 yv 
3 
? 

/ 

S 

-Teuestnal Isogonals luumug approximately east and ivest 

- Tiue Isogonals produced by centie of attraction, at A 

In Japan the distribution of the isogonals and meridians approximates to this simple 
arrangement, and in the neighbouihood of the Fossa Magna accoidmg to Dr. Naumaxst 
(‘Die Erscheinungen des Erdmagnetismus/ Stuttgart, 1887), a very lemarkahle 
distuibance of this kind is produced 

If the isogonals and mendians are very neailv coincident, and if the Decimation 
increases with the longitude, the effect on the isogonals of a weak attractive centre 
will be of the type shown in Fig 4 If, however, the distuibing force is sufficiently 
powerful to make the Decimation, at some point to the east of the centre, greatei than 
its undisturbed value at the centre, the form of the lines must approximate to that 
shown in Fig. 5 The Decimation will increase rapidly with the longitude, attain a 
maximum value, fall to its normal value at points on the magnetic mendian which 
pass tluough the centre—on each side of which the attracting matter is supposed 
to be symmetrically situated—then fall to a minimum, and finally resume its normal 
rate of increase 

If, retaining all the other assumptions, we suppose that* the isogonals and meridians 
are inclined at an angle of less than 90°, the distorted curves will assume forms 
similar to those in Fig. 6. It will be noticed that if the undisturbed isogonals be 
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rotated about A m the limiting eases when they coincide with AE or AN, the 
distorted ouives will assume the forms shown in Eigures 3, and 4, or 5 



Tenesh-ial Isogonals running approximately noitlr and south 

True Isogonals produced by (Fig 4) a weak, and (Fig 5) a &tiong centie of attraction at A 


Fig 6 



—•-Terrestrial Isogonals appioximately parallel 

- True Isogonals produced by a centre of attraction at A 


It is, of course, quite possible that a single closed curve may sometimes be formed 
An underground attracting surface, rising np steeply on the eastern side and falling 
away very gently to the west, might cause a maximum decimation on the east 
without any corresponding minimum on the west, but in general the normal comple¬ 
ment of a closed isogonal is another of the same type 

The cutves shown in figs 3 to 6 will not he realised in practice, but their main 
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characteristics may be repioduced, and a knowledge of then foims is veiy useful m 
interpreting maps on which the true isomagnetic curves are diawn 

These facts may also be lllustiated by means of diagrams of another kind Thus if, 
m figs, 7 and 8, the slope of the line AD lepresents the normal rate of mciease of the 
Decimation with longitude, the eftect of an attractive centre below A will be repre¬ 
sented by the cuives shown, which coirespond to the two cases of a weak and strong 
attraction respectively. If, however, the force is lepulsive the curves assume the 
forms shown m figs 9 and 10, In this case there may be two maxima and minima, 
following each other in order on opposite sides of the centre of repulsion The 
isogonals will be drawn together m its neighbourhood, and there may be two systems 
of loops, one on each side of the centie 


Figs 7 to 10 


D 




£ 


€ 


£ 


£ 


A centre of attraction will also be indicated by a convergence of the hues of equal 
Horizontal Force and Dip in its neighbourhood. 

The observed will be greater than the calculated Force to the south, and smaller to 
north, of the centre. The Dip, on the other hand, will be less and greater than its 
calculated values at stations to the south and north respectively of a point at which 
the directions of the normal and disturbing Forces coincide. 

The phenomena are more complicated if the effect of the disturbance is to increase 
the valne of the element on that side of the centre of attraction on which it would be 
normally the greater, instead of increasing it (as m the case of the Declinations) on 
that side (the east) on which it is normally the less. 

Thus, if we represent a northward movement by progress along the line WE 
(fig. 10) from W to E, the effect of a strong centre of attraction would he to check 
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the ordmaiy decrease of the Honzontal Force with latitude If the centre were 
sufficiently powerful, the deciease might be converted into an increase , and since 
immediately ovei the centre the value must be normal, a minimum and maximum 
must follow m older Another minimum and maximum may occur on the further 
side The effect of a centre of atti action on the lines of equal Horizontal Foice is 
thus the same as that of a centre of repulsion on the isogonals In the case of the 
Dip, as m that of the Decimation, there can only be two cntical points on opposite 
sides of the point defined above 

The Vertical Foice will increase with latitude at more than the normal rate to the 
south of a centre of attraction, and at less than the normal rate to the north of it. 
The lmes of equal Vertical Force will thus be drawn southwards m the neighbourhood 
of sucli a centre 

If the Vertical Force attains a maximum value it will be at a point above the 
centre, and it must be followed by a minimum—at which, however, the Vertical 
Force will be greater than its calculated value. 

It is evident from this discussion that there are a numbei of signs of a centre 
of attraction which may not all coexist, and which will be complicated m actual 
practice by iiregularities m the distribution of the attracting masses, but "which 
may nevertheless be of considerable practical help m a survey of local magnetic 
disturbances. {Of Lamont : ‘ Erdmagnetismus m Nord-Deutschland/ 1859, p 21) 

We have dwelt on them, not because they present any difficulty, or even because 
they are altogether novel. Mr Beistnett Brough, A.R.S M, has given a f ull account 
of the methods employed by the Swedish mining engineers in exploring for iron ore. 
(“Use of the Magnetic Needle,” &c ‘Journal of the Iron and Steel Institute/ No 1, 
1887, pp. 289—303.) They are accustomed to map out the neighbourhood of a mass 
of ironstone with a magnet, in order to determine its exact position. We believe, 
however, that the systematic use of the forms of the isomagnetic curves has been 
largely overlooked m the case of surveys comparable with that described m this paper 

In Plates V. to VIII, the values of the Declinations, Horizontal Forces, Dips, and 
Vertical Forces determined at the various stations are entered and true magnetic curves 
are drawn These curves have not been chosen for equal differences of the values of 
the element to which they refer, but those have been selected which exhibit the most 
marked peculiarities. In this way attention is best drawn to disturbed stations and 
districts which can then be studied in accordance with the plan above suggested 

Turning next to the investigation of the disturbances or differences between the 
observed and calculated values of the elements, we note that apart from the assurance 
they afford that the peculiarities studied are common to a district and do not depend 
only on a single station, they often supply additional information to that which can 
be gained from the true isomagnetics. 

Thus, in the case of the Horizontal Force, a maximum followed by a minimum may 
be either to the north or the south of the centre of attraction. In the former case. 
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however, both the maximum and nmumum values are less, rvhile m the latter case 
they are gieater than the normal values at the stations at which they occui, and 
if one maximum and minimum only are foimed, the disturbances at once decide 
whether they are to the north or south of a centre of attraction 

The lines which sepaiate regions of positive disturbance in which the observed 
is greater than the calculated value from those m which it is negative are also of 
importance Thus, m the case of the Horizontal Force, if such a line is approximately 
perpendicular to the magnetic meridian, and if in passing over it fiom south to north 
we leave a region m which the disturbance is positive and enter one m which it is 
negative, we either pass ovei a centre or line of attraction or pass from the range 
of the influence of one centre of repulsion into that of anothei 

If the centre is not at a great depth below the surface, and if the magnetic matter 
is not widespread at its minimum depth, it will cause a sudden reversal in the sign of 
the disturbances which will, however, be large near the centre on both sides. On the 
other hand, passage from the region of influence of one centre to that of another will, 
if the distance between them is considerable, he marked by a transition fiom small 
positive to small negative disturbances, or vice versa . 

Similar remarks may be made with respect to the disturbances of the Decimation, 
but they are most easy to interpret when the line which separates a positive fiom a 
negative region runs approximately north and south If such a line meets another 
which separates a southern region of positive from a northern region of negative 
Horizontal Force disturbance, all the disturbmg forces m the neighbourhood tend 
towards the point of intersection It will be convenient to speak of such a point as 
a peal , and to call a line which divides regions of positive from those of negative 
disturbance of the Decimation or Horizontal Force, so as to indicate attraction towards 
it, a rtdge line. In like manner, a line which separates the regions of influence of two 
attractive centres may be called a valley line 

In the choice of these terms we are, no doubt, influenced by our views of the facts 
to be hereafter set forth, but they are convenient, quite apart from any theory of the 
cause of local magnetic forces It will be proved beyond doubt that in some cases 
these forces emanate from matter below the surface of the earth If this is so, an 
increment m their intensity must be due either to a closer approximation to the 
matter or to an increase in its magnetisation. We have no magnetic test to 
diserimate between the two, and therefore, without prejudice, adopt a nomenclature 
which is perhaps most consistent with the first hypothesis. If we wished to keep 
absolutely free from all expression of an opinion as to the causes of the phenomena, we 
might have called a peak (to which the lines of magnetic disturbmg force converge) 
a magnetic sink, and so on, and for the present the terms we suggest may he taken 
as indicating merely points and lines from and to which such lines of force run. 

The disturbances of the Declination and Horizontal Force, together with the ridge 
and valley lines are shown in Plates IX. and X. 

MDCCCXC.—A, 2 M 
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The absolute value of the distuibanco of the Vertical Force is especially uncertain 
In the cases of the Declination and Horizontal Force a centre of attraction aflects 
stations on opposite sides with disturbances of opposite signs, to that tire true mean 
value for the district can be found, and the true disturbance at each station deduced. 
It is, howevei, possible that the disturbance of the Vertical Force may always he of 
the same sum Thus, if the centres of foice are rocks magnetised by induction, the 
north-seekmg pole of a magnet would most fi equently be attracted downwards m the 
noithern hemispheie as the noith-seekmg poles of the rock magnets would be deeply 
buned in the earth This hypothesis is that which experience has justified m 
Sweden If this is so, the mean value of the Dip or Vertical Force m a district will 
be greater than its undisturbed value, and negative values do not necessarily indicate 
an upward foice It is therefore safer only to use the disturbances of the Veitical 
Force as a means of indicating relative maxima and minima 

If, howevei, centres of repulsion exist, they might be detected by the observation 
that a laige negative (upwaid) distuibailee of the Veitical Force was accompanied 
with a sudden reveisal of the disturbing Horizontal Force in neighbouring stations 
If the Horizontal Forces are small, the negative disturbing Vertical Force is moie 
probably to be interpreted as indicating a downward attraction of less than aveiage 
magnitude. 

On turning to Plate XI., in which the disturbances of tire Vertical Foice are 
plotted down, it will be observed that there is, on the whole, an excess of positive 
values m the south-east, and that large negative values are moie common in the noith 
and v,est It is obvious that m Sc and the disturbances aie much greater than m 
England, and very large positive val 5 of vertical disturbance occur m the western isles 
Indeed, if we include the enormous value obtained at Canna, the average for the whole 
of Scotland is positive Leaving out, however, this very abnormal station, it can hardly 
he doubted that negative values are more common m the noith-west. If this result 
could be trusted as corresponding to physical fact, it might indicate that the country 
as a whole is magnetised m the direction of the magnetic meridian We cannot, 
aowever, draw such a conclusion, more especially as it can be shown that the observed 
affect may probably be a result of our ignorance of the datum lines from which the 
disturbances of the Dips and Vertical Forces ought to be measured 

We have taken the Dip, as given by direct observation, as one of our fundamental 
elements, and m drawing the terrestrial curves which satisfy the conditions that the 
mean value of the Dip for each district when attributed to the central station is 
accurately reproduced by the formula, we have been compelled to ignore the possi¬ 
bility of an unbalanced downward Veitical Force acting at every station. If we 
oppose that in consequence of this the calculated Dips ought, all over the country, 
t® be diminished by a positive quantity, we get for the corresponding decrement m 
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If we take tlie values of H and 0 at Wick and St Leonards and wiite for dd the 
circular measuie of l' multiplied by s, the unknown nuinbei of minutes by uInch the 
calculated Dip has been taken too large, we get at 

Wick . ... dX = 0 0Q43;e, 

St Leonards . . . dX — 0 003 6r. 

Hence m the north the enor will be gi eater than in the south, that is, the excess 
of the calculated ovei the true undistuibed Yeitical Force ls gieatest in the north 
Consequently the diffeienee between the obseived and calculated Yeitical Foice will 
be more fiequently negative m the noith, the excess of the enoi amounting to 
0 0012 metnc unit foi eveiy minute by which the calculated Dip is too laige 

If, then, apait fiom local attiactions the countiy, as a whole, attracts the needle so 
that the Dip is evexyu here 10' greater than it would be if the British Isles weie 
replaced by sea, the enor m the calculated Yeitical Foices deduced fiom calculated 
Dips, obtained on the assumption that no such defect exists, would be 0 0120 gieatei 
m the north of Scotland than m the Channel, so that negative distuibanees would 
largely predominate in the north 

As from the geological chaiacter of Scotland it is piobahle that the error m the 
calculated Dip would not be constant, but would be gieatei than in England, the 
validity of this explanation is even more probable than this calculation indicates 

It is not, therefore, safe to draw conclusions based on the lelation between the 
Yeitical disturbing Foices at distant stations 

In the calculation of the disturbing forces we aie not annum at, and could not attain 
to, results which would give moie than a general idea of their direction and magnitude. 
It may be possible to conclude with certainty that an attractive mass exists near 
ceitain stations, even if the directions of the foices are wrong bv 10° or I5 a and their 
magnitudes are inaccurate by 50 per cent 

To show that a degree of accuracy of this kind is attained we collect here the results 
at stations wheie we have taken a full set of observations at two or more places oi on 
different occasions There are of couise localities where it would be hopeless to get a 
good lesult from a single observation Such places aie Canna and Portree At tlie^e 
we should never have observed except for the sake of investigating the disturbances 
which we knew were veiy gieat, and we therefore do not now take them into account 
It is sufficient if the agreement between different observations is satisfactory at stations 
which we regarded at the time of observation as noimal. 

At Stornoway we made four sets of measurements, the first in 1SS4 in the Castle 
Grounds, the other three in 1885 and 1883 on Ard Point, about a mile distant from 
the foimer station. The giound was not good, as when we observed simultaneously 
about 50 yards apart on Ard Point the decimations differed by IS' 

At Loch Aylort we observed m 1884 and 1888 as nearly as possible on the same 
station At Oban we obseived on the mainland m 1888, and on the islandui Keneia 


2 M 2 
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which is about a mile distant, in 1884 and 1885 In the Sound of Islay we had two 
stations about four miles apait, viz, Poit Askaig m 1884 and Bunnahabham m 1888 
All these places, though typical Scotch stations, were on ground which elsewhere 
would be considered but mdiffeiently good for our purpose At three other places 
more favourably situated we also observed twice, viz, at Stranraer m 1884 and 1888, 
at Beading in 1886 and 1888, and at Bude Haven m 1886 At the two foimer the 
stations were as nearly as possible the same on the two occasions, at Bude Haven 
they were less than half a mile apart 

The lesults are summed up m the following Table. The resultant Horizontal 
disturbing Foice is indicated by F and the angle which its dnection makes with the 
geographical meridian by <£. The latter is taken as positive on the western side, due 
noith being represented by 0°. 


Station 

Rock 

Date 

F 

<P 

Z 

Stornoway— 




o 


(1) Castle Gionnds 

Gneiss 

1884 

0175 

129 6 

- 0113 

(2) Aid Point 


1885 

0179 

109 2 

Dip not observed 



1888 (T) 

0198 

119 7 

-f* 0046 



1888(R) 

0278 

113 5 

+ 0120 

Loch. Ayloit 

Gneiss 

1884 

0267 

1411 

- 032b 



1888 

0139 

112 3 

+ 0178 

Oban— 






(1) Mainland 

Trap 

1888 

0143 

10 9 

- 0129 

(2) Herrera 


1884 

019b 

16 9 

-0132 



1885 

0219 

16 2 

- 0124 

Sound of Islay— 






(1) Port Askaig 

Primary 

1884 

0309 

531 

+ 0141 

(2) Bunnahabham 

Limestone 

1888 

0265 

69 9 

+ 0122 

Stranraer 

Clay, Slate 

1884 

0088 

178 5 

- 0072 



1888(R) 

0065 

181 8 1 




» (T) 

0062 

175 4/ 

— U0o4i 

Reading .! 

Clay 

1886 

0049 

, - 83 

j + 0235 



1888 

0084 

-10 2 

Dip not observed 

Bude Haven 

Shale 

1886 

0065 1 

1431 

4- 0091 




0048 

180 0 

+ 0030 


The annexed small map (fig. 11) illustrates these numbers by showing the dir ection 

and magnitudes of the disturbing forces as determined on two occasions at stations m 
Scotland. 

Am inspection of this map and of the table justifies the statement that the magni- 
and direction of the disturbing forces can he determined with an accuracy 
to enable us to draw conclusions from groups of stations even if it would 
Always be safe to argue from one. 
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If the station Is on good giound we may place moie confidence m the results 
Stramaer is mteiesting as being the only place where we both took complete sets of 
observations simultaneously on good giound. The lesults are in very close accord 
But those obtained elsewhere leave no doubt as to the order of the magnitude of the 
disturbing force nor as to its direction to within (in unfavourable cases) 15° or 20°. 

The difference m the signs of the Vertical Forces obtained at Loch Aylort and 
Stornoway in different yeais may m part be due to the uncertamty of the secular 
correction for the Dip, which appeals to be very abnormal, especially at Loch Aylort 
(see p. 86) In this case we should be driven to the conclusion that a leal change 
in the local Force had taken place It is noticeable that the Vertical Foice disturb¬ 
ance was apparently (algebraically) gieater at Stornoway, Loch Ayloii, Kerrera, and 
Stranraer on our second visits to these places 

The following Table contains the particulars as to the disturbing force at every 
station in accoidance with the notation described above On Plate XIII,, the 
directions and magnitudes of the Horizontal disturbing Forces are shown, and regions 
of positive and negative Vertical Force disturbance aie indicated, the former being 
shaded. 
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Table of Disturbing Foices, 


No of 
Station 

Name of Station 

F 


Z 

i 

1 

Aberdeen 

82 

-144 

CO 

03 

1 

O 

Annagower 

* 

• * 

• 



f 267 

+ 141 

- 326 

3 

Locb Aylort 

{l39 

+ 112 

+ 178 

4 

Ayi 

61 

— 22 

- 145 

5 

Ballater 

151 

-108 

- 41 

6 

Banavie 

176 

+ 18 

+ 268 

7 

Banff 

112 

+ 70 

- 124 

8 

Bei wick 

179 

— 15 

+ 230 

9 

Boat of Garten 

212 

+ 86 

+ 56 

10 

L Boisdale 

301 

—114 

— 736 

11 

Bn.nnababb.ain 

265 

+ 70 

+ 122 

12 

Callemisb 

45 

+ 21 

+ 31 

13 

Campbelton 

36 

+ 136 

— 9 

14 

Ganna 

737 

-112 

+ 1839 

15 

Cars tans 

173 

+ 14 

— 79 

16 

Cnanlaricb 

39 

+ 83 

— 219 

17 

Cneff 

114 

+ 74 

+ 217 

18 

Cmnbrae 

222 

+ 174 

+ 215 

19 

Dalwbmme 

127 

+ 36 

— 247 

20 

Dumfries 

29 

+ 56 

— 87 

21 | 

Dundee 

23 

+ 180 

+ 10 

22 

Edinburgh 

17 

+ 152 

+ 107 

23 

Elgin 

86 

— 67 

-f- 45 

24 

L Enboll 

37 

- 56 

+ 175 

25 

Eairlie 



+ 135 

26 

Port Angnstns 

74 

-101 

+ 57 

27 

; Gairlocb 

210 

- 85 

— 451 

1 28 

Glasgow 

117 

-133 

— 80 

29 

Golspie 

89 

- 92 

— 65 

30 i 

Hawick 

76 

— 1 

— 99 

31 

L Inver 

326 

—129 

— 853 

32 

i Inverness 

61 

0 

+ 156 

33 

Iona 

326 

+ 59 

+ 202 

34 1 

Kirkwall 

27 

- 39 

+ 109 

33 

Kyle Akm 

140 

+ 154 

- 168 

36 

Lairg 

73 

- 79 

— 34 

37 

Lerwick 

62 

—144 

+ 378 

38 

Loebgoilbead 

23 

+ 122 

- 328 

39 

Locb Maddy 

| 73 

— 72 

- 114 ] 

40a. 

Oban 

143 

; + n 

- 129 1 

406 

Oban (Ken era) 

/196 
1219 

! + 17 

+ 16 

- 132 

— 124 

41 

Pitlocbne 

33 

- 68 

— 242 

1 42 

Port Askaig . 

309 

+ 53 

+ 141 

43 

Portree . . 

f 619 

+145 

+ 712 

< 384 

+ 11 

— 378 

44, 

JrJti 


1806 

- 89 

+ 1705 

Row (Gairlocb) . , 

121 

-170 

- 188 

45 

Scarmsh 

394 

+ 98 

+ 444 

46 

Soa . . , 

518 

—166 

— 385 

47 

Stirling , . , . 

166 

+177 

- 92 

i 48a 


f 179 

+109 


Stornoway (Ard Point) . . 

< 198 

+ 120 

+**46 

* 

Stornoway (Castle) . . 

1278 

+114 

+ 120 

i 4S6 

175 

+ 130 

— 113 

;[ 49 

Stracbur . . . . . 

88 

— 1 

— 269 

. H ,f ... 


i 
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Xo of 
Station 

Anne of Station 

F 

0 

z 



f 38 

-4-179 

- 72 

50 

Stranraer 

< 65 i 

-176 1 | 

— 34 



162 

+ 175/ 

51 

Stromness 

80 ' 

— 25 j 

+ 146 

52 

E Loch Tarbert 

54 ! 

-167 

— 150 

53 

Thniso 

20 

— 53 

- 47 

54 

Wick 

150 

-146 

+ 242 

55 

Abery=twith 

^ ** 1 

f * 1 

o 

— O J 

- 73 

56 

Alilei nev 

117 

— 94 

- 43 

k* r* 

Of 

Alnwick 

29 

+ 28 

- 50 

58 

Aliesfoid 

48 | 

- 47 

+ 6 J 

so j 

Appleby 

69 

+ 168 I 

— 50 

60 

Bariow 

35 

— S5 { 

- 71 

61 

Bedford 

132 

+ 168 1 

4“ 59 

62 

Birkenhead 

15 

+ 8 j 

+ 26 1 

63 

Birmingham 

124 

- 40 } 

4" 152 

64 

Braintree 

91 

+ 136 

-t- 50 

65 

Brecon 

28 

-135 

+ 7 t 

66 

Bo.de Haven 

/ 65 

149 

+ 143 

ISO 

+ 91 

+ 30 I 

67 

Cambridge ! 

57 

+ 158 

+iio i 

68 

Cardiff 

32 

- 35 

- 53 

69 

Caidigan 

67 

-175 

— 52 

70 

Cai lisle 

41 

4 - * 7 

- 52 

I 71 

Chesterfield 

56 

+ 78 j 

4~ l-io 

72 

Chichester 

4b 

+ 37 1 

+ 130 

73 

Clencliwarton 

77 

+ 67 1 

-r207 

74 

Clifton 

27 

+ 57 

+ 33 j 

75 

Clovelly 

63 

+ 179 

+ 21 

76 

Coalville 

57 

— 63 

-109 

77 

Colchester 

133 

+ 102 

— 99 

78 

Cromer 

25 

+ 92 

+ 208 

79 

Dover 

60 

— 102 

+ 21 

80 

Falmouth 

47 i 

+ 175 

—190 

81 

Gainsborough 

4 2 ! 

- 36 | 

+ 132 

82 

Gigglesv iek 

49 ! 

— 45 

4- 12 

83 

Gloucester 

46 

+ 126 

1 + 46 

84 

Grantham 

41 

- 7 

+ 50 ; 

; £5 

1 Guernsey, L’Eree 

101 

-134 ! 

— 13 

86 

„ Peter Port 

56 

- 96 

+ 49 

87 

Harwich 

30 

+ 17 

+ 79 

i 88 

Harpenden 

70 

+ 14S 

+146 

i 89 

Haslemei e 

44 

+ 30 

+ 87 

1 90 

Holyhead 

i 153 

-166 

+ 21 

91 

Horsham 

57 

+ 73 

+ 20 

92 

Hull 

124 

+ 136 

+ 94 

93 

Ilfracombe 

36 

—162 

— 2 

94 

Jersey, Grenville 

168 

+ 77 

+ 9 

95 

„ S Louis 

1 144 

— 103 

-229 1 

96 

„ S. Owen 

65 

+ 144 

- 1:31 ; 

97 

Kenilworth . . . 

1 103 

+173 

+287 

98 

Kettering . „ 

59 

+150 

— 92 

99 

Kew . . . . 

90 

+119 

+ 162 l 

j 100u 

King’s Lynn 

46 

+ 19 

+ 1% 

1006 

n » (Gaywood) 

40 

+ 60 

+139 

101 

j King’s Sntton 

85 

+138 

+ 121 

102 

j Lampeter » , . . 

1 

81 

—123 

—137 
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Table of Disturbing Forces —continued 


No of 
Station 

Name of Station 

F 

0 

Z 

103 

Leeds 

45 

O 

- 51 

+ 59 

104 i 

Leicester 

108 

- 95 

— 27 

105 | 

Lincoln i 

89 

- 48 

+ 172 

106 

Llandudno 1 

159 

+ 134 

+ 12 

107 

Llangollen j 

71 

+ 107 

— 9 

108 ! 

Llanidloes 1 

20 

—140 

— 22 

109 

Loughborough 

155 

- 65 

+ 22 

110 

Lowestoft 

61 

+ 116 

+ 192 

111 

Mablethorpe 

34 

+ 133 

+ 163 

112 a 

Malvern, Colwall 

119 

—140 


1125 

„ Great Malvern 

121 

+ 127 

+ 21 

112 c 

„ Wells 

81 

+ 149 


112 c? 

„ Mathon 

147 

- 98 


113 

Manchester 

105 

-104 

- 50 

114 

Manton 

70 

- 18 

+ 79 

115 

March 

36 

+ 2 

+ 111 

116a 

Melton Mowbray 

185 

+ 85 

+ 305 

1166 , 

JJ J5 

182 

+ 152 

+ 80 

117 

Milfoid Haven 

98 

- 23 

- 72 

118 

Newark 

56 

+ 49 

+ 6 

119 

Newcastle 

35 

- 27 

- 4 

120 

Northampton 

111 

+ 165 

- 69 

121 t 

Nottingham 

33 

- 27 

+179 

122 

Oxford 

38 

-153 

+ 169 

123 

Peterborongh 

52 

+ 56 

+ 150 

124 

Plymouth 

30 

+ 168 

-210 

125 

Port Erm 

135 

-134 

- 55 

126 

; Pieston 

4 

- 34 

+ 49 

127 

Pnrfleet 

60 

+ 111 

+ 89 

128 ! 

Pwllheli 

125 

+ 45 

+ 114 

129 

Ramsey 

121 

-150 

+ 4 

130 

Ran more 

85 

+ 65 

+ H 

131a 

Reading 

49 

- 8 

+ 235 

1316 

„ (Caversharo) 

84 

- 10 


132 

Redcar 

23 

— 15 

+ 11 

133 

Ryde 

59 

- 56 

- 18 

134 

St Cyres (Exeter) 

72 

+ 50 

- 5 

135 

St Leonards 

6 

- 31 

- 61 

136 

Salisbury 

91 

- 29 

+ 43 

137 

Scarborough 

47 

+ 52 

+ 63 

138 

Shrewsbury 

118 

-173 

—319 

139 

Southend 

81 

+ 126 

+ 74 

140 

Spalding 

134 

- 98 

- 48 

141 

Stoke-on-Trent 

17 

+ 10 

+ 85 

142 

Sutton Bridge 

55 

- 51 

+200 

143 

Swansea 

105 

+ 4 

+ 30 

144 

Swrndon . 

i * 


+ 38 

145 

Taunton . . , 

26 

0 

— 59 

146 

Thetford 

17 

— 7 

+ 94 

147 

Thirsk 

38 

+138 

+173 

148 

1 Tilney ... 

29 

— 4 

+311 

349 

Tunbridge Wells . . . 

22 

+ 95 

—104 

150 

Wallingford 

26 

-108 

+ 145 

151 

Weymouth . , . 

13 

180 

—144 

152 

Wheeloek . . . . . 

• t 



■ 153 

Whitehaven . . . 

42 

+ 69 

+ 24 

, 154 

L.I , , ,|,„l 

Windsor 

58 

+104 

+ 136 
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Table of Dlstmbmsf Forces —continued 


No t 

of Station | 

Name of fetation ! 

1 

1 

F 

1 

o 

' 

z 

1 

155 1 

i 

Wisbech. 

i 

22 

+ 30 

+ 227 

156 

Worthing . 

44 J 

00 

+ 24 

1 

G | 

Gieenwich 

36 f 

+ 79 

— 5 J 

s ! 

Stonvhurst i 

' i 

0 1 l 

, 

- M 

— 221 1 

157 i 

Armagh 

25 

+ 27 

1 

— 158 | 

158 

Athlon e 

59 

- 81 

— es ; 

159 ! 

Bagnalstow n 

38 

4-131 

—113 

160 

Ballma 

224 

-146 

— 74 

161 1 

Ballywilliam 1 

104 

—154 

+ 45 1 

162 

Bangoi 

68 : 

4- 3 

— 93 

163 

Bantry 

39 

4- 52 

— 12 

161 

Carnck-on-Shannon 

49 ; 

4- 72 

-171 

165 

Castlereagh 

37 | 

4-Kt7 

+ 25 

166 

Cavan 

68 , 

+ 177 

-111 

167 

Charleville 

31 ! 

-147 

— 152 1 

168 

Clifden 

183 i 

+ 145 

+ 37 

169 

Colerame 

226 

-162 

+ 106 

170 

Cookstown Junction 

402 ! 

- 6 

— 677 | 

171 

Coik 

52 J 

+ 49 

+ s : 

172 

Donegal 

56 1 

+ 63 

-250 

173 

Drogheda 

44 1 

+ S3 

— 14 1 

174 

Dublin 

103 

+ 21 

-126 , 

175 

Enniskillen 

ll>7 1 

+ 160 

- 78 

176a 

Galway 

386 | 

+ 159 

, -338 

3766 

51 

97 

j +106 

- 51 

177 

Gort 

67 

— 5 

! + 56 

i 178 

Greenore 

134 

! + 7S 

i — go ; 

j 179 

Kells 

108 

+ 14 

1 +106 i 

180 

| Kildare 

53 

! + 36 

-118 1 

181 

Kilkenny 

43 

j + 41 

; — 4 

182 

Killamey , 

85 

1 + 42 

! - w : 

183 

1 Kdlrush * 1 

29 

I +110 

— 4 

184 

Leenane i 

195 

! -151 

! -151 

185 

1 Limerick 

105 

| + 14 

1 — 89 

186 

1 Lisdoonvai ua 1 

117 

i ~ 7 

, +100 

! 187 

1 Lis more 

36 

+ 46 

-135 

: 188 

Londondeny , 

24 

0 

; -116 

189 

1 Oughterai d ' 

92 

+ 130 

l +183 

190 

Pai sonstotvn \ 

S 

— 140 

i + 48 

191 

| Sligo 

107 

— 126 

1 — 79 

192 

j Strabane ' 

45 

—102 

— 163 

193 

Tipperaiy ' 

38 

+ 47 

- 31 

194 

Tralee . ' 

. * 


i * 

195 

Valentia 

118 

+ 42 

- 53 

! 196 

Wateifoot 

85 

—176 

+ 1 

197 

Waterford 

18 

1 — 98 

-118 

198 

W estport 

174 

—116 

! +196 

, 199 

Wexford . ■ 

70 

’ —134 

■ + 15 

j 200 

Wicklow 

| i 

36 

—114 

f 

f - 117 

} 


»> 
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31R A W RUCKER AND DR T E THORPE OK A MAGNETIC 


Surveys of Selected Districts 

Having descubed and, as we hope, justified the methods by which we propose to 
investigate local and regional disturbances, we now proceed to discuss their applica¬ 
tion to districts of which we have made a special study The lesults we shall arrive 
at will help us in the further elucidation of the magnetic state of the whole country 

The Malvern Hills 

The geneial nature and direction of the magnetization of igneous rocks is a problem 
on which compaiatively few obseivations have been made It is, indeed, known that 
when examined m detail they present great irregularities, and Commander Creak, 
FES, has shown (‘Boy Soc Pioc / vol 40, 1886, p 83) that when islands disturb 
the magnetic needle in the northern hemisphere they attract, and m the southern 
repel the north-seeking pole of a magnet This is what would be expected if they 
were the upper extremities of magnetic masses magnetized by the Earth’s induction 

In like manner m Sweden, where (as has already been stated) the method of 
sear chin g for non ore by means of the magnet has been carried to considerable 
perfection, the assumption made, and justified by experience, is that the upper paits 
of the beds of ironstone attract the noith-seeking pole 

Observations somewhat similar to those of Commander Creak can be earned out 
on land in cases where igneous rocks rise m the midst of sedimentary deposits, and 
such observations are specially interesting in cases, such as that of the Malvern Hills, 
in which the axis of the magnetic mass runs north and south 

If its depth is consideiable with respect to its length, and if it is magnetized by 
induction, we should expect the upper visible parts to attract (m the northern hemi¬ 
sphere) the north-seeking pole. If, on the other hand, it is possible to conceive of a 
shallow mass of magnetic rock surrounded by non-magnetic matter, the northern end 
might repel the north-seeking pole. Emally, if the mass was itself magnetized 
independently of the present inductive action of the Earth, as is certainly the case 
with small masses of highly magnetized lodestone, its effect on a compass needle could 
only be determined by expeiiment 

With the view, then, of making a beginning towards the study of these questions 
m the United Kingdom, we determined the polarity of the northern end of the 
Malvern Hills. 

This range consists of syenite and granite The mass of igneous rocks runs due 
north and south for about eight miles, and is at the broadest part hut little more 
t h an half a mile wide. On its eastern side is a great fault which extends many miles 
rjorth and south of the range itself. Two stations, Great Malvern (I12h) and Malvern 
(112c), were taken on the eastern side of the hills They were both on the Ked 
and distant about a mile and a quarter from the centre of the range Two 
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corresponding stations weie also taken on the western side at about the same distance, 
and both on the Old Bed Sandstone Of these Mathon (112c?) was 0 3 mile to the 
north of the latitude of Great Malvern, and the line joining them cuts the range at 
about a mile from its northern end, passing close to its highest point Colwall (112a) 
is about three-quarters of a mile to the south of the latitude of Malvern Wells, and 
the line joining them cuts the range about 2^ miles south of the noithem termination 
of the igneous rocks 

The Decimation and Force were detei mined at all these stations Time did not 
allow of the Dip being taken elsewhere than at Gieat Malvern 
The results are given in the following Table -- 


I 


I 


it, , , /Gieat Malvern 

Eastern Stahons [ MaIverll We „, 

Western Stations { Gleen 


Declination Poice 


19 33 0 ; 1 7687 

19 22 4 - 1 7682 

18 46 5 j 1 7655 

19 3 6 , 1 7627 


Fiom these the disturbing forces were deduced, the notation being the same as that 
used on p 268 


1 

1 

F 

I 

1 

5> 

: 

Gieat Mai vein 

i 1 

0121 

126 6 

j Malvern Wells 

-0081 : 

148 7 

j Mathon 

j 0147 

- 97 8 i 

1 Colwall Gieen. 

i 

j 

0119 

! -140 4 | 

1 i 


The accompanying Map shows the duection of these forces and their relative 
magmtudes. The Worcestershire Beacon (1440 ft) is the highest point on the range; 
to the south of this the height diminishes, and then increases again to the Hereford¬ 
shire Beacon. The dnections of the disturbing forces tend towards these lulls, and 
the results are, we think, only compatible with the view that the Malverns attract the 
north-seeking pole of the magnet. 


2x2 
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Fig 12 



Disturbing Foices neai the Mai'vein Hills 


The Island of Canna 

The attraction exerted by the Malverns having been demonstrated, it is convenient 
to discuss m the next place a locality where the disturbances are enormously greater 

Popular tradition has long attributed to the basaltic rocks of the Island of Canna 
the power of deviating the needle through very large angles The compasses of 
passing ships are supposed to be affected by the eastern extremity of the island, on 
which stands Compass Hill 

Magnetic observations were made on the Island by Sir Frederick Evans Phil. 
Trans f 1872, vol. 162, p. 825), bnt, we have, we believe, been able to add con¬ 
siderably to what -was already known of its magnetic properties. 

The island, which is about fifteen miles south-west of Skye, is about five miles long, 
its greatest length lying nearly due east and west It is divided into two approxi¬ 
mately equal portions by a neck of comparatively low elevation. The highest ground 
is in the eastern part where it rises to a height of 724 feet, and onr observations have 
been confined to this portion. The cliffs on the north side aie here some hundreds of 
foet in height and fall sheer into the sea. On the south side several small valleys 
leadto the shore, hut the hills rise very steeply about a quarter of a mile inland, and 
the tops of several consist of irregular masses of basaltic columns. On Compass Hill, 
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whicli is the most easteily point on the island, the longer axis of the mass inns north 
and south Its height on the inland side is fiom 20 to 40 feet, while it falls steeply 
tow aids the sea On another hill which rises behmd ICaill, the residence of R. Thom, 
Esq , the columnar mass is small and more cleaily defined The north or landwaid 
side is 15 or 20 feet high, the south side is a steep cliff We roughly estimate the 
length at about 50 raids. In fig 13 the position of this hill is indicated by B, that 
of the highest point on the island by A, and that of Compass Hill by C 

In 1884 we determined the magnetic elements by means of the Kew r Magnetometer 
No 60, and the Dip Glide No 74, at the position marked P The diffeiences between 
the observed and calculated values aie given m the following table — 


Date lb84 

i 

} 

Declination 

Dip 

Horizontal Force 

1 

i 1 

Obseired Calculated 

1 

1 

Difference 

i ....... 

O i ' O t 

21 8 4 i 23 0 5 

72 45 0 i 71 32 7 J 

1 5092 ' 15607 1 

! 1 

C / 

-1 581 

1 123 

i — U515 J 

\ 


Fig 13 



Although these obseivations show that the station was highly disturbed, the efleet 
on the Declination is not so great as to be detected, except by a careful observation. 
In 1888 we observed by means of a small azimuth compass at 23 stations which are 
indicated on the map, and determined at each the hearings of a number of distant 
points. The observations were made on August 16 and 17, bright sunny days with 
a northerly wind, on which the atmosphere was very transparent. We were therefore 
able to take the bearings, not only of prominent headlands on Skye and Rum, but also 
of some distant objects, such as the TTshinish Lighthouse on N. Uist in the Hebrides. 

The azimuth compass was a small instrument which did not admit of great accuracy, 
but, as will be seen in the sequel, it was sufficient for the purpose we Lad m view. 
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"We carried a chait with us, and maiked the position of each station while on the 
spot On the average, about four bearings were taken at each station, and at no 
station was the number less than two 

The bearings of the objects selected were afterwards taken from the chart, and, by 
comparing these with the observations, the Decimation was determined The agree¬ 
ment between the individual observations at each station was m general only 
moderately good, but, even m cases where only two observations were taken, we think 
the means are accurate to about half a degree 

Throwing out thirteen stations which were evidently highly disturbed, we took the 
mean of the Decimations at the other ten as giving the mean Decimation for the 
easterly half of the island, which is 22° 8. 

By subtracting this from the Declinations found at the stations, we obtained the 
disturbance of the Decimation at each The lesults are given in the following 
Table — 


Station 

Distm bailee 

Station 

Disturbance 

I 

0 4 W 

XIII 

04 E 

n 

16 E 

XIV 

60 W 

hi 

09 W 

XV (W) 

19W 

IV 

33 W 

XVI (S) 

10 4 E 

V 

11 W 

XVII (E) 

36 E 

VI 

1 6 E 

XVIII (N) 

115 W 

VII 

15 W 

XIX 

58 E 

vnr 

1 3 W 

XX (H) 

9 9 W ! 

IX 

81 W 

XXI (W) 

25 8 E 

X 

06 E 

XXII (S ) 

10 3 E 

XI 

xn 

58 E 

03 E 

XXIII fE) 

23 8 E 


Stations XV to XVIII. inclusive were taken round the basaltic mass on the summit 
of the hill behind Kaill, and on the sides indicated by the letters which follow the 
numbers. 

Stations XX. to XXIII. were in hke manner taken round the summit of Compass 
Boll, In both these cases the compass was generally within a foot or two of the 
basaltic columns. The observations, therefore, show that these are powerfully mag¬ 
netic. The disturbing force at Station XXI. was nearly half that due to the horizontal 
intensity of the earth’s magnetic field. On the other hand, it is evident that their 
influence diminishes very rapidly with the distance. Station VI was only a few hundred 
yards from the hill behind Kaill, yet the compass was not affected by more than 1° 6. 

Stations I., II., Ill, and IV. are grouped round the sonthern half of Compass Hill, 
at distances between 200 and 500 yards from the summit, but the largest disturbance 
of the Decimation is 3°*3 W. 

Stations XXH I. and II. are situated one above the other on the eastern side of 
Coiupass Hill, the horizontal distance between the two being not more tban 80 yards, 
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yet the distuibance diminishes fiom 23° 8 E at Station XXIII, near the top of the 
hill, to 1° 6 E at Station II, near its base 

These conclusions aie completely borne out by observations made on the £ Coven- 
tma,” m which we visited the island m 1884 and 1888 

On leaving Ganna for Loch Boisdale m 1884 we sailed as close as possible to the 
noithern face of the island, and took frequently the compass healings of points on 
Skye. We weie unable to detect the smallest deviation of the needle 

In 1888 observations weie made under still moie favouiable ciicumstances We 
approached the island from the north, and, when about thiee miles distant, the yacht 
was directed towards a mark on Bum, by which its course could be kept without 
leference to the compass We weie then sailing magnetic S J E , m the most favour¬ 
able direction for the effect of Compass Hill (if any) to be detected We passed it 
within 200 yards of the shore but observed no deviation of the compass, and we are 
quite certain that, if there was any, it was less than one-eighth of a point, i e , less 
than 1° 5. 

The net result of our observations is that the basaltic cliffs of Ganna are powerfully 
magnetic, and may deviate the needle of a compass placed near them by about two 
points, i e , about 23°, but that the effect diminishes veiy rapidly with the distance, and 
is inappreciable on a ship’s compass 200 yaids from the base of the hill, to which 
tradition ascubes, and m which we have ourselves detected, the most powerful 
magnetic pioperties 

We have adopted 22° 8 as the mean value of the Declination at the less disturbed 
stations m Canna m August, 1888 , this leads to 23 v 13' for January 1, 1886, which is 
only 6 / m excess of the calculated value This is interesting, inasmuch as Plate IX 
shows that neighbouring stations have Decimation disturbances of opposite signs, 
and indicates that a line of no regional disturbance runs near to Ganna 

Thus the four stations, Kyle Akin (No 35), Soa (No 46), Ganna (No 14), and 
Loch Boisdale (No. lO^lie very nearly in a straight lme, and the distmbances of the 
Decimations vary continuouslv, being 28'0, 18'4, 6*0, and — 45'9, which proves 
that Canna lies near an attractive centie or uclge This is m haimonv with the fact 

w 

that the distuibance of the Vertical Foice is positive, and is enoimously gieat 
amounting to 0 1839, oi about 0 04 of the whole Vertical Foice 

A comparison of the results obtained at Malvern and Canna points very clearly to 
the otherwise probable conclusion that far-reaching effects aie to be expected quite as 
much from the great mass and uniform magnetization of rocks as from their being 
highly magnetized The basalt of Canna is far more susceptible and moie magnetic 
than the Malvern syenite, but we doubt if a mile and a quarter from Compass Hill it 
would produce an effect on the Declination needle at all equal to that which we have 
shown is due at that distance to the Malverns 
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The Eastern and South-Eastern Counties 

A problem of considerable interest bas to be considered in connection with the 
Eastern and South-eastern counties. In the greater part of this district, the surface 
soil is such that it cert ainl y can produce no marked effect upon the magnet, yet in this 
apparently ‘ good ground/ 5 we have found magnetic disturbances of very wide range 

It is well known that the Decimations obtained at the Kew and Greenwich 
Observatories differ more widely than the difference of longitude will explain The 
difference is not so great as appears at first sight, as the Kew results as published are 
not corrected foi diurnal variation. 

The published mean Declinations at these two stations in 1886 aie, Greenwich 
17° 54' 5, and Kew 18° 16' 9, of which the Kew result must be diminished by about 6' 
This gives a diff erence of 16', which exceeds that corresponding to the difference 
of longitude by 10'. We are not aware that any attempt has hitherto been made to 
connect this discrepancy between the Decimations at these two important observatories 
with any regional disturbance m their neighbourhood 

The fact which first led us to believe that they he within the area of such a 
disturbance was that there is not only a small decrease m the Declination between 
Kew and Beading (instead of an increase as the difference of longitude requires), but 
that there is also a very small difference between Worthing and Byde. 

The Declination at Beading should be about 20' greater than that at Kew, but the 
observation made there in 1886 proved that it is 1' less. 

The Declination was again determined in 1888 at the same spot near Beading, with 
the result that the Decimation, when reduced to epoch, came out 3' 6 lower than 
before, thus increasing the disci epancy between the actual and calculated differences 
between the two stations. 

In like manner, the diffeience of longitude between Byde and Worthing is 
equivalent to a change of 22'm the Decimation, whereas the observed value at Byde 
was only 2' 6 higher than that at the more easterly station 

In order to investigate these differences more fully, we determined to run a cham of 
stations along the valley of the Thames, to observe at another series half-way between 
the Thames and the Channel, and to interpolate a station between Worthing and Byde. 

The result is shown in the annexed diagram (fig 14). Horizontal lengths mdicate 
the longitudes of stations and vertical lines the Declination. 

Three groups of stations, such that all places included m each are of nearly the 
same latitude are taken, thus forming three lines crossing the whole of the south of 
England. In the cases of Weymouth and Byde, which lie considerably to the south 
of the line which nearly passes through the other stations corrections of 14' and 7' 
respectively have been added. Chichester is to the north of the line and its Decli- 
TEsation has also been corrected by 7'. 

Ib he noticed that all three exhibit an anomaly on or immediately to the south 
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of a lme joining Gieenwich and Pleading In the valley of the Thames the Decima¬ 
tion attains a maximum value near "Windsor and a well marked minimum neai 
Heading To the south of this district theie is a lemaikable slackening in the rate 
of increase of the Decimation 

An inspection of this figure is sufficient to prove that the anomaly in the Decima¬ 
tion diffeience of Greenwich and Kewis not due to any accidental peculiarity of the 
position of eithei observatory, but is the result of a regional disturbance extending 
at least fiom that pait of the valley of the Thames which lies between Greenwich 
and Heading to the south coast 

Fis: 14 



1 Southend 

2 Purfleet 

3 Greenwich 

4 Kew 

5. Windsor 
6 Reading 


Decimations at— 


7 Clifton 
S CaidifE 
9. Dovei 

10 Tunbridge Wells 

11 Horsham 


12 Haslemere 

13 Alresford 
14. Salisbury 

15 Taunton 

16 St Leonards 


17 Worthing 

18 Chichester 

19 Ryde 

20 Weymouth 

21 Exeter 


The curves in the diagram when compared with figs. 7 and 8 (p. 263) are seen to be 
such as would be produced if a centre of force attracting the north-seeking pole of a 
magnet were situated near Windsor. Immediately over such a centre the value of 
the Decimation would be normal, while it would be too great and too small at stations 
to the east and west respectively. If the centre were relatively weak the increase in 
the Declination with longitude instead of being represented by the slope of a straight 
line would be given by a curve of the same type as that in fig. 7, if it vrere strong we 
should have a curve like that in fig. 8. 

mdcccxc. — a. 2 o 


BecLnatum 
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Pig 15 shows the tiue lsogonals m this part of the country and proves that the 
form they assume coiresponds to the last case 

The existence of a widespiead disturbance is proved not only by the remarkable 
bend m the 18° 10' isogonal between Kew and Heading, but also by several other 
stations Thus the Decimation at Harpenden is the same as that of Kew (18° 16'), 
though it is about thirty miles to the north of it and should therefore be 9' greater 
Again, Ramnoie. Haslemere and Alresford, with Decimations of 18° 9', 18° 8' and 
18° 10'prove that the 18° 10' line has leally the great inclination to the meridian 
which the outei curves mhg 6, p 262, show They are further supported by Horsham, 
Chichester, and Hyde, with Decimations of 18° 3', 18° 5' and 18° 2'-^respectively 
The isoclmals and lines of equal Hoiizontal Force do not show any equally striking 
peculiarities m this part of the countiy. The latter, however, run a little too far 
north to the south of the Thames (see Plate VII) This is as it should he, for to the 
south of an attracting centre the Horizontal Force will be abnormally great 



The point at which the terrestrial and true isogonals would intersect if the district 
Iteere not otherwise disturbed is marked by a dot, which will hereafter be called the 
foots of the Beading disturbance. 
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Let us now turn to the calculated disturbances of the elements In the accom¬ 
panying map (fig 16) the figures represent the differences between the observed and 
calculated values of the Declination expressed m minutes of arc, and taken as positive 
when the needle is turned to the west Theie is a sharply marked boundaiy between 
the regions of positive and negative disturbance which passes thiough the focus To 
the west of it the needle is deflected to the east and vice ver^t 


Fur 16 



Decimation disturbances in minutes of arc 

-f Indicates that the observed westerly Declination is gieatei than the calculated value 

- Cuive of no distnibance 


To the south of the focus the needle is oppositely deflected on each side of a line 
which runs nearly due north and south. To the north the effect on the Declination 
needle dies out 

If the cause of the disturbance were a mass of magnetic matter ” below the 
surface of the Earth symmetrical with respect to the isogonals, the line which divided 
easterly from westerly disturbances of the Declination would intersect that which 
divided positive from negative disturbances of the Horizontal Force over the focus or 
centre. The next map (fig. 17) shows that this condition is very neailv fulfilled, the 
two points being only 7 or 8 miles apart Lastly, the maximum disturbance of the 

2 o 2 
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Vertical Foice should occui* at the same point, and fig 18 shows that we find it to he 
at Beading, which is our neaiest station to the two points found as above described 
All three elements then combine to indicate that the centre of the Thames Valley 
disturbance lies between Beading and Windsor, and is a few miles to the north and 
east of Beading 

3?i« 17 



Hoiizonfcal Poiee distui bances m teims of 0 001 metric uni t 
+ Indicates that the observed is greater than the calculated value of H 

- Locus of no declination disturbance 

-Locus of no horizontal force disturbance 

The Map of Vertical Force disturbances, however, teaches us a good deal more If 
we draw contour lines to enclose all stations at which the Veitical* disturbing Foice is 
greater than G’010 and 0*015 metric unit respectively, the first comprises two 
independent curves, the one embracing a large area around the focus, and the other 
surrounding Chichester. 

If the cause of the phenomenon were an underground mass of igneous rock we might 
picture it as a sub-terrestrial mountain of which the peak is near the focus. The 
slope would be most rapid towards the south-east Two ridges would run north-east 
north-west towards Oxford and Cambridge, a tbird, less lofty, to Chichester, and 
a IbsErtli* nearly due east, terminating very abruptly at Kew If all this were so, the 
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disturbing foices at stations m the neighbourhood ought to be directed towaids the 
lofty central mass Close to the peak it would itself foim the centre of attiaction 
.At stations near to, but not ovei, outlying ndges, the needle might be deflected 
towards them ^ Immediately over a ndge the dnection of the distuibance would 
change lapidly, and thus give an idea of instability The Horizontal Foices would 
be least over the peak, would mciease up to a certain distance, and would finally die 
out. 

I UT lJ> 



Veitical Foxce distuibances m teini^ ol U uOI metnc unit 
4- In dicates that the obseited is largei than the calculated value 
-Contour lines of et^ual Veitical Foiee distuibance 


In fig. 19 we have depicted the disturbing Horizontal Forces They aie drawn in 
the proper directions, and to a scale on which 0 9 mm conesponds to 0 001 metnc 
units. They fulfil the above conditions exactly, and we think leave no doubt 
that in the south-east of England over an aiea of 10,000 square miles the lines of 
magnetic disturbing force tend to a centre which lies near to and piobably between 
Twyfoid and Henley-on-Thames. We have treated this district in gieat detail, 
because we rely upon these results to prove that the methods of calculation and 
deduction adopted are satisfactory, at all events in districts where the surface rock 
or soil is non-magnetic If the results attained elsewhere present greater difficulties 
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it must be due to the greater complications introduced by the interference of local 


with regional disturbances 

O 


Pig 19 



r 

Disturbing Horizontal Magnetic Forces m South-Eastern England 


The maps which have been used to illustrate our discussion of the Read ing disturb 
ance give indications of other minor centres, and in particular the isogonals are 
consideiably distorted in the north. It appears that if we draw a line through 
King's Lynn (No 100), Spalding (No. 140),'Melton Mowbray (No 116), Lough¬ 
borough (No 109), Birmingham (No 63), and Malvern (No 112), the distnct thiough 
which it passes is the seat of local disturbances, which, though individually less wide¬ 
spread than that already discussed, are neveitheless of considerable inte ns ity 

will now investigate several points in this neighbourhood It will not he 
necessary to do this in the same detail as befoie The places to he considered lie so 
near to the borders of the district already studied, tbat methods which are so consis¬ 
tent m the one cannot be subject to any important error in the othei. 

The Wash . 

We have discovered a remarkable disturbance in the neighbourhood of the Wash. 
No more unlikely region could pm/md facie have been suggested, but the evidence for 
'©xagfeenee is conclusive* 
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Our attention was first called to it by tlie fact that the Decimation found m 1888 
at Spalding is less than that obseived at Kang’s Lynn m 1886. Allowing for the 
difference of longitude, the Declination at Spalding ought to be about 16' greater than 
at King’s Lynn The two values found and i educed to epoch were 

King’s Lynn, 1886 . 17 57 9, 

Spalding, 1888 17516 

Thus, if the King’s Lynn value is noimal, that at Spalding is 22' too small 

Fist 20 
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Disturbing Horizontal Magnetic Forces near the Wash 


A special survey was therefore made of the district with the following results. 

A chain of stations was run along the edge of the Wash, The measurements at 
King’s Lynn were repeated near to, but not on the same site, and observations were 
made at Clenchwarton and Sutton Budge between King's Lynn and Spalding The 
latitudes of these stations did not differ by more than 2', the longitudes and Declina¬ 
tions were as follows — 


Stations 

Longitude. 

Decimation j 

Jan 1, 1886 j 

j 

King’s Lynn (Gaywood 1888) 
King’s Lynn (1886) 

0 26 OE. 

i 

o i * 

18 17 ! 

0 24 3 E ! 

1 17 57 9 

Clenchwarton (1888) 

0 21 3 E 

1 18 10 3 1 

Sntton Bridge (1888) 

0 11 8 E 

j 17 541 

Spalding (1888) 

i 

0 86 W 

17 516 } 

, ! 
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These results make it ceitain that near the south of the Wash the Decimation 
d iminis hes instead of mcieasing (as at normal stations) with the longitude 

The accompanying map shows the directions and magnitudes of the disturbing forces 
in this distuet They indicate a centre of attraction to the noith of the line which 
joins Spalding and King's Lynn 


The Leicestershire District 

Another series of local disturbances exists to the west of that which has just been 
described The facts which first attracted our attention to it were that at two pans of 
stations, viz , Birmingham and Northampton, Leicester and Peterborough, the observed 
Decimation at the more westerly was only about 2' greater than that at the more 
easterly station, though the calculated differences were as much as 35'm the first case, 
and 27' in the second case 

The observations indicated that m this district the isogonal hues run nearly east 
and west instead of nearly north and south, and we proceeded to investigate their 
forms more closely. We thought that the anomaly was probably connected with 
the fact that m Chamwood Forest, which is not very distant from Leicester, igneous 
rocks appear upon the surface, and observations were made round this district, though 
we were always careful that our station should be on what was apparently good 
observing ground. 

We have thus confirmed the existence of a great easterly trend in the isogonal lines, 
and though the magnetic state of the district appears to be complicated, and to require 
further investigation, we have also established several facts which will probably prove 
to be of fundamental importance in the solution of the problems connected with it 

Three of the most interesting stations are Coalville (No 76), Loughborough 
(No. 109), and Melton Mowbray (No. 116) Loughboiough and Coalville are both 
on the Bed Marl, with alluvium near to the streams. Between them lies Charnwood 
Forest, in which are masses of porphyry, greenstone, and syenite. 

We should, perhaps, expect from the analogy of the Malverns that at these two 
stations the needle would be attracted towards the crystalline ro cks . This does not 
appear to be the case, or, as is more probable, the stations are too far distant to be 
affected At Loughborough, which is the more easterly station, the disturbance of 
the Decimation is 3(7 3 towards the east, while at Coalville it is m the same direction, 
but only to the extent of 11' 2 

About 12 or 13 miles further to the east is Melton Mowbray, situated on Lower 
Lias clay with argillaceous limestone at its base, yet a series of observations made 
here on April 22, 1888, gave a Declination disturbance of ff- 32", % e., towards the 
west. TJnfortunately, the observation for the geographical meridian could only be 
made near noon, as the sun was invisible during the rest of the day; hut so 
r<^3iasfca.ble did the result appear that the place was revisited on April 30. Another 
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station on the othei side of the town, about a mile and a half distant fiom the first, 
was chosen, and the new observation was made under favomable conditions at about 
5 45 pm The result indicated a Decimation distuibance of -f-26', which was m 
close accord with that pieviously obtained At fiist sight then, it appears that the 
peculianties of the distuct might be explained by the hypothesis that a centre of 
foice, poweiful lelatively to Chamwood Foiest, exists somewheie between Melton 
Mowbray and Loughborough. The disturbances of the Decimation at these two 
stations are m opposite directions and of neaily equal amounts This view does not, 
however, coirespond with the dnections of the disturbing forces obtained at Melton 
Moivbiay If it weie coirect they should both have acted m nearly paiallel 
dnections towards the west As a mattei of fact, at the firat station the disturbing 
foice acts nearly due west, while at the second it is only 11° from south 

This indicates that the disturbance at Melton Mowbray is of a more local charactei, 
and cannot, m the manner suggested, be brought into i elation with the oppositely 
directed disturbances at Coalville and Loughborough 

If, however, we turn from the Horizontal to the Vertical disturbing Forces we find 
that the peculiarities of these various stations may be connected, and that a magnetic 
map of the district can be drawn which may furnish the first rough outlines to which 
details may hereafter be added without rendering them substantially mconect 

This explanation is based upon the fact that whereas in this part of England 
the disturbances of the Vertical Forces are foi the most part positive, at four con¬ 
secutive stations m this neighbourhood they are negative 

These stations are Coalville, Leicester, Kettering, and Northampton Whether 
the low Vertical Forces aie due to the presence of a repulsive cenrte, oi to a deep cleft 
or valley m the attiactmg mass, we cannot tell Indeed, the latter hypothesis might 
account for a xepulsion if the mass of attracting matter which we have supposed to 
culminate in the Heading peak terminated abruptly on its northern edge For, if it 
were magnetised by induction it is possible that some of the lines of force might 
escape upwards to the surface, dimmish the Vertical Force, and uige the north pole 
north waids 

Contoui lines drawn as in the accompanying map (fig 21), indicate the possibility 
of a veiy sudden use m the magnetic mattei fiom a line drawn thiongh Coalville, 
Leicester, and Kettering, to another which passes through Chesterfield, Nottingham, 
Melton Mowbray, and Peteiboiougli. Tins view is supported by the fact that a 
ridge line, on passage across which the disturbance of the Decimation changes sign, 
runs from near Chesterfield to near Melton Mowbiav. 

If this view were correct, Melton Mowbray would have to be regarded as near the 
summit of an extremely steep peak, as the Vertical Force changed from 0*0305 to 
0 0080 in the small distance between the two stations. The dneetiou of the 
Horizontal Forces would indicate a point a little to the west of both stations as the 
actual peak 

MDcecxe .—a 2 p 
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Fig 21 is ail attempt to realise the magnetic constitution of this part of England 
from this pomt of view In studying it we must remember that the direction of the 
Honzontal Foice at a station wheie the Veitical Force is a maximum or minimum must 
he indeterminate m the sense that it cannot be deduced from the Veitical Forces 


Fio 21 



Contour hues of Vertical Disturbing Force and Horizontal Disturbing Forces in. South-Eastern 
England Each darker tint corresponds to an increment of 0 0100 metric unit in the Vertical 
Disturbing Force. 


at neighbouring stations. All that we know when the Vertical Force is a maximum 
is, that a peak is probably in the neighbourhood, hut on which side of the station we 
do not know, unless, as in the case of the Heading disturbance, other stations indi- 
eate it. 
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The whole distuct may appaiently he divided into fom paits of which the 
boundaries aie indicated on the map by heavy lines 

The southernmost is the legion of the Beadmo distuibance The tendency of the 
Horizontal Foices to act towaids legions of high Yeitical Foice is unmistakeable At 
King’s Button the chiection of the lesultant appears to be affected by the legion 
of high Veitical Force to the noith, neai Kenilwoith At Worthing and Hyde the 
Honzontal Forces point dnect to the Chichester peak At Puifleet and Southend 
the directions of the Foices aie more southeily than the distribution of the "V eitical 
Forces would have led us to suspect 

The most easterly district is that of the Wash distuibance Neai King’s Lynn 
the Veitical Foice is gieat It is gieatest at Tilney which is the centuil station 
The Forces at neighbouring stations conveige to a point to the north of this, and the 
Horizontal Force at Tilney itself is directed northward It n theiefoie likely that 
here, as in the case of Heading the true peak, though neai „ is not at the spot at winch 
w T e found the greatest Vertical Foice. It piobably lies to the noith of it 

The central district is that of the Leicestershiie disturbance Here the phenomena 
are more complicated, and we wish it to be distinctly understood that we think it 
probable that Melton Mowbray does not occupy the position of unique importance 
which our observations allot to it Nevertheless we must point out that the hypo¬ 
thesis that a narrow ndge of attracting matter luns somewhat m the position we have 
assigned to it, is remarkably supported by the dneetion of the Horizontal Forces at 
Coalville, Loughborough, Leicestei, and Manton, which would all be explained on this 
hypothesis At Melton Mowbiay the directions are, of course, mdeteiruinate by 
means of the Vertical Force, and it is quite possible that the phenomena observed 
there may be due to some relatively small dyke, and not to an uprising of a part of a 
widespread mass of igneous rock. Until this district is more fully surveyed we are 
justified in adopting the view represented on the map, which is consistent with all 
the known facts 

There is, howevei, one station in the district, viz, Biimmgham. which is not m 
harmony with the rest, as the direction of the Horizontal disturbing Foice is toward 
the region of minimum Vertical Force Peihaps this inchoates that this legion is not 
connected, as we have supposed, with the larger region of low T Vertical Foice to the 
west, but that the two are severed by a distiict of high Vertical Force lunning from 
Birmingham northward Futuie investigation can alone decide this question. 

The most northerly of the four districts is almost outside the region of our special 
surveys. We only introduce it to show that there is a large region of high A erticat 
Force to the north of Melton Mowbray, and that, therefore, there is nothing anomalous 
in the northerly directions of the Horizontal Foices at Nottingham and Grantham. 
If it be true that in the Leicestei shire disturbance the attracting matter lies witbm 
narrow limits, it is quite possible that at these stations the predominant influence may 
be that of the larger northern mass. 

2 V 
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On the whole, then, it we take the region bounded by the sea, by lat 53 and 
long 2° W, which includes about 50 stations, we think the Horizontal Forces 
unmistakeably tend to act towaid the region of great "Vertical Force. There is one 
stiikmg exception at Bhmingham, and one or two more doubtful ones on the lower 
reaches of the Thames, and the rule must be construed subject to the obvious condi¬ 
tion that a tiue maximum of Yertical Foice, though probably near to, is not 
necessanly at the station at which we happen to have found the largest among the 
Vertical Foices we have measured 

Subject to these exceptions and to this pioviso the lule holds good 


General Results op the Investigation op the Local and Regional 

Disturbances 

Having described the results obtained in districts to which we have devoted special 
attention we now pioceed to apply the same methods to the whole area of the survey. 
In adopting this course we aie fully aware that the number of our stations is not 
sufficient to enable us to speak with any certainty as to the details of the magnetic 
peculiarities of the distucts we are about to discuss, and it is quite possible that we 
may have arrived at some conclusions which must hereafter be modified It appears 
to us that even under these conditions our work is much more hkely to be useful if we 
give what only piofesses to be a first lough sketch map of the magnetic forces m play 
in the country than if we leave our successors to get what hints they can fiom 
observations which we ourselves have made no attempt to collate Even, therefore, 
if our conclusions weie much less certain than we believe them to be we think it 
would be better to state them 

Fortunately, however, we are able to take up a much stronger position than this. 
Our conclusions may be tested, (1) by the agreement of the results of the various 
methods of attacking the problem, (2) by the agreement of our results m Scotland 
with those which can be deduced from Mi "Welsh’s survey, (3) by the establishment 
of relations between the magnetic phenomena at stations scattered over wide areas, 
and (4) by the establishment of a connexion between the magnetic and geological 
characteristics of various districts. In all these particulars we venture to assert that 
they will bear investigation, and we cannon but believe that we have detected the 
mam directions of the lines of disturbing magnetic force. 

The method we adopt is as follows :— 

We draw the ridge and valley lines (see p. 265) which mark the centres and the 
boundaries of districts which are under the influence of a dominant locus of attraction 
We take each district bounded by two valley lines, and study it by means of the true 
isomagnetics of the disturbances and disturbing forces, and lastly, we discuss the 
relations between its magnetic and geological characteiistics 
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The following aie a pmoi i probable consequences of the hypothesis that each 
distuct, bounded by two valley lines, is subject to an attraction tending towards the 
centre — 

(1 ) Since the regional forces are weak neat a valley line it is m such a position that 
we should expect the effects of such local foices as might exist to piedominate, and 
disci epancies to occur more frequently than elsewheie 

(2 ) The centre of a district, m the neighbouikood of the ridge line, should be a 
region of relatively high Veitical Force It v ill be remembered that the ridge line is 
drawn by means of the disturbances of the Decimation and Horizontal Force onlv, 
and, therefore, an agieement between its position and that of a region of high Vertical 
Foiee is an independent confiimation of the accuracy of the theory that the foices in 
play m the district foim a connected system, that is they are legional and not meiely 
local 

(3 ) The directions of the Hoiizontal Foices at points of maximum or minimum 
Vertical Foice may be indeterminate m the sense that they cannot be deduced from 
the distribution of the Vertical Forces This point has ahead} been insisted on 

(4 ) In crossing a valley line both sets of attiactions m the legion which it separates 
tend to pioduce a maximum and minimum of the Hoiizontal Force (see fig 10, p 263) 
If the southeilv attraction weie alone m play both of these would have values less 
than the noirnal If the northerly acted alone both values would be greater than 
the noimal Hence, since the maximum will be to the north of the minimum it is 
probable that m producing it the effect of the northern attraction will piedominate 
and the values wall be gieater than the normal, while m the case of the minimum 
they w ill probably be less. 

Comparison with Mr. "Welsh’s Survey of Scotland 

No more severe test of the physical reality of the disturbing forces deduced by 
us from our observations can be applied than by the enquiry whether similar methods 
applied to Mr. "Welsh’s survey lead to similar results. In part, the seventy of the 
test lies in the fact that the methods cannot be precisely similar. As England was so 
imperfectly surveyed m 1857, we aie compelled to assume a linear function to express 
the isomagnetics in Scotland at that date The isogonals and isoelmals were calculated 
by Balfour Stewart, who used the geographical mile system of co-ordinates Unfor¬ 
tunately the third element selected by him for calculation was the Total Force, which 
throws but little light upon problems such as those we are now investigating. We 
have, therefore, calculated the lines of equal Horizontal Force, using, as in our other 
calculations, the differences between the latitudes and longitudes and those of the 
central station as co-or dinat es, and by combining these with Balfour Stewart’s 
calculated values we have found the disturbing forces at the various stations 

Again, Mr. Welsh omitted the determination of one or more of the elements 



294 


MR A W RUCKER AND DR T E THORPE ON A MAGNETIC 


at many stations He appaiently liad chiefly the terrestrial isomagnetics m view, 
and did not consider that for the discoveiy of the local peculiarities of a station, it is 
essential that all three elements should be determined at it In part this omission 
was due to misadventure A number of Decimation observations had to be rejected 
as the minor was found to have been out of adjustment If, therefore, the calculated 
magnitudes and directions of the disturbing forces depend to any gieat extent on the 
distiibution of the stations 01 on the method of reduction, conclusions drawn from 
Welsh’s survey and our own could not be m liaimony 

In the case of the Decimation comparison is possible, not only with the survey 
of 1857, but with the observations collected by Sir F Evans m 1872 We have 
measured the distances of the stations from the isogonals given by him ( c Phil Trans / 
1872, vol 162, p 319), and have deduced the disturbances In the accompanying 
map (fig 22) we have combined the results of all three surveys 

The direction of a short line diawn through the stations, shows whether the north 
pole of the needle was deflected to the east or west Observations made by Mr 
Welsh are indicated by a dotted line, those due to the naval officers by two 
short hues with a dot between them, and our own by a continuous line 

A discrepancy between any two of the surveys is thus indicated by a cross 
Lines of no disturbance are diawn, separating districts m which the regional 
disturbance is of opposite signs, and passing, when possible, through stations at which 
different results bave been obtained in different surveys 

Without insistmg on the accuracy of the details of these curves, we think that a 
study of the map can only lead to the conclusion that the districts which they bound 
are affected by some common cause which produces a similar effect upon the needle. 
It can hardly be doubted for instance that the magnet is deviated in opposite direc¬ 
tions in the neighbourhood of Elgin and Banff All three surveys agree as to this 
fact. Again, the evidence is very strong that on the mainland to the north of the 
Caledonian Canal, except, perhaps, near Cape Wrath and the Pentland Firth, the 
needle is deflected by regional forces to tbe east, while in the Islands on the West 
Coast and the Mull of Cantyre it is deflected to the west Of course it would be 
possible to find in these districts places, such as Ganna or the Cuchullm Hills m Skye, 
where large deviations in both directions could be obtained within a few yards, but 
tbe great majority of survey stations are chosen too carefully for the local error to 
become so overwhelmingly predominant We have omitted Portree because the 
ground there is known to be unfavourable to our purpose The differences between 
the three results obtained are too great to make a mean value trustworthy. At 
Oanna on the other hand, where it will he remembered we observed at twenty-thiee 
places, the mean value cleared of the larger disturbances agrees with the results 
obtained at neighbouring stations. 

The following facts are also important. 

Seven stations were common to the surveys of 1857, 1872, and 1886. One of 
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these, Leivick, we disiegard, as it lies so far fiom the xest of the distnct In five 
out of the remaining six the di&tuibance of the middle epoch as deduced from the 
isogonals given by Su F Evans is inteimediate to those which ueie obtained m 1837 
and 1886 At Oban there is an enormous discrepancy, which is not supported by 

Fijr 11 



Dnectious of Decimation Bi&tnrlraiL es 


the observations made in 1872 and by oui selves on the neighbouring island of 
Kerrera. There can be little doubt that the 187*2 observation was subject to a 
powerful local disturbance. The coincidence of the results in the other cases can 
hardly he accidental. The figures aie given m the following Table, Kerrera being 
added for the sake of comparison with Oban *— 
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Declination Distmbanees 


1872 1S86 


Abeideen 

! 

l +51 i 

——-— -- 

— 40 

- 67 

Edinburgh 

+ 19 8 

+ 10 0 

+ 42 

K\ le Akin 

' +38 2 

+ 2 i 0 

+ 24 9 

Oban 

. - 11 1 

+ 55 0 

— 8 3 

1 - 

Keriei i 


- 50 

— b 8 

Thurso 

+ 13 8 

+ 70 

1 -52 

Wick 

+ 110 

' i 

+ 7 0 

1 — 8 5 


It is difficult to offei any satisfactory suggestion as to the causes of the appaiently 
legular change It may be due only to the fact that the thiee methods of deducing 
the disturbances by calculations are different, 01 it may be due to real changes m the 
local forces Such alterations are not impossible since if the locks were magnetised by 
induction on the earth’s field the duection and intensity of the induced magetisation 
would be subject to seculai change, but the diffetences are too gieat to be explained thus 
But whether local changes have taken place or not, there can be no doubt that the 
general distribution of the Decimation disturbances m Scotland is the same now as it 
was in 1857. 

In Map 22 the dotted lines are the cuives of no distuibance which would have 
been diawn from our own observations alone The differences mtioduced by the 
addition of 'Welsh’s and Evans’s sui veys are quite unimportant in the North In the 
South they simplify the lines instead of introducing complications As the disturb¬ 
ances at Edinburgh and Berwick are of opposite signs, we had to carry a lme of no 
disturbance between them Mr Welsh, however, had two stations a little to the 
West of Berwick, viz, Makerstoun and Meliose, and at these the disturbance is of the 
same sign as at Edinburgh 

The introduction of these justifies us m treating Berwick as an isolated station, and 
the simple system represented by the continuous lines results We have adopted 
these as the true lines of no Declination disturbance m this pait of the Kingdom 
As Sir Frederick Evans did not add any Dips or Horizontal Forces to the list of 
those already known, we proceed at once to the direct comparison of the disturbing 
forces deduced from our own and Mr Welsh’s surveys. The magnitudes and 
directions of these calculated by us as above described are as follows — 
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Disturbing Forces m Scotland from Mr. Welsh’s Survey m 1857. 


Station 


Latitude i Longitude 


r p ' Z 


Aberdeen 

1 57 

9 ' 

o 

2 

05 

163 


227 

Alford 

57 

14 t 

2 

45 

109 

- 43 

— 72 

Ardnshaig 

5ft 

1 

5 

27 

41 

+ 151 ' 

- 149 

Ardrossan 

55 

39 1 

4 

47 



+ 223 

Ayr 

55 

28 

4 

38 ! 

59 

—150 . 

- 147 

Balmacana 

57 

17 

5 

39 1 

127 

+ 152 

+ 51 

Banff 

57 

39 

2 

! 

77 

+ 87 

- 148 

Bi aemai 

57 

1 

3 

25 

1S4 

+ 9 

- 178 

Bridgend 

55 

48 

b 

16 



+ 309 

Broadford 

57 

15 

5 

51 



+ 417 

Callermsb 

58 

10 

1 6 

44 

99 

- 6 

- 45 

Corpach 

56 

51 

1 5 

8 

100 

- 3 

[ + 311 

Cross 

58 

29 

! 6 

17 

90 

+ 67 

j + 283 

Dalwhmme 

56 

56 

4 

17 

107 

+ 19 

- 133 

Dumfries 

55 

o 

3 

36 

96 

+123 

- 172 

Durness 

58 

34 

4 

44 

112 

+ 152 

, + 190 

Edinburgh 

55 

58 

I 3 

11 

94 

1 +131 

i - 93 

Fort Augustus 

57 

9 

4 

40 

80 

l - 87 

' + 89 

Glenmoiven. 

56 

38 

0 

5)8 

; 410 

+ 86 

1 +1310 

Golspie 

57 

58 

3 

53 

1 7 

- 90 

, + 293 

Gretna 

55 

1 

3 

3 

i 172 

-113 

1 - 170 

Helensbmgh 

56 

o 

—j 

4 

41 

! 140 

-139 

1 - 181 

Jj Invei . 

58 

10 

5 

12 

248 

— 14S 

- 60S 

Inverness 

57 

28 

4 

11 

! 49 

- 39 

+ 163 

Kintore 

57 

15 

2 

21 

1 


- 312 

Knkwall 

58 

59 

5 

58 

' 153 

+ 45 

+ 250 

Ryle Akin 

57 

16 

w 

o 

44 

174 

+134 

+ 28 

Lamlash 

55 

31 

5 

5 

1 


- 1 

Larbeit 

56 

2 

3 

49 



- 91 

Lei \v lck 

60 

9 

1 

8 

100 

- 6 

+ 238 

Locbgoilbead 

56 

10 

4 

54 

66 

- 10 

- 363 

Makerstoun 

55 

35 

2 

31 

65 

j + 37 

+ 162 

Newton Stewart 

54 

56 

4 

28 

155 

-168 

- 137 

Oban 

56 

27 

5 

26 

120 

- 31 

- 303 

Peterhead 

57 

31 

1 

46 

71 

+ 174 

- 141 

Pitlochne 

56 

42 

3 

43 

58 

-150 

- 312 

Port Askaig 

55 

52 

6 

8 



+ 214 

Stornoway 

58 

15 

6 

23 

152 

+ 7 

+ 41 

Strain aer 

54 

54 

5 

2 

175 

—166 

- 333 

Thurso 

1 58 

35 

3 

32 


+ 65 

+ 89 

Wick 

1 58 

25 



90 

1 +172 

! + 316 


These values aie shown in fig. 23 The arrows represent the Horizontal Forces in 
magnitude and direction The numbers aie the Vertical disturbing Forces in terms of 
0 0001 metric unit. When negative they are underlined. Lines of no Vertical 
Force disturbance are also drawn The shaded parts are regions of positive Vertical 
Force disturbance. A comparison of this with figs 25 and 26 will suffice to show 
that there is a close agreement between the two Thus, m the case of the Vertical 
Forces, we both find regions of high Vertical Force along the lines of the Caledonian 
Canal and the Western Isles, and on the East and West Coasts of South Scotland. 
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Fig 23 



Disturbance map of Scotland, from Mr. Welsh’s, survey, 1857-58 
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There are a few discrepancies m the direction of the Horizontal Forces, but the 
general agreement and occasional diffeiences will be better discussed when we deal, as 
we are now about to do, with separate distucts "W"e piopo-^e to tieat of the lesults 
of the two surveys simultaneously, and we think we shall succeed m showing that, 
although it would have been impossible to diaw our conclusions fioin Mr Welsh s 
less numerous stations, they are stiongly confirmed by the deductions which we have 
made from his survey 


Fig 24. 



Highland District. 


The Highland District . 

In fig. 24 we have collected all the information which the isomagnetics in Plates V* 
to YDI. afford of this district. Those places only are named to which we actually refer. 
Where the more westerly of two stations has the smaller Declination, the isogonals are 

2 Q 2 
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distorted (Plate V), and indicate a centre of attraction between the two AJ1 such 
points are maiked D 

Loops m the Yertical Force isoniagnetics indicate maxima and minima of Vertical 
Force, which are marked Land v lespectrvely As no observations could be made to 
the west of the islands m the south-west of Scotland, it is impossible to prove formally 
that the Yertical Forces in this district are maxima The values at Scainish and 
Iona are, how r ever, the same as those at Wick and Golspie respectively, which are 
nearly two degrees farther north We have, therefore^ felt justified in marking them 
as maxima, thereby mdieating that they aie very large. Canna and Portree are so 
disturbed that but little reliance can be placed upon observations taken there, but 
they both give maximum values of the Yertical Force (Plate VIII) At Corpach and 
Glenmoiven we find that Mr Welsh’s observation gave maximum values of the Yer¬ 
tical Force. At two of the most northern stations the Horizontal Force is a minimum , 
at three of the most southern it is a maximum (Plate VIII) They are marked with h 
and H respectively. 

From this map we can form an opinion as to the magnetic constitution of the 
district Pomts of high Yertical Force, and centres to which the needle is attracted, 
cluster thickly along a line which passes from Elgin to Inverness, thence along the 
line of the Caledonian Canal to Corpach, and so to Mull 

Another similar Ime runs north through Skye, and indications of a region of low 
Yertical Force, which separates the two, are given m the minimum values found at 
Gairloch and Loch Invei There is a subsidiary centre of attraction near Straehur 

The view that a general attraction is exerted toward the centre of the district is 
supported by the occurrence of maximum and minimum values of the Horizontal 
Force m the south and noith respectively. The minima at Loch Boisdale and Soa 
and the maximum at Loch Maddy (which necessarily follows) indicate a strong 
subsidiary centre of attraction to the south of these places Balfour Stewart, 
arguing from Welsh's results, placed such a centre to the south of Mull, but as we 
shall show, it is probably to the west of that island (‘ Brit Assoc. Beport/ 1859? 
p 190). 

It must he remembered that all these conclusions follow from the mere inspection 
of the results of the observation with no more calculation than is necessary to reduce 
them to the same epoch. In the next map (fig. 25) we show the results of the calcu¬ 
lations carried as far as possible, i e., to the point of deducing the disturbing forces 

The shaded parts are the regions of positive (t.e, of great) Yertical Force. The 
boundaries are fixed by the very rough method of assuming that between neighbour¬ 
ing stations the rate of change of the disturbing force ]s uniform. The arrows repre¬ 
sent the Horizontal disturb? ig Forces in magnitude and direction. The dotted arrows 
represent the disturbing. *s calculated from Mr. Welsh’s survey. 

There are only two discrepancies, and they all occur, as we anticipated, near 

hues. The most reh^rkable is Stornoway. There can be no doubt as to the 
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accuracy of our results obtained on tbiee different occasions and at two stations, and 
we can only suppose either that there has been a real change or that Mr Welsh's 
station was subject to some very gieat local distuibance Lochgoilhead, which our 
observations place just over the valley line m the next district is, accoidmg to Weish, 
just within this At Pitlochne there is a large angle between the two forces It is 
doubtful whether the valley line is here correctly drawn. The region of high Vertical 


Fig 25 



Highland District 


Force near Crieff seems to belong to the next district At Crieff itself the disturbance 
of the Vertical Force is a maximum, and there is probably a peak in the neighbour* 
hood. The direction of the Horizontal Force cannot therefore he deduced from the 
Vertical Forces, and the fact that it happens to act northwards has perhaps led to its 
being wrongly included in this district. If the valley line runs direct from Alford to 
Lochgoilhead it would pass close to Pitlochrie. Our result would thus make its 
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relations uncertain as the direction of the Horizontal Force would he nearly along 
the valley line The dnection deduced from Welsh’s observation would place it m 
the nest distnct The same lemaik applies, though moie doubtfully, to Ardrishaig 
If, howevei, these thiee or four border stations be put aside, the map leads to a 
consistent view of the magnetic state of the district, which is m exact accord with 
that previously arrived at The ridge line lies in the region of greatest Vertical Force 
disturbance The Horizontal Forces tend towaids that region, and at points withm 
it are, on the whole, dnected to the ridge line The discrepancies between our lesults 
and those of Mi Welsh are haidly, if at all, greatei than those between our own, 
when lepeated It is remarkable that the south-western stations indicate a centie of 
attraction out at sea, but oui results are completely confirmed by Welsh’s at Glen- 
morven. We should certainly have expected a pi ion that Mull, which is highly 
basaltic, would be a centie of attraction 

Between Elgin and Banff there is a strong local centre Welsh observed the 
Horizontal Force at Banff only, hut the Decimation obtained by him at Elgin is less 
than that at Banff, the difference being about 10', as against 7' given by our survey. 
The two sets of obseivations are thus m agieement 

The Scotch Coal-field Dish ict 

This distuct is bounded on the north by the valley line which forms the southern 
boundary of that which has just been discussed 

The southern boundary is inclined to the magnetic meridian at an angle which does 
not give any special advantage to either the Horizontal Force or the Decimation as 
a means of determining its position We have therefore taken the Decimation line 
corrected (as described on p 296) by Welsh’s observations at Makerstoun and Melrose 
There is not a single abnormal station in this district, and the results of Welsh’s 
observations fit in very well with ours. At Ayr, indeed, there is a very considerable 
discrepancy, and the forces at Alford and Gretna are larger than we should have 
expected if they are regarded as the resultants of the attractions of the two legions, 
close to the boundaries of which these stations are situated 

All the four stations at which the Horizontal Force is a minimum, viz. (taking them 
in order from the west), Cumbrae, Bow, Stirling and Dundee, are situated close to the 
northern boundary of the Scotch Ooal-field, m which there are large masses of basalt 
The ridge line runs through the middle of this basaltic district and passes through 
or near two regions in which the disturbance of the Vertical Force is positive (i.e., in 
which the force is great) to the east and west respectively. At Cumbrae the Vertical 
Force is a maximum, and the existence of a region of high Vertical Force in this 
neighbourhood is remarkably confirmed by the fact that Welsh’s observations give a 
positive disturbance at Ardrossan a few miles further south, though at the neighbour¬ 
ing stations both to the south and north it is negative (fig. 23). On the whole then 
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there can be no doubt that in this district the ndge line passes through the region of 
greatest Veitical Foice disturbance It obviously does so m the east In the west the 
region of positive disturbance is definedbj a single station only, audits boundanes are 
uncertain If we included Welsh’s obseivations at Aidiossan they would be pushed 
fuither south In the central legion theie die clear indications of a maximum dis¬ 
turbance, though the laigest values are negative Thus at Row and Stirling the 


Fig 26 



Scotch Coal-field District 


Vertical Foice disturbances are —0188 and —'0092; at Glasgow and Carstairs 
— 0080 and — *0079 , and at Ayr and Hawick — 0145 and — 0099. The two central 
stations which are nearest to the ridge line have algebraically the largest values. 

The convergence of the Horizontal disturbing Forces towards the ridge line is 
unmistakeable The isogonals (Plate Y.) give evidence of a subsidiary centre of 
attraction near Loehgoilhead, 
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North-Western England, North Wales, and Galloway. 

Tt, p stations m this eioup aie bounded on the -west by the northern part of the 
Irish Sea They are few in number, and so large a portion of the intervening spaces 
is covered with water that we cannot hope to umavel the mtncacies of the dis no 


Pig. 27. 



North-West England, North Wales, and Galloway 


The valley line which hounds it on the east has been drawn thiough the centre of 
ih# region of low Vertical Force which exists there (see Plate XI). e sou ern 
partis obtained horn the Horizontal Force disturbances (see Plate X). 
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At Dumfries and Cailisle the distuibing forces are small, and coincide m dnection 
with the Talley line, i e , they faiily repie&ent the resultants of two attiactions 
exerted on each side of it At Stranraer, and m the Isle of Man our disturbing 
Hoiizontal Forces act towaids the south, and this lesult is confiimed by those 

* t. 


Fig- 28 



NortE-West England, North "Wales, and Galloway 


deduced from Welsh’s observations at Stianraer and Newton Stewart. They are 
much larger than ours, and at Dumfries the southward tendency is more marked. It 
must be remembered, however, that the calculations by which these results have been 
deduced from the 1857 survey have been conducted on the assumption that the 
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Scotch isomagnetics are linear functions of the coordinates winch determine the 
geographical position, and that the eirors involved m the assumption would chiefly 
affect stations such as these, which are on the border of the district 

If it is necessary to prove that these results are independent of the method of 
calculation, Fig 28 is sufficient for the purpose 

The lines of equal Hoiizontal Force converge m a most remarkable way towards 
Noith Wales, which is one of the most ceitam indications of a centie of atti action 
Again the Decimations at Holyhead and Llandudno diffei only by O' 4, while the 
difference of longitude conesponds to 25 y . This again is stiong evidence of the 
existence of a centie of atti action between them 

If, as appears probable, there are two regions of high Vertical Force m the distiict, 
it is possible that the northern one may be connected rather with the Cumberland 
Lakes than with North Wales. However this may be, and whole fully admitting 
that it requires fuither study, we think that this district appeals to obey the rules 
■which hold good elsewhere 


The North-Eastern Distinct 

This district is bounded on the north and west by valley lines which have been 
already described On the south we have drawn a line which passes through the 
centres of two regions of negative Vertical Force disturbance 

The southern portion lies within the limits of our special surveys and has been so 
fully discussed that nothing need be added here. The northern part presents a 
feature of peculiar interest 

The results as directly observed do not furnish such clear indications as in a distiict 
where the piesence of crystalline locks is moie obvious The isogonals are, however, 
bent in the peculiar manner which indicates centres of attraction. Thus the 19° 6' 
line (Fig 29) points to such a centre to the south of Thirsk, the 18° 48 / isogonal 
points to another between Hull and Gainsborough As both these lines depend m 
part upon the same stations, it is satisfactory to find that they are completely con¬ 
firmed by the quite independent 18° 16' line which runs nearly due east and west 
between Lincoln and Mablethorpe 

The Vertical Force isomagnetic which corresponds to 4*516 metric units bends 
southward to Thirsk in a way that is again an indication of a centre of attraction 
There are thus signs of an attractive region lying between the following pairs of 
stations, viz, Mablethorpe and Lincoln, Hull and Gainsborough, Thirsk and Leeds. 

On turning to the disturbances (Plates IS and X), we find that both the 
Declination and the Horizontal Force give nearly coincident ridge lines running 
along the line just indicated. The decimation line passes northward to the Cumber¬ 
land Lakes and southward to the Wash. The Horizons! Force line turns south amid 
the Yorkshire Hills and runs toward North Wales. 
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As we should expect fiom the close agreement of the Decimation and Huiizontal 
.Force ridge lines the disturbing forces m this distuct aie vei y easy to mterpiet In 
no place m the kingdom is a locus of attiaction moie cleaily indicated At Appleby, 
Thirsk, Hull, and Mablethorpe the distuibmg foices act m a south oi south-eastdly 
dmection, at Giggleswick, Leeds, Gainsboiongh and Lincoln they point noith-east. 

A well-marked lidge line thus luns tiom the Lincolnshire Wolds thiough Voikshire 
and the limestone distuct of Westmorland to the Cumbeiland Lakes 


Fig 29 



In the southern pait of its course it traverses a legion of high Vertical Force, and 
passes near the station at which the positive disturbance is a maximum, terminating 
in the Wash peak 

The observations at Manchester and Chesterfield appear to indie are another centre 
of attraction in the limestone district of Derbyshire, but two stations are hardly 
sufficient to decide such a point. It is, however, very significant that the limestones 
of Derbyshire are intercalated with the basaltic rocks known locally as “ toadstones,” 
and although these do not cover a great area at the surface it is by no means 

2 R 2 
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improbable, as Professor Judd informs us, that large masses of similar rocks occur at 
no great depth. 


Pi e 30 



Rorth-Eastem England 


The Southern ITistnct, 

The Southern District contains those parts of England and Wales to the south of 
the regions which have already been discussed with the exception of Devonshire and 
Cornwall, In the latter outlying district the disturbing forces indicate on the whole 
an attraction to the south of the peninsula. 

The Home Counties have been already discussed, and we only refer to the district 
again to point out that the ridge line which runs westward through the Reading peak 
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is continued into tlie "Welsh coal-fields Tins fact is veiy important, and will be 
hereafter discussed when we consider the lelations between the magnetic and 
geological peculiarities of this district. 

Fig 31 



Southern England and Wales 


Ireland 

In Iieland, as elsewhere, the Hoiizontal Foices tend towards the legions of greatest 
"Vertical Force 

At Coleraine and Waterfoot, stations to the noith of the great mass of basaltic 
crystalline rocks in Antrim, the disturbing forces tend southwaid. At Cookstown 
Junction and Bangor, on its southern borders, they are directed to the north. 

Kells is a point of maximum Vertical Foice, and the forces at neighbouring stations 
are all directed towards it. 

A clearly marked ridge line runs through a region of positive Vertical Force 
disturbance in Connemara, and extends to the north beyond it. 

f V 

Another series of stations of high Vertical Force extend eastwards from Clare, and 
they apparently dominate all the region to the south of them. The direction of the 
disturbing force at Kilrush is anomalous. At Chaileville there is a mimmiim of 
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Vertical Force, and tlierefoie the direction of the Horizontal JBoice cannot be deter¬ 
mined from the iule 

The "Wicklow and Arklow mountains, which are composed of granite, do not 
appear to exert any impoitant effect on neighbouring stations, but there is a region of 
hioh Vertical Force m Wexfoid 

O 


Magnetic Mop of the United Kingdom 

In Plate XIII we have attempted to represent the magnetic state of the whole 
country by bringing togethei the lesults of our studies of the magnetic distncts into 
which it may be divided 

The valley and ridge lines are shown The unshaded parts aie regions of 
negative Vertical Force disturbance, and the three shades employed indicate that the 
disturbance is greater than 0 but less than 01, greater than 01 but less than 
02, and gieater than 02 metric unit respectively 

The lines representing the Horizontal Foices are drawn to a scale on which 
1 mm . = 0 001 metric unit, except at Canna and Soa, "where the disturbances are so 
large that the airows would be inordinately long 

Considerations which have been adduced in the foregoing discussion have led us to 
depart, m a few minor points, from the strict rules by which the valley and ridge 
lines have been diawn. Thus, the hne which separates the Highland and Scotch 
Coal-field Districts has been drawn so as to include Crieff in the latter. 

The rather uncertain valley line m Mid-Wales, which was taken from the 
Horizontal Foice disturbances (Plate X), is replaced by the closely neighbouring 
ndge line, taken from the Declination disturbances (Plate X ) This would necessitate 
valley lines on each side of it, the position of which is uncertain. 

In Ireland too, the ridge line which runs from Antnm to the neighbourhood 
of Kells, is not very definite, and it is best to consider the clearly marked portion of it 
in Antrim as only doubtfully connected with the centie of attraction near Kells 
These points must be left foi future investigation, but the unquestionable existence of 
widespread regional disturbance m the districts we have specially studied m England, 
together with the general agreement between the two maps of Scotland, deduced from 
the surveys of 1857 and 1886, leads us to hope that Plate Xni gives the first approxi¬ 
mation to a map of the disturbing magnetic forces m play over the whole kingdom. 


On the Relation between the Magnetic and Geological Constitution of the Magnetic 

Districts 

Up to the present, we have discussed the various districts into which we 
hay© divided the country from the point of view of their magnetic peculiarities only. 
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It now remains to investigate the question whether any connection can he established 
between these and their geological chaiactenstics 

It is well known that ceitam vaneties of ciistalline rocks aie often more 01 
less magnetic, and that when they aie peimanently magnetised the pules aie sometimes 
very megularly distributed 

We have, however, thought it worth whde to investigate the magnetic state of 
some pieces of dionte and basalt, bi ought from Malvern and Canna respectively 

The fiagments were cut into small reetangulai blocks delicately suspended and 
tested We have to thank Dr Hoeeert, Demonstiatoi m the Phvsieal Laboiatoiy 
of the Science Schools at South Kensington, for undei taking this part of the woik. 
The obseivations were veiy tedious, and weie, foi the most part, made by Messrs 
Gray, Anderson, and W ilkinson, students m the laboratory 

Of several blocks from Malvern only one showed any polanty m its natural state, 
but when placed between the poles of an electiomagnet it became magnetised by 
induction, so that the time of oscillation was reduced from 72 s to 5The stone 
brought from Canna w T as part of a basaltic column and its upper, lower, east and 
west ends were marked It showed polanty, but the upper end was a north-seeking 
pole, so that it w r as magnetised m a direction opposed to that -which would be induced 
by the magnetic field of the earth The moment due to the permanent magnetism 
was calculated by three diffeient methods viz (1) by the difference of time of 
oscillation when the dnection of the field (about twelve tunes as strong as that 
of the earth) w r as leversed, (2) by the deflection when the stone was placed 
E and W, and (3) by the difference of times when the position of the stone was 
leversed The results obtained Avere 

0023 *0027 and ’0019 C G S, unit 

The periods of oscillation w*ere 93 s and S6 S m the earths field and the artificial 
field above described The general conclusion arrived at was that, as the volume was 
about 1 c c , the permanent intensity of magnetisation was about 0 002 C G S. unit, 
and that m a field of strength F the induced intensity was about 0 0015 F. 

We have ex am ined the relations between the magnetic disturbing forces and the 
geology of the area of the suivey by means of a geological map which has been 
specially prepared for us under the kind superintendence of Piofessor Judd (Plate XIV). 
Details are disregarded, but the piincipal masses of basaltic and non-basaltie crystal¬ 
line rocks and the main groups of the sedimentary formations are clearly distinguished 
from each other. This may be compared with Plate XIII, in which the magnetic 
disturbing forces and the ridge and valley lines are shown 

As the ridge lines are drawn according to an arbitrary mle, they are only intended 
to draw attention to the districts m which loci of attraction probably exist. We 
have no real knowledge of their distances from the stations between which they run 
In the geological map, therefore, the stations on each of the principal ridge lines ha\*e 
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been connected by lines, the spaces enclosed have been shaded, and thus the districts 
within which the mam loci of attiaction piobably he aie cleaily indicated 

It must he lemembered that the outlines of these districts depend largely on the 
accidental positions of stations which were selected without refeience to them, and 
that we must rather expect such lough indications of relations between magnetic 
and ecological facts as may serve to guide future investigations than complete 
and unmistakeahle haimony 

When legalded fiom tins point of view, however, we think the results aie very 
suggestive 

In the Highlands one region of attraction encloses the Caledonian Canal, another is 
evidently in close i elation with the basaltic masses m Skye, Glenmorven, and Mull, 
though, as has been pom ted out, the main centre of attiaction appears to be to the 
west of these islands 

A third region m Scotland encloses the basaltic rocks of Arran and of the Scotch 
Coal-fields The fact that the Fifesbire basalt lies outside it is probably due only to 
the accidental cn-cumstance that w r e have no stations between Stirling (47) and 
Dundee (21) 

A fourth region evidently consists of the Antrim basalt. Theie is a fifth m 
Connemara, w r heie the rocks aie gianite 

With regard to North Wales, if we consider it as formmg one distnct with Shiop- 
shire, we see that a line dravn thiougli the centre of the basaltic rocks would first 
run from east to west, then neaily north, and finally turn to the west between 
Anglesea and Carnarvonshire The district is thus very irregular and the ridge hues 
do not give much information, hut we must pomt out that the Horizontal Foices at 
the stations which border it all tend inwards towaids the axis above suggested This 
is true of Holyhead (90) Llandudno (106), Llangollen (107), Shrewsbuiy (138), 
Abprystwith (55), and Pwllheh (128) 

If this suggested relation is hereafter vended, every consideiable mass of basaltic 
rock in the kingdom will be closely connected with a region of magnetic attraction 
Of smaller masses it is to he noted that at Falmouth (80) the disturbing force acts 
southward toward the serpentme of the Lizard, and that the lelatively small masses 
in Pembrokeshire and Wexford are within another legion of attraction Oui 
measurements do not assign any particular importance to the outcrop of basaltic rod? 
near Limerick (185) nor to the dykes m the north of England. It is, however, 
curious that a line drawn through Melton Mowbray and the Wash peak (indicated 
by circles) passes towards Wales through the only basalt in the Midlands 

Taking the evidence as a whole, we think we aie justified in, saying that large 
masses of basaltic rock indicate regions of magnetic attraction. 

The other crystalline rocks appear to he much less important magnetically Thus 
the Malvems, though a stiong local centre, do not disturb a district of any consider¬ 
able magnitude. If the effects of the two classes of rocks when they appear on the 
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surface aie m sucli marked conti ast, it may be open to question whether strong 
magnetic attiaction m a distiict m which no ciystallme locks appear on the surface 
does not indicate not only ciystallme but basic cr) stallme rocks beneath it 

However this may he, there are two regions of attraction which aie not connected 
with basaltic rocks on the surface, at all events as the main cause of their 
peculiarities 

One of these luns westward from London to the South Wales Coal-field, and the 
directions of the disturbing forces m Wexford aie such as would be caused if it crossed 
the Iiish Channel This extension is doubtful, but the line is most cleaily marked 
right across England, and its general direction is such as to make it almost impossible 
to avoid the conclusion that it is connected with the palaeozoic ridge, the existence of 
which, long ago predicted by Mi Godwin Austen, has been proved by deep borings 
near London, and which is supposed to connect the Welsh and Belgian Coal-fields 

If the palaeozoic rocks are nearei the surface here than elsewhere, the ciystallme 
rocks may approach it also within a moderate distance, and if they are susceptible to 
magnetisation the observed results would follow. The palaeozoic rocks are supposed 
to form basins, and if those beneath them have a similar outline, it would be possible 
to explam a centre of attiaction such as the Beading peak 

The last region of attiaction luns fiom the Wash through south-east Yoikshne 
toward the Cumberland Lakes, and, as Piofessor Judd fhst pointed out to us, it 
includes the line to the north of the Humber, along which the oolitic and liassic 
stiata thm out rapidly, and where, therefoie, the crystalline rocks aie probably 
suddenly brought much nearer to the surface It is continued northward toward the 
igneous masses m Cumberland 

The centre of attraction which apparently exists at Kells, in Iieland, is not suffi¬ 
ciently accounted for by the surface geology of the district in which it is placed, and 
we have not felt ourselves justified in repiesenting it as connected with the Antrim 
basalt, as the fact that this connection requires further confirmation has been aheady 
pointed out 

On the whole, then, we think we may assert that every region of magnetic 
attraction, with the possible exception of that near Kells, is marked eithei by the 
presence of basalt, or by some geological peculiarity which makes it possible 01 even 
probable that within it crystalline rocks, capable of affecting the magnet, are nearer 
the surface than elsewhere. This is possible as regards the line of fault marked hv 
the Caledonian Canal, and probable as regards south-east Yorkshire and the south of 
England. 

The former district is remarkable from the fact that it was far more strongly 
affected by the earthquake of Lisbon than the rest of the British Isles, and this may, 
perhaps, indicate that it has special relations to the primary rocks, which would 
account for its magnetic importance. 
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On comparing the geological map with Plate XIII., on which the disturbing foices 
are shown for the whole country, a difficulty arises fioni the fact that the V"ertical 
distuibmg Eoices appeal, on the whole, to be greater ovei the districts m the east and 
south of England, wheie the later sedimentary locks occur, than over "Wales and 
It eland, wheie, from their absence, it would pi mid facie appear probable that the 
downward attraction would be gieater 

Of couise many hypothetical explanations could be offered of the fact, such as that 
the pi unary locks m England might possibly contain larger quantities of ferruginous 
matter, &c , but we must be content with observing that if a faiily uniform increase m 
the disturbing Vertical Force were to take place fiom east to west, it is very doubtful 
whether we should have detected it Probably it would cause a disturbance of the 
first older, the tenestrial bnes would be deflected, and the disturbances at distant 
points would not be comparable. 

If the true Vertical Force isomagnetics could be prolonged beyond Wales mto 
another district in which the tertiary stiata re-appeared, a southward trend m Wales 
would indicate an mcrease m the force On looking at Plate VIII we think it will be 
admitted that the slope of the lines of equal Vertical Force is greater ui Wales than 
m England, which is m harmony with the existence of a southward bend, but the 
fact that they are extremely irregular and terminate on the west m the sea makes 
any certain deduction impossible We must, therefore, regaid the distribution of the 
Vertical Force disturbances as presenting some difficulty, and must emphasise the 
necessity of using them only to compare neighbouring stations 


The Causes of Local cnicl Regional Magnetic Forces 

It has long been known that distortions of the isomagnetics occur chiefly m the 
neighbourhood of crystalline rocks, and it has been generally assumed that this is due 
to so-called rock magnetism, the rocks being magnetised either permanently or by 
the mductive action of the eaith’s field. 

Dr. Natjmanx, in the w r ork aheady quoted (‘ Die Erschemungen des Erdmag- 
netismus/ Stuttgart, 1887), has recently opposed this view 

The arguments which may be brought against it are * (1) That rocks brought from 
considerable depths do not exhibit magnetic qualities until they have been for some 
time upon the surface, (2) That the effects which rocks or mountains produce on the 
magnet, even if very great when the distance is small, dimmish so rapidly as the 
distance increases that they are quite insufficient to account for the widespread effects 
which are attributed to them; (3) That extensive local magnetic distuibance is 
associated rather with geological faults than with the piesence of igneous rocks; 
(4) That the cause of the phenomena is to he looked for in the effects produced on 
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eartli-cunents by dislocations of the strata rather than in rock magnetism "We will 
consider these aiguments m the mveise order to that in which we have stated them 

Mr Pkeece, FES, Chief Electrician to the General Post Office, has been good 
enough to have measurements of the earth-cuirents made m seveial of the districts 
in which we have found laige disturbances of the Decimation The curients flowing 
between various post-offices have been observed, and the dnections and mtensities of 
the currents noted 

The following Table gives the data obtained on telegraph lines between Melton 
Mowbray and stations m its neighbourhood The letters P.D signify Potential 
Difference 


Station 

Bearing from 
Melton 

Distance 

from 

Melton m 
miles 

Earth cur¬ 
ients m 
milliamperes 

Dnec- 
tion of 
current 

j 

Resistance 
of circuit 
m ohms 

i 

i 

PD 

pei mile m 
volts 

Long Clawson 

H 17°W 

! 6 0 

0 062 

i 

i Fiom 

912 

0 009 

Oakliam 

S 50° E 

90 

0 045 

, Melton 

477 

0 002 ! 

Asfordby 

TV 

1 2 5 

0 070 

i in all 

317 

0 009 

„ (Private Lme) 

. 

' 

W 15° N 

19 

0 067 

1 eases 

317 ! 

1 

0 011 


These potential differences per mile are much smaller than those which occur 
during magnetic storms, and which on the earth-current theory must, we suppose, be 
regarded as the causes of the deflections of the Decimation needle which then take 
place During a very violent storm m 1881 Mi\ Preece found a P D. of 1 9 volt 
per mile We will take for comparison a less extreme case. Yearly recoids of the 
movements of the Declination needle, and of the registers of the earth-currents 
apparatus, are published by the Greenwich Observatory, and the Astionomer-Poyal 
informs us that half an inch on the earth-current xegisters coiresponds approximately 
to a P D of one volt m circuit 

On September 10, 1886, an increase of IS' took place m the Declination between 
22 h and 22 h 5, and between 21 h 8 and 21 h 2 a change m the intensity of the current m 
one of the circuits occuned which corresponded to a change of P.D of about 0 9 volt. 
The direction of the current was such as to produce the observed movement of the 
needle, and if we regard the current as its cause, since the distance between the earth 
plates is 3 miles, we find that a deflection of 16 / was produced by a potential difference 
of 0 3 volt per mile 

There are two earth-current circuits mutually at right angles, both of which are 
inclined at about 45° to the magnetic meridian. The second was but slightly affected, 
and, therefore, the effective difference of the potential was about 0*3 cos 45° =02 
volt per mile nearly 

At Melton Mowbray we find the disturbance of the Declination to be 33' W. at one 

2 s 2 
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of the two stations. It changes very rapidly, falling to 26' W within a mile and a 
quarter, and to neatly 30' E at Loughborough, which is thirteen miles distant. If 
currents produce it they must therefore be very local On the other hand we know 
that the disturbances produced diming magnetic storms are simultaneous over areas 
such as that of the United Kingdom, and if the currents pioduce the deflections, they 
also must be widespread, so that if we assume that the same earth-cun ent is required 
at Melton to produce a permanent deflection as is observed at Greenwich when an 
equal temporary deflection takes place, we aie not overstating the case 

Now, during the whole of the year 1886, theie were only a few occasions on which 
the earth-currents were stronger than on that which we have selected as an example, 
and we may therefore say that on the earth-current theory there should be permanently 
at Melton a potential difference of 0 3 volt per mile (for the smaller deflection of 26' is 
1 6 times that observed at Greenwich on the selected occasion) an amount which is only 
registered at Greenwich during violent storms, and is nearly thirty times greater than 
that observed m a circuit only two miles m length m the neighbourhood of Melton itself. 

So far we have dealt only with the magnitudes of the currents The case becomes 
much stronger when we consider their dnections. On all the circuits out of Melton 
Mowbray referred to m the table on p 315, the eaith-currents flowed from that station. 
Hence, on all the currents except that to Oakham, the direction of the current was 
such as to produce a deflection of the North Pole to the east, % e , m the opposite 
direction to that which was actually observed, while the P D. between Oakham and 
Melton was the smallest of those measured, being only 0 002 volt per mile. "We do 
not lay stress on this, as the distance was perhaps rather too great, the main fact being 
that the earth-currents between Asfordby and Melton, on the same side of the latter 
town as that on which our second station was placed, were not only much too small (if 
•we may judge from what is observed at Greenwich) to produce the observed deflection, 
but that they were actually in the wrong direction 

To make certain that nothing in this argument depends upon the particular deflec¬ 
tion obtained at Greenwich on the selected occasion, we have taken twenty other 
examples in which Declination disturbances of from 3 / to 22! were accompanied by 
changes in the earth-currents. To avoid the necessity for correcting for diurnal 
variation, they were chosen from the nocturnal hours when the magnet is normally 
steady, and occasions were selected on which one circuit only was appreciably affected 
Except in these particulars they were chosen haphazard 

If we divide the E.M F per mile m volts (Y) by the Dechnation disturbance (A) we 
get a number whieh expresses a relation between the two, and which, if they were 
cause and effect, ought to he constant The following table shows that the selected 
example was not particularly favourable to our views As the first station at Melton 
was cm the south side of the town we assume that the potential difference was 
Ike same as that between Melton and Oakham. At the second station we take it to 
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be that between Melton and Asfordby In both cases the whole is supposed to be 
effective, % e , it is not resolved along the magnetic meridian A negative sign means 
that the current flowed in the duection opposite to that which would be required to 
produce the observed deflection 


Station 


Greenwich ■/ 

Melton Mowbray < 

Largest value of V, A 0 02S 

Smallest ,, , 0 008 

Mean ,, 0 016 

Value on selected occasion 0 013 

Station 1 0 00006 

, 2 0 00040 


We are quite aware that an argument of this soit is open to criticism The exact 
relation between earth-cuirents and magnetic storms is uncertain; m short circuits 
the earth-currents may be masked by those due to the earth-plate, and we have been 
compelled to assume that the conditions at Greenwich and Melton are the same. 
We should not, therefore, have put the argument forwaid had the conclusion depended 
on any nice balance of figuies As it is, we thmk it supports the view that the per¬ 
manent earth-currents at Melton Mowbray are veiy much less, and less extended, 
than the temporaiy currents observed at Greenwich during ordinary but considerable 
storms, though the peimanent Declination disturbance which they are supposed to 
produce is of the same order as the tempoiary deflections which are observed simul¬ 
taneously with the currents at Greenwich 

Similar results were obtained near to the Reading and to the Wash disturbances 
If these are produced by earth-currents they must circulate iound the peaks, and thus 
the potentials at points on opposite sides of them should he diffeient. Hear the 
Wash the direction of the telegraph wnes is not very favourable for a test, but we 
owe to the kindness of Mr Preece, to whom we must again express our obligation, a 
series of measurements made at Reading and Windsor Of these it is only necessary 
to say that, though Reading and Windsor are on opposite sides of the focus of 
disturbance, and though the needle is deflected 11 ' to the west at Windsor and 
6' to the east at Reading, so that the assumed current circulating round the peak 
ought to run in opposite directions through them, the observed earth-currents were so 
small that no measure of their magnitude could he taken 

It might be urged, in answer to these aiguments, that the earth-currents by which 
local disturbances are produced are not mere surface currents, but that they flow 
through the mass of the earth, possibly where the strata are (as recently suggested by 
Professors Lame and Schuster) of higher conductivity. 

To this it may be replied that the greater the depth at which the currents are 
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supposed to be situated, tbe moie difficult is it to account for the fact tbat their 
effects are so local 

A more conclusive ansvei is tbe fact that our observations show clearly that the 
needle is attracted to certain hues or points round which currents would have to 
circulate in the same direction (i e, with the hands of a watch) m order to account for 
the facts If the magnetic field of the earth is due to currents flowing from east to 
west, it is easy to imagine that they might be deflected by layers of more or less 
than aveiage conductivity, but why should they form local eddies, m which the flow 
is always m the same direction ? They must cuculate similarly round the Reading and 
Wash peaks, round Kells, probably also round the Antrim basalt and the Toad-stones 
of Deibyshne In accordance with Commander Creak’s investigation, they must flow 
round magnetic islands in opposite directions m the two hemispheres They must 
flow in different directions on the two sides of the palaeozoic ridge m the southern 
counties, of the Malverns, of the Yorkshire ridge, of the Scotch coal-field, and of the 
Caledonian Canal It may be possible to imagme physical causes which would account 
for such a state of things, but it does not appeal easy to fiame an hypothesis which 
shall be more probable than that involved m the theory of magnetic rocks 

As regards Dr Naumann’s view, that geological faults determine local magnetic 
action, it is disputed in its application to Japan by Dr. Knott, who has superintended 
the recent magnetic survey of that country. We find at Malvern a mass of crystalline 
rock bounded by a fault Either the lock or the fault may be supposed to be the 
cause of the attiaction toward the ridge which is undoubtedly exerted on the needle , 
but whereas the rock is susceptible of magnetisation, and its effect on the magnet is 
precisely such as would be produced if it were magnetised by induction m the earth’s 
field, there is no sirred of direct evidence to prove that the fault is capable of causing 
or deflecting earth-currents, so as to make them flow in opposite directions on its 
opposite sides It is more probable that the action of faults is due to the displacement 
of crystalline rocks m their neighbourhood , and that a fault is, at all events, not a 
necessary cause of regional attractions is proved by our observations m Scotland Two 
great fault lines traverse that country, one coinciding with the Caledonian Canal and 
the other running from Stonehaven to the mouth of the Clyde. The first of these is, 
and the second is not, associated with a locus of attraction 

Taking the next argument in ordei, we agree that mountains which exercise 
considerable influence on the magnet when close to them produce no effect at distances 
which are small relatively to the range of regional disturbances It must, however, 
be remembered that the depth from the surface to magnetic rocks concealed by over- 
lying strata may not exceed the horizontal distances at which the Malverns and the 
Wash affect the Declination, and that their influence on the Vertical Forces might 
extend over vast areas If, as would often be the case, they were not horizontal, but 
approached the surface by a gentle slope, the magnet would certainly tend to turn 
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towaids 01 away fiorn the neaier and more elevated portions, accoidmg to the natme 
of then magnetisation 

If the slope weie less than the angle of Dip, the sides of the suh-teirestilal lull 
would be magnetised, so as to attiact the noith-seekmg pole, and the empirical rule 
that the Honzontal Foices tend towaid places of greatest Veitical Foice would be 
amply and completely explained. 

Dr Naumann’s argument loses a great part ot its foice if we legaid a widespread 
disturbance of the lsosunals aiound a mountain 1 anoe as due not to the diiect action 
of the mountains but to a fai reaching mass of locks of which they aie the 
culminating point 

Lastly, as to the statement that locks contammg non only become magnetic when 
biought to the surface—without impugning the actual observations, we can only say 
that so important a generalisation lecjunes a much more extended basis of fact than 
any that is provided for it If the Malvern giamtes produce m then immediate 
neighbourhood a magnetic effect, it is evident that rocks, the susceptibility of which 
can only be detected by refined methods, may in large masses deflect the lines 
of foice m the earth’s magnetic field to an appieciable extent 

On the whole then, while fully admitting that there is loom foi much fuither 
investigation on this head, and that any view is moie oi less hypothetical, we do not 
think that any theoiy has hitherto been pioposed which ofiers fewer difficulties than 
that of rock magnetism 

If the cause of the magnetic disturbance is induced magnetism, it would vary with 
the direction and intensity of the earth’s magnetic field, but the change could hardly 
be great relatively to tbe secular vanations of the elements It is therefoie important 
to note that m the 1 Plnl Trans ’ for 1870 (vol. 160, p 271), Su* E Sabine gives the 
Decimation at Gieenwich and Kew as having been practically identical in 1842 5. 

His values are — 


Greenwich 

Kew 


23" 13', 
23° IF 


As accord mg to bis lso^onals the Decimation at Kew should, at that epoch. ha\e 
been 9' greater than that at Greenwich, wbeieas, according to his table, it was 2 less, 
the difference due to disturbance was — 11 (? <?., the Kew value was too small), 
whereas m 1860 it was -fi H 3 m 1865 fi- 10, and is now 10 (p 2i0). If then we 
accept Sir E Sabine’s table as coirect, we must assume that a disturbance difference 
amount in g m all to 22 x was established between 1842 5 and 1860, which has remained 
constant during the twenty-nine years which have elapsed since the latter epoch 
We, therefore, wrote to Mr. Whipple asking him for information as to the 
observations given by Sabine, as having been made at Kew in 1842*5. It should be 
noted that the authority quoted by Sabine is “ Ob',” which indicates an official origin 
for the value given 
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Mr, Whipple writes, “I have now looked ovei all the MSS papeis I can had, 
referring to this Observatory m 1842, and I am quite unable to find any reference to 
the observation quoted in the c Phil Trans ? for 1870, p 274 There was no Staff 
here at the date, nor any official publication, hence I do not see how “ Observatory,” 
or, as printed, “ Ob',” could be any authority Again, m Sabine’s contribution, ‘ Phil 
Trans./ 1849, p 208, Greenwich and Bushey are both given with the names of the 
observers, and I think there can be no doubt that if Sabine had observed here m 
1842, he would have certainly quoted the observations m that table . . I fear we 

must consider it somewhat too hypothetical to trust to ” 

On the whole then, it appears to us most likely that the number given by Sabine 
was not deduced from an observation made m 1842, but was reduced to that epoch 
from the Kew Obseivatoiy records, which did not begin till some years afterwaids, 
and that m the deduction some numerical blunder was made. 

Summary 

We may now attempt to sum up the result of our studies of local and legional 
magnetic forces in the United Kingdom. 

We have proved beyond possibility of doubt that two centres of atti action exist 
near Beading and the Wash respectively, and in the former case it is evident that the 
Horizontal disturbmg Forces tend towards regions of maximum Vertical disturbing 
Force. 

We have then gone through the United Kingdom district by district, and have 
shown that the same rule holds good everywheie. Putting aside stations of 
maximum or minimum Vertical Foice and stations on valley lin es (which do not 
furnish real exceptions) there are not half a dozen which are clearly anomalous m 
the whole 200 , nor has this result been obtamed by splitting the whole area of the 
survey up into a large numbei of small districts which have been carved cut so as to 
secure an appearance of uniformity of behaviour. Omitting the border stations on the 
south of Scotland, m Devonshire and Cornwall, the Channel Isles and Dovei, the 

magnetic constitution of the rest of Great Britain is accounted for by five principal 
ndge lrnes only 

The first is coincident for a great pait of its length with the direction of the gieat 
fault of the Caledonian Canal, The second and third are connected with the masses 
of basalt in the V7estem Isles and the Scotch Coal-field respectively. 

The fourth runs for 100 miles parallel to, if not coincident with, a line m Yorkshiie 
and Cumberland along which geologists believe that crystalline rocks may occur near 

the surface, and sends out a branch toward the igneous rocks which occur in North 
Wales. 

fifth runs for nearly 200 miles from London to Milford Haven along another 
am2ar ge 010 ^ Hue, and sends out a branch to the south coast from near Reading. 
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It is probable that to these a sixth m Noith Wales and Shropshne should be added 
There aie indications of othei nunoi centres at Malvern, in Deibyshue and m the 
neighbourhood of Charnwood Foiest, but the number of stations involved is small 
The vast majonty are included m the few and simple systems above clesciibed 

These results are not the outcome of the calculations only, for all the puncipal 
conclusions can be drawn from the obseivations alone Mr Welsh s smvey though 
including fewer stations at which all the elements weie deteimmed than ouis, though 
omitting almost altogether stations m the Western Isles, though woiked up (as 
regards the Dip and Decimation) by means of a different system of oeogiaphical 
coordinates, and m the case of all three elements by means of an assumption as to 
the linearity of the isomagnetics w Inch we have abandoned, confirms oui conclusions 
In foui only of the 28 of his stations which fall within our districts, viz , Stoinowav, 
Pitiochiie, Ayr, and Dumfries is there an important diffeience between us as to the 
direction of the disturbing forces. 

In the most highly disturbed aistiicts, at Loch Inver, Kyle Aknp Broadford, Glen- 
morven we agree as to the older of the magnitude and as to the direction of the foices. 
At Cumbrae and Fanlie we find closely neighbouimg stations of positive sunounded 
by others of negative Veitical Foice distuibailee, and Welsh confiims us by a similar 
result at Aidiossan, not ten miles off 

These coincidences between the lesults of the two suiveys, and between the 
magnetic peculianties and the geological constitution of districts cannot be accidental, 
and we venture to assert that, throughout the kingdom, the lines of Horizontal mag¬ 
netic distuibmg Force tend towaids regions of maximum Vertical distuibmg Foice, 
which are themselves defined by the presence of crystalline rocks, and especially 
of basalt, either visible on the surface or concealed by superimposed masses of 
sedimentary strata 

Beyond this general conclusion we do not wish at piesent to go. The detailed 
constitution of our prmcipal magnetic districts (except in the case of the Beading and 
Wash disturbances) has yet to be investigated. We have not discimimated between 
various possible causes of a decrease m the Vertical Fotce, such as the lemoval of the 
attracting mass to a greater depth, or the formation of repulsive poles, either by 
induction or pei m anent magnetism We do not think the last word has been said on 
the cause or causes of local and regional forces All these requite and will, m the future, 
no doubt, receive attention. We trust, however, that by following out to their 
logical conclusion the premises of a not improbable woikmg hypothesis, we have 
succeeded in showing that local and regional forces obey certain simple laws, and that 
by means of these the kingdom can be divided into magnetic distiicts in which the 
relations between the direction of the disturbing forces and the main geological 
characteristics are so suggestive as to be worthy of caieful statement and further 
investigation. 
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Tables for the Calculation of the Magnetic Elements in the Future 

We conclude this papei with Tables, by means of which the values of the magnetic 
elements may be determined during the next few years foi any place m the United 
Kingdom Foi this purpose we should know as accurately as possible—(1) the values 
of each element at the station at the epoch of the suivey, (2) the secular change , 
(31 the local distuibance To determine the first of these, we give the next three 
Tables (VIII, IX , X ), m which the values of the elements deduced fiom the general 
formulae aie given for all mteisections within the kingdom of lmes of latitude and 
longitude which correspond to whole degrees, togethei with the variation per degree 
of latitude and longitude The method of using them requires no explanation 

The values m the Table of Honzontal Forces display some irregularities This is 
paitly due to the fact, that a discontinuity is intioduced along the hne H = 1 on 
opposite sides of which we have used different formulae The formula also, which is 
applied to the southern distnct, does not represent parallel lines, but lines of which 
the slope is a periodic function of the latitude We have slightly smoothed the 
irregularities, a process which will mtioduce some discrepancies between the numbers 
given by the Table and by the formulae, but we have thought it better not to attempt 
to do away with all traces of the discontinuity. 





Table VIII —Decimations at Intersections of Degrees of Latitude and Longitude 
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The determination of the late of secular change is a more difficult matter, but at 
the completion of our work we have more data at oui disposal than in the earlier 
stages, when coefficients had to be chosen foi the i eduction of observations The 
plans adopted m the case of each element are as follows — 

1 JDtcli nation 

We have deduced from Sn F Evans's Map for 1872 (loc. cit) the Decimations 
at 24 points distubuted uniformly all over the kingdom, and have cornpaied them 
with, the values given by our Table VIII, on page 238 The secular corrections thus 
calculated show an meiease from east to west amounting to about 0' 11 and O' 14 per 
deg ree of longitude m latitudes 58° and 52" respectivelv. 

There is also an meiease with latitude above the latitude 52" 

The results aie exhibited m the following Table — 

Table XI —Mean Secular Change of Decimation per annum between 1872 and 1886 





Longitude. 



Latitude 
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17 

6° W 

4° W 

2= 4Y 
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9b 

t 
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9 2 
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89 


56 


9 1 

8 6 

8 3 
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54 

1 9 3 

S 5 

SI 
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7 8 

! 79 

52 

| 94 

89 

81 i 

7 S 

7 8 

: 7 7 

50 

i 

i 

1 


83 

80 

1 i 
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This is in fan* accord with the obseivations at individual stations given on p 88, 
but as Sir Frederick’s isomagnetics were not deduced by any definite system of calcu¬ 
lation, but little impoitance must be attached to minor variations and discrepancies 
We do not, for instance, feel justified m assuming that there is a leal meiease of 
the secular coefficient to the south of lat 52°, especially as M Moureaux’s values m 
France foi coiresponding intervals aie less than ouis 

It is also m accord with the lesults of the comparison of oui observations with 
those of Welsh, which, show that between 1857-1886 the seculai change m Scotland 
increases with the latitude and with west longitude We think, therefore, that the 
most that can be said at present is that the seculai change at the time of our suivey, 
as given by the mean of the Gieenwich and Kew values (p. 91), was m the neigh¬ 
bourhood of London about 6' 5 per annum, and that a comparison with Sir F Evans’s 
results shows that it is about l' 5 greater m the south-west of Ireland, and about 
2' larger in the north-east of Scotland 

Hence by smoothing the irregularities in Table XI above, and reducing all the 
numbers so as to give the present rate at London we get the figures in Table XII.. 
p 325. 
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These may be checked m future by means of the observations at Kew, Gieenwich, 
Falmouth, Stonyhurst, and Yalentia, but we do not think a compaiison of two obser¬ 
vatories only leads to trustworthy laws of late of change of secular vauation with 
geographical position There can be no question that Decimation change on the whole 
mci eases with the latitude, yet the secular coefficient is less at piesent at Stonyhurst 
than at Greenwich and Kew It is theiefore veiy much to be iegi etted that the obsei- 
vations so sedulously earned on by the late Piovost Lloyd, at Tunity College, 
Dublin, have of late yeais been liitenupted 

We may point out that the best position foi a magnetic observatory would be m 
the centie of a widespieacl region of low Vertical Foice The disturbmg rocks would 
probably produce less effect m such a situation, and all the phenomena might be 
expected to be more noimal Unfortunately Kew and Gieenwich are within the 
range of the Heading disturbance, and Stonyhuist is m a region where the Vertical 
Force changes very rapidly both to the east and west of that place 

2 Inclination 

We have also m the case of the Dip found the seculai change between 1842 5 and 
1886 by comparing Table X with Sir E Sabine's map for the earlier epoch The result 
confirms the conclusions pieviously arnved at, viz , that the secular change diminishes 
with latitude and increases with west longitude As, however, the noith-westerly 
stations are on the line of minimum change they probably do not foim real exceptions 
to the general rule Partly by this method and partly by the map of assumed values 
(p 85) we have selected those given m Table XII 

3. Horizontal Force 

This element when treated m the same way gives since 1842 5 a greater rate of 
secular change m the south than m the noith, and m the west than m the east The 
latter conclusion is m accord with that of M Moureaux 

We are now inclined to think that the high value of the secular change between 
the years 1883—85 at Greenwich (*0028) led us to assume rather too high a value 
(*0022) for the south of England 

The mean annual change for Greenwich between the years 1S83—87 is 0020 and for 
Kew 0017 The values foi Greenwich m 1857 and 1887 aie 1 769 and 1 818, but m 
1861 a new instrument was introduced, and to make the two values comparable we 
must subtract 0 016 from the first This leads to a difference of 0 065 or a secular 
change of 0*0022 

Though this is a little greater than the present late, we do not think the evidence 
is sufficient to justify us m altering the rates obtained for Scotland by a comparison 
for the interval 1857—87, and we assume that they are valid at the present time 
For the neighbourhood of London we take 0 0019, and by the aid of Sabine's and 
Welsh's papers we have arrived at the values given in the following Table .— 
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The local distuibance at any place may be estimated fiom the distuibances at 
neighbouring stations as given m Plates IX , X , and XII It is evident that this 
conection must be somewhat uncertain, but the maps will at all events give mfoima- 
tion as to whether the distuibance is likely to be laige 01 small As an example of 
the use of the tables and maps, we calculate the Decimation for lat 52° 30' 1ST and 
long 1° 30' W on July 1 1889 
Fiom Table VIII it was 

18° 29' 0 + 8'2 + 15'2 = 18° 53' 4 on Januaiy 1, 1886 
Fiom Table XII the seculai change is 

-(6 5 + 1 + 15) X 3 5 = — 23' 6 
which reduces the value to 18° 29' 8 

From Plate IX we see that the station is m a region of negative disturbance, and 
that the tiue Decimation is probably less than the calculated amount by 15' or 20' 

It is obvious that for this puipose much rougher methods of calculation would 
suffice, but the mam reason for making the process as accurate as possible is that the 
values of disturbing forces can only be determined if the rates of secular change are 
carefully discussed and accurately known As we hope that these will be further 
investigated, we give the fullest data at our disposal for the calculation of the 
undisturbed values of the elements. 
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IV On the Effects oj Pressuie on the 2Figaetiscition of Cobalt 
By C Chree, 21.A , Fellow of Kings College , Camht idge 
Communicated by Piofessor J J Thomson, FR S 

Received November 22 —Read Decembei 19, 18S9 
[Plates 15, 16] 

§ 1 In August, 1888, I commenced an investigation into the effects of piessuie on the 
magnetic pioperties of cobalt, at the suggestion of Professor J J. Thomson In his 
' Applications of Dynamics to Physics and Chemistry,” he has airived at ceitam 
conclusions as to the lelations of magnetisations and mechanical stiams, and the 
pnmaiy object of the following investigations was to obtam experimental data, 
whereby these conclusions might be tested 

Duimg the process of the experiments, numerous points presented themselves 
whose elucidation seemed of impoitance foi a satisfactory comparison of theory and 
expeiiment The experiments have thus included a wider range than was originally 
intended, and have occupied a considerable amount of time. 

Phenomena lesemblmg very closely m some points those to be presently discussed 
have been noticed by previous observers m iron and nickel As frequent lefeiences to 
these will be found essential for an adequate discussion of the phenomena presented 
by cobalt, a brief outline of the moie prominent characteristics is here interposed, 

§ 2 If a bar of some magnetic metal, subjected to a constant longitudinal stiess, 
be exposed to the action of a magnetising current in a surrounding spiral it becomes 
magnetised, and m geneial simultaneously alters its length If the cuirent cease to 
flow the bar retains m geneial part of its magnetisation, and it may not return to its 
original length On the other hand, if the bar while under the action of a constant 
current m the magnetising spiral, be subjected to a longitudinal stress, it m general 
simultaneously alters its magnetisation. Also, if the stress cease to act the magneti¬ 
sation may not return to its original value. Phenomena similar to the last are also 
shown by the magnetisation which is residual aftei the break of the current 

These phenomena all depend on the intensity of magnetisation in the bar. The 
mode of this dependence will be discussed m considerable detail presently, but 
erroneous ideas are not unlikely to arise unless the following practical considerations 
be kept clearly m view 

MDCCCXC—A 2 [J 7.7.90 
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When a bar whose diameter of cross section is comparable with its length is 
magnetised m a uniform field, tkeie seems good reason to believe that the magnetisa¬ 
tion it possesses is very decidedly less m the interior near the axis than it is near the 
surface, and when the bar is possessed merely of lesidual magnetism, the difference 
between the interior and suiface distributions seems completely proved When, as 
usual, the magnetising field is not uniform, there is in general still less reason to expect 
a imifoim intensity of magnetisation Thus, m general, a har may be regaided as 
composed of a laige nutnbei of elements, throughout each of which the magnetisation 
may be treated as sensibly uniform, but which may differ widely amongst themselves 
The teim intensity applied to the magnetisation of such a bar merely means some sort 
of average of the intensities thioughout the several elements 

Now the application of a given stress to such a bar may affect very differently the 
magnetism of diffeient elements It may, for instance, increase the magnetisation of 
some of them and dimmish that of others Experiments as a rule give merely a sort 
of integial of the effects on the different elements, and this ought to be clearly 
recognised 

In particular I would point out that the magnetic moment of a bar, as determined 
by some definite method, may have the same value when the bar is exposed to the 
action of a certain current in a spiral, as it has after the bieak of a larger current m 
the spiral, and that notwithstanding there may be an important difference between 
the distributions of magnetism in the two cases There is thus no a prion reason to 
expect the same phenomena to follow the application of a given longitudinal stress m 
the two cases 

Effects of Magnetism on the Length of Bars 

§ 3 Such effects have been observed by Joule,* * * § Mayer, t Piofessor Barrett, J and 
Mr Shelford Bidwell § 

Joule’s experiments dealt with iron and steel His method of experiment con¬ 
sisted in running a current through a magnetising spiral and observing the instan¬ 
taneous changes in the length of the bar accompanying the make and break of the 
current Observations were taken with several currents gradually rising m strength. 
Apparently Joule did not demagnetise his rods m the course of his experiments, nor 
does he seem to have examined the effect of making and breaking the same current 
more than once. He concluded that m iron or soft steel bars free from stress the 
institution of a current in a surrounding spiral is followed by an increase in the 
length of the har proportional to the square of the intensity of the magnetisation 

* c Phil Mag, 5 rol 30 (3rd series), 1847, pp. 76-87 and 225-241 

t Ibid , rol. 4-6 (4fch series), 1873, pp. 177-201. 

t Ibid , vol 47 (4th series), 1874, p. 51, also * Nature,’ vol 26, 1882, p. $35 

§ ‘Phil. Trans/ A, vol. 179, 1888, pp. 205-230. Also ‘Roy. Soc. Proc/ yoL 40, 1886, pp. 109-133 
and 257-260. 
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induced in the bar, and that on the break of the current there remains an inciease m 
length propoitional to the square of the intensity of the residual magnetisation 
Joule also found that iron and soft steel under tension lengthened or shortened when 
magnetised according as the tension was small or great He believed the shortening 
pioportional to the product of the bar’s magnetisation into the strength of the 
magnetising cuirent This last conclusion, however, is certainly not v> airanted by 
the results of his experiments 

On Joule’s p 237, are given the lesults of an experiment, numbered 23, m which 
a soft steel wue exposed to a certain tension showed an increased length while 
exposed to a certain current, lengthened further when the current was broken, and 
then shortened on the make of a stronger current This suggests that for the wue in 
question under a given load there existed a critical intensity of magnetisation, and 
that the bar lengthened oi shortened according as the magnetisation was less or 
greater than the critical value The tiue interpretation of this experiment seems to 
have been entmely missed by Joule, and it would not appeal to have attracted the 
notice of subsequent observers. It is thus only withm the last few yeais that the 
e xis tence of a critical field, or state of magnetisation, has been brought to light by the 
decisive experiments of Mr Sheleord Bid well 

§ 4 Mayer experimented with rods free from longitudinal stress, and he gives the 
lesults of the make and break of only one strength of current The cuirent was, 
however, twice made and bioken m some at least of the experiments, and the lesults 
of both the magnetic cycles are lecorded Some of the results, given m a table on 
his p 200, are so suggestive m the light of our present knowledge that I repioduce 
them here m a form slightly alteied to suit the present inquiry The numbers m the 
first column distinguish the rods used, all the other numbers give the lengthening, or 
when with a minus sign the shortening, of the rods m terms of an arbitrary unit. 


Rod Ko 

1 

Increase in length of rods. j 

First make of 
circuit. 

After first break 

! 

Second make of 
circuit j 

J 


ri 

115* 

1 

4 : 

it ! 


2 

16 

4 

16 ! 

< 

S 

3 

2 0 

1 1 

25 

O U 

4 

2 5 

1 35 

25 1 

M 

5 

1 65 

105 

2 05 i 


u 

14 

5o ; 

145 1 

r-4 

f7 

8 

14 1 

115 

J J 

8 

- 25 

25 

- 25 

m ] 

19 

- 4 

- 15 1 

! 

- 35 i 


* In original 1 25, but this seems a misprint. 

2 U 2 
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On bieakmg the second cunents the rods all returned to the length they possessed 
on the break of the first cunents, so that the changes m the lengths of the rods 
became cyclic after a single make and bieak of the current The last three experi¬ 
ments are, it will be obseived, very far fiom agreeing with Joule’s laws 

The experiments suggest that it is mainly on the intensity of the existmg 
magnetisation that the phenomena depend, but the divergence between the figures m 
the second and fourth columns indicates that the previous history of the material 
may, m some cases at least, be of considerable im portance 

In all the non lods the induced magnetisation is clearly much below the critical 
In 7, the softest of the steel rods, the induced magnetisation though below is clearly 
approaching the critical In rod 8, the critical magnetisation lies between the 
induced and the lesidual, and if a cubical magnetisation existed m the case of rod 9 
it must have been less than the residual 

§ 5 Of Mr Shelford Bid well’s experiments those described m the ‘ Philosophical 
Transactions,’ appear the most complete In these, he first demagnetised the specimen, 
and then sent through a surrounding spnal a senes of cuirents gradually rising m 
strength For each strength of current the alterations m the length of the rod 
accompanying two successive makes were observed and lecoided. The Tables III 
and IY, pp 220 and 221. for an lion rod show a small but unmistakeable difference 
between the effects of the first and second makes of a current of given stiength 
In Table V. p 222, for a cohalt rod the differences might 'well be attributed to 
experimental errors 

Mr. Shelford Bid well found critical fields both for iron and cohalt Iron he 
found to lengthen or shorten when magnetised accoidmg as the magnetising field was 
below or above the critical, "while cobalt presented exactly the opposite phenomena 
A nickel lod shortened in all fields up to 1400 CG.S units, and the experiments 
left the existence of a cutical field an open question The critical fields for seveial 
specimens of iron varied from about 270 to 380 CGS units, and the m axi mum 
elongations appeared in fields of about 80 C Gr S units In one cobalt rod the 
maximum shortening occurred in a field of about 400 CGS units, and the critical 
field considerably exceeded 800 C G.S units A second softer specimen showed a 
maximum shortening in a field of about 300 C G.S units, and had a critical field 
of #50 C G.S. units In these experiments, the rods were free from stress Mi 
Shelford Bidwell’s experiments, however, described m the * Proceedings of the 
Royal Society, show that the critical fields for non are lowered by tension, a lesult 
in exact accordance with Joule’s experiments 

§ 6. Professor Barrett found a cobalt rod to lengthen when exposed to a com¬ 
paratively weak field. The data he supplies are too limi ted to enable one to judge 
whether his later experiments on the subject were wholly free from the objections 
which he himself believed to have invalidated the conclusions based on his earlier 
experiments. I scarcely think his results afford any reasonable ground for doubting 
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the accuiacy of Mi Shelford Bidwell’s conclusions at least foi the actual cobalt 
lods of bis expei lments 


Effects of Longitudinal Stiesz on the Magnetization of Rods and Wues 

§ 7 A pieliminaiy general idea of these effects may be obtained fiom a consideration 
of the phenomena piesented by a soft non wixe stretched beyond its original limit of 
perfect elasticity, and then subjected, m a weak magnetic held, to a stress cycle 
consisting of the application and removal of a definite tension foi which it is perfectly 
elastic 

The fiist application of the tension causes a large increase m the magnetisation of 
the wire, and on the removal of the tension this mciease nearly all remains, 01 may 
even be added to The next one or two tension cycles cause a distinct piogressive 
increase m the magnetisation. Piesently, answering to the tension cycles, there 
appears a neaily cyclic change m the magnetisation, m which the maximum magneti¬ 
sation appears when the tension is fc on ” Also the magnitude of the cyclic effect 
remains, at least approximately, constant foi, at all events, a large number of tension 
cycles 

Subtractmg the effeci of the final cychc change of magnetisation from the change 
accompanying the first application of tension, we get what may be fairly legalded as 
that poition of the effect of the first tension which is of a peimanent and non-cyclic 
character This quantity I have here termed the “ shock-effect ” If the magnetising 
current be broken, the first application of tension 01 of pressure has a laige shock- 
effect, which invariably consists in a diminution of the residual magnetisation The 
effects of beating, 5 ^ or other mechanical agitation of a rod, are m many respects very 
similar. 

The experiments on the effects of stress on magnetism which are of most importance 
for our piesent purpose are those of Millari,! Sir W Thomson,^ Mr Shida,§ and 
Professor Ewing jl All these observers have, at least m practice, recognised the dis¬ 
tinction between the effect on a bars magnetisation of the first few applications of a 
given longitudinal stiess and its subsequent applications 

§ 8 Villari unfortunately gives no clue to the strength of his magnetising fields, 
save the number and relative size of the Daniell or Bunsen elements he employed 
He discovered that the non-cyclic effects of the first tension and the cyclic effects of 
the later tension cycles m bais—or lather stout wires—of iron m weak magnetic 
fields are of the character indicated m the last paragraph. In stronger fields he found 

* See Wibpemaxx’s Elektrievtat,’ to! 3, p 666, &e 

f Poggendokff’s ‘ Annalen,’ vol 126, 1865, pp 87-122 

t ‘ PIiil Trang 1879, pp 55-85 , or c Mathematical and Physical Papers,’ vol. 2 

§ * * * § Boy Soe Proc vol 35,1883, pp 404-454 

j| ‘ Phil Trans 1885, pp. 523-640, 1888, A, pp 325-337. 
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that, while the first application of the tension still increased the bar’s magnetisation, 
the cyclic eftect had changed sign On his p 91, m expeiiment 3, is given an 
mstance wheie a soft iron bar, exposed to one of his strongest fields, lost magnetisa¬ 
tion on the veiy first application of the tension From the data supplied, howevei, 
it will be found that the shock-effect of this fiist tension was still an increase of 
magnetisation. Similar cases aie also refeired to on his p 97, but no data are given 
fiom which the sign of the shock-effect can be deduced 

Fioin Villari’ s experiments it obviously follows that a critical field, or mtensity of 
magnetisation, must exist where the cyclic effects of tension vanish The field m 
which the effect vanishes is called by Sir W Thomson the 4 Villari critical point ” 
He and Professoi Ewing have made it clear that the field m which this phenomenon 
occurs depends on the amount of the tension which is apphed and lemoved, and also 
on the existence of any permanent load Professor Ewing also prefers to define the 
Villari point by reference to the magnetisation existing in the rod, and not to the 
field producing it. Some of VlLLARl’s steel bars behaved like iron, but m otheis 
a critical field, if existent, was lower than the lowest field he employed 

Villari also observed the fall m the residual magnetisation caused by the fiist 
tension after the break of the cuirent He further observed that after several 
tension cycles there appeared a cyclic change m the residual magnetisation Without 
making any restriction as to the strength of tne pre-existmg fields, he lays down the 
law, that m soft iron the residual magnetisation in the cyclic state is greatest when the 
tension is “ on,” while m hard iron and steel, it is greatest when the tension is 44 off 55 
I can find no clue as to the actual strength of the pre-existing field or fields he 
employed. 

Fitting an iron core inside a coaxial iron rube of the same length, Vi ll ari found 
that in fields between certain limits, the core and the tube showed, m response 
to cyclic changes of tension, cyclic changes of magnetisation of opposite signs The 
phenomena, as Villari himself pointed out, are exactly m accordance with the view, 
stated in | 5, that the intensity of magnetisation is greater on the surface of a bar than 
in its interior. 

§ 9. Sir W Thomson experimenting on a soft iron wire permanently stretched, 
and then exposed to cycles “on” and 4 off” of some weight causing no further 
permanent extension, found a critical field which was in general higher the smaller the 
weight employed, in the tension cycles The critical fields obtained by the magneto- 
metric method—calculated presumably for the centre of the magnetising coil— 
averaged about 20 C.G.S. units, and the fields ar which the cyclic effect was a 
maximum, were roughly about a quarter of the critical 

.By the ballistic method with an induction coil at the centre of a much longer 
magnetising coil, critical fields such as 6*5 C.G.S. units were obtained. This Sir W 
Thomson apparently assigns to the experimental wire having its magnetisation 
greatest at the centre of the magnetising spiral, so that this portion of the wite would 
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be biought into tbe critical state by much weaker currents than the poi turns under 
the ends of the spnal 

In his § 210 , Sir W Thomson states that a Villari cutical point was found m the 
cential portions of a nickel bar, but from a note to § 2B9, it would appear that with 
the magnetometer opposite an end of the bai, no trace of a neutial field was obtained 
With a magnetometer as usual opposite one end^ he found in nickel and cobalt 
a cyclic efiect the le verse of that occur 1 mg m iron in fields below the Yillaui point, 
% e , the magnetisation was least when tension was “ on ” 

§ 10 Mr Shida obtained V ill am critical fields of 15 and 10 C G S units respec¬ 
tively for two drffeient specimens of soft iron wire, which had been pei manently 
sti etched, and on which the tension cycles were performed with "weights not much less 
than those causmg the peimanent extension With a pianoforte steel wire, he found 
that in the cyclic state tension <e on ” co-existed with a minimum of magnetisation m 
all his fields. 

§11. The first thing m Professor Ewing’s researches that concerns us is his method 
of demagnetising wires. This consists in subjecting them to the action of a senes of 
lapidly leveised currents diminishing m intensity In § 19 of the first of his papers 
referred to above, he states that bis wires were thereby i educed to a standard 
condition—different possibly, be admits, from them condition previous to their first 
magnetisation 

In his § 107 Piofessor Ewing defines the Villari cntical point as ‘ that value of 
the magnetisation 3 at which leversal occurs m the sign of the magnetic diffeienee 
produced by two (assigned) states of longitudinal stress.” He uses the term as 
applicable (l) to that value of 3 at which no magnetic change accompanies tbe 
repeated alternation from one to the other of two assigned states of stress, (2) to the 
value of 3 answering to the intersection of the two curves givmg the relations of 3 to 
§—the field,—when «§ is gradually raised from zero, and separate experiments aie 
completed with the wire m each of the assigned states of stress. He also proposes 
that one of the assigned states of stress should be that answeiing to no load. It will 
be noticed that Professor Ewing’s first usage of tbe “ Villa m cubical field " is that 
which accoids with Sir W Thomson’s 

In originally soft annealed iron wires stretched beyond tbe limit of perfect 
elasticity. Professor Ewing found m every case distinct Villari points of tbe first 
kind These existed m lower fields the greater the weight producing the second 
assigned state of stress. If in a certain field the cyclic state has been reached for the 
loads 0 and Q, for which the magnetisation has the critical value, and the load be 
gradually raised from 0, then there ensues a rise in the magnetisation until the load 
reaches some value P less than Q, and then an equal fall as the load is increased to Q. 
Even in the weakest fields Professor Ewing seldom found the magnetisation increase 
continually when the load was raised nearly to the limit of perfect elasticity. 

From the figuies on Professor Ewing’s Plate 63, it v ill be seen that the first 
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application of load has effects veiy similar to those just descnbed. It will appear, 
however, fiom fig 42, § 88, that the critical fields at which the first application of a 
given load has no effect on the magnetisation are distinctly higher than the Yillari 
points foi the cyclic applications of these leads This figure also shows that the first 
application of a moderate load produces a very large increase of the magnetisation m 
weak fields, wheieas m the stiongest field of 34 CGS. units the effect is trifling 
From fig 40 it will be seen that m the cyclic state the effects of tension cycles on 
the magnetisation residual aftei a field of 3‘33 CGS units were of the same general 
character as appeared with an equal induced magnetisation 

Soft annealed wires, when none but veiy small loads weie used, weie found by 
Professor Ewing to possess m weak fields a maximum of magnetisation with tension 
C£ on/’ agreemg so far with stretched wires With greater loads the effects become 
reversed after the first application of the load. Professor Ewing attributes this to 
hysteresis , and shows that when tapped these wn'es behave as stretched wires with 
low Yillari points 

From fig 43, Plate 64, it -will he seen that soft wires respond to the first application 
of tension in a precisely similar way to sti etched wires, but have much lower critical 
fields. The phenomena accompanying the application of load cycles to a soft annealed 
wire possessed of the magnetism residual after the break of a field of 34 C G S unit, 
are discussed m §§ 83-85 and shown m fig 39 They are unquestionably of the same 
general character as those occurring with an equal induced magnetisation 

Iron wiies, both when stretched and annealed, and a pianoforte steel wire stretched 
after annealing, were exposed by Professor Ewing to gradually increasing magnetising 
currents, and the curves connecting 3 and 45 are given m his Plates 64 and 67 

The specimens all showed Yillari points of the second kind, which agreed with 
those of the first kind in being as a rule lower, the heaviei the load These ciitical 
fields, or magnetisations, of the second kind weie distinctly higher than the cone- 
spondxng ones of the first kind. 

Simultaneously observations were taken of the residual magnetisation whose results 
are shown in figures m Plates 67 and 68 In all the specimens the magnetisation 
residual after weak fields, and also its ratio to the induced magnetisation, were found 
to be largely increased by the presence of a load, the increase being greatest with the 
heaviest loads used As the fields were raised the influence of the loads diminished, 
and in the annealed iron, and the steel wires the residual magnetisation and its ratio 
to the induced became eventually less under the heavier loads than in the absence of 
a load 

§ 12 In his papers in * PhiL Trans./ A., 1888, Professor Ewing found that in fields 
from 0 to 116 C G S. units, the presence of a tension on a thin nickel wire diminished 
its induced and residual magnetisations, and also the ratio of the residual to the 
induced. Also cyclic changes of tension <c on ” and “ off” were accompanied by 



ON THE MAGNETISATION OF COBALT 


cyclic changes of magnetisation, m which the magnetisation, whether induced or 
residual, was least when the tension was C£ on ’ 

The effects of pressure on a nickel bai were exactly the opposite of those of tension, 
and the increase m the susceptibility was extremely large, especially near the 
“ Wendepunkt ”—or point where 3/4? is a maximum Professor Ewing looked foi a 
Vii/labi point m low r fields but found no tiace of its existence 


The 01 eticrtl Considerations 

§ 13. The experimental lesults already stated will enable Professoi J J Thomson’s 
theoretical conclusions to be understood 

Let e denote the stram m an isotropic elastic cylinder paiallel to its axis, f and g 
the strams m the cross section pel pendicular to and along the radius vector Als o let 
«£, 3 and k denote respectively the strength of the magnetic field, the intensity of mag¬ 
netisation, and the coefficient of magnetic induction, assumed everywhere the same 
throughout the cylinder 

In the case of a uniform longitudinal stress g =f Thus, ass umin g 


chj df 


0). 


Professor Thomson obtains for this case, on his p 51, two equations (48), of which 
the first may he put in the slightly alteied form 


de 

K d$ 


= c 


\ 9 dS\ 

} ** 2 J l ^~ 2 a Tf) 



Here C denotes a positive constant depending only on the elastic properties of the 
cylinder, and cr is Poisson’s ratio 

All the differential coefficients must of course apply to some one definite state of 
the cylinder, and m determining d^/de and dft/df the strength of the field must be 
kept constant 

It is pointed out by Professor Thomson that according to Ewing’s experiments 
1 — <£> d«r/cZ3 is positive for iron. It is obviously positive for any magnetic metal in 
any field exceeding that which answers to its “ Wendepunkt." It also appears to be 
positive for nickel and cobalt throughout the experiments of Professor Rowland * 
Thus it is probably safe to regard it as essentially positive 

Under a uniform longitudinal stress 

9 = /= ~ ore. 

* ‘ Phil. Mag.,’ vol 48, 1874, p. 321 
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If then, through a small increase m the stress, there be increases Be, 8 f, Bg m the 
strains, we must have 

8g = S/= — crSe . (3) 

If 83 he the consequent increase m the magnetisation, the field remaining constant, 


and so by (l) and (3) 


✓ 

Thus from (2) 


3 = f 8e + § 8 /+f' 


S3 = Se 






wheie S3 and Se denote the small increments m the magnetisation and longitudinal 
strain which follow a small change m the longitudinal stress 

If (4) were a complete representation of the state of matters, then de/d^ and S3/Se 
should always have the same sign, and should vanish for the same value of the 
magnetisation 

It should be carefully noticed that m employmg (4) we tacitly assume the changes 
in the strains to be very small, and thus the value of S3/Sc should be obtained by 
experiments m which the change in the longitudinal stress is very sm all 

Thus, m particular, the magnetisation at which 8 3/Sc vanishes is the Villari point, 
as determined by expenments m which the difference between the two assigned states 
of stress is veiy small. And thus, m accordance with the experiments of Sir 
"W Thomson and Professor Ewing, this theoretical Villari point may well be very 
much higher than those hitherto found by experiment 

It may also be as well to point out that the magnetisation answermg to the vanish¬ 
ing of de/d 3 is not the critical magnetisation observed by Mr. Shelford Bid well 
where the rod resumes its original length, but the much lower magnetisation where the 
rod, if iron, has its greatest extension, if cobalt, its greatest shortening 


Comparison of Theory and Experiment. 

§ 14. The experiments already recorded sufficiently show that in iron, there is in 
weak fields, and again, m very strong fields, an agreement in sign between defd 3 and 
S3/&, both expressions changing from positive to negative as the strength of the field 
is raised. It will be noticed, however, that the magnetisations obtained experimentally 
# bhe Villari point are much lower than those obtained for the point of maximum 
lengthening of the rod. This difference is certainly m some measure accounted for 
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by the lowering of the Yillari point by the comparatively large stresses piacticallv 
employed Professor Thomson also has pointed out that Maxwell’s distiibution of 
stress should produce an independent system of strains m the bar, the strain m the 
direction of the hues of force being an extension Though apparently a veiv small 
effect this would tend m iron to raise the magnetisation wheie de/d 3 vanishes 
somewhat over the Yillaei point 

In nickel we see from the experiments of Sir AY Thomson, Mr Shelford 
Bldwell, and Professor Ewing, that de/cEy and B/yfic aie both negative m all 
ordinary fields If the results obtained by Sir AY Thomson m the central portions 
of a nickel bar, m a stiong field, be accepted, then there does actually exist a very 
high critical magnetisation at which By/Be vanishes Theie should accordingly be, 
not m weak fields wheie Professor Ewing looked for it, but m very high fields, 
a critical magnetisation where a nickel bar would cease to contiact Such a 
phenomenon cannot be said to haie its existence demonstrated by Mr. Shelford 
Bldwell, but at the same time it is eeitamly not dispioved by his experiments. 

In cobalt accoidmg to Sn AY Thomson, B'^/Be is negative m weak fields, and so 
also is de/d/$ if we accept the results of Mi Shelford Bid well Accoidmg to the 
latter observer, however, deid/y changes sign m fields much higher, it is true, than 
the corresponding fields for non, but stdl easily obtainable Eurtlier, the cobalt not 
only recovers from the very considerable shortening it has expenenced, but lengthens 
consideiablv as the field is raised. It would thus appear impossible to assign the 
phenomenon m any essential degiee to the Maxwell effect If then Professor 
Thomson’s theoretical conclusions are sound, B/y/Be should change sign from negative 
to positive in a cobalt rod for a magnetisation quite within the reach of experiment. 


Experimental Verification of Theory m Cohalt. 

§ 15 The question whether or not a Yillari point of the above kmd exists in 
cobalt was the pr im ary object of the following experiments, and a decided answer m 
the affirmative was obtained. Under the moderate stress employed, B^y/Be was 
negative m weak fields and positive m stiong, and an unrmstakeable A r iLLARi point 
appeared m a field of about 120 C GS units 

This, it will he noticed, is a much lower field than those which. Air. Shelford 
Bidwell obtained for the vanishing point of clejd/y m either of the specimens he 
employed, and the Maxwell effect would heie tend to lower these latter fields In 
my specimen, however, as the field was raised from 120 to 300 G.GS units the 
magnetisation increased by less than 20 per cent The accordance of theory and 
experiment would thus, in reality, appear to be closer in cobalt than in any reeoided. 
experiments on iron. 


2x2 
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Preliminary Sketch of Phenomena Observed 

| 16. As the phenomena ohseived are somewhat complex, their mutual relationships 
might be hidden under the multiplicity of facts, which the full discussion of each 
separate phenomenon introduces A brief outline of some of the more important and 
certain results will, it is hoped, serve as a key to the subsequent more complete 
discussion 

It is important to notice that all the phenomena were observed in a given specimen 
of cobalt, magnetised by a current in a given coil, and that it was found by repeating 
several of the sets of observations at various periods of the research, that the character 
of the specimen had not to all appearance been altered during the process of the 
experiments. The importance of this, when an attempt shall be made to connect the 
phenomena together, and explain them as consequences of one or more fundamental 
principles, will be at once obvious to any one who has noticed the variety m the 
phenomena observed m different specimens of iron 

At the same time, when various specimens of the same magnetic metal—or even 
of different magnetic metals—aie exposed to gradually increasing magnetic fields, 
and curves drawn in which the abscissae give the strength of the field and the 
ordinates the intensity of magnetisation, experiment shows that the fields m which 
corresponding points of the several curves occur may widely differ, but that there 
exists a general resemblance in the form of the curves, which may be made much 
closer by properly altering the scale of abscissae 

Thus, while the paiticular field at which a certain phenomenon presents itself m a 
particular specimen may so largely depend on the individual peculiarities of the 
specimen that it may be of little value as an isolated fact, yet the determination of 
the point on the curve where the phenomenon occurs, and the position it occupies 
relative to the points where other phenomena occur, may lead to the recognition of 
general laws. 

Phenomena Observed m the Induced Magnetisation 

§17. The Wendepunkt,” or point where the coefficient of induced magnetisation 
is a maximum, is a point in the curves that can easily he recognised Very probably 
the most satisfactory comparison of the phenomena observed in different specimens 
would be obtained by expressing the magnetisation of each specimen in terms of the 
magnetisation it possesses at its Wendepunkt as a unit. The Wendepunkt of the 
specimen employed occurred in a field of about 35 C G S. units. 

For the reasons just stated, the relations of both the induced and residual magneti¬ 
sations to the strength of the field, though not a primary object of investigation, were 
observed under various conditions as to pressure. These relations, in the case of the 
induced magnetisation, are shown in figs. 1-4 {Plate 15). 

The difference between the effects on the induced magnetisation of the first few and 
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subsequent applications of longitudinal stress, lefeired to in ^ 7 as occurring in non, is 
equally charactenstic of cobalt, so long as the magnetisation is not much in excess of 
that of the critical or V illari point In the present experiments the stress applied 
was a pressure, and so §e being always negative, and the magnetisation m the weaker 
fields greatest when the lod was under pressure, 8^/Se was, as alieady stated, negative 
m fields below the critical 

The effect of the first application of piessuie may, as explained in §7, be regarded 
as the sum of the cyclic effect and of a non-cyclic or shock-effect In all fields below 
200 C Gr S units the shock-effect gave an unmistakeable mciease of magnetisation 
In all stronger fields, up to at least 725 CGH units, the magnitude of the shock- 
effect was so small that its sign even was a doubtful matter Thus, m cobalt, the 
shock-effect, so long at least as it is an appreciable quantity, gives an increase of 
magnetisation This consequence of the shock-effect, even m fields much above the 
Villari pomt, is known from Villari 3 s experiments, recoided m § 8, to be also 
characteristic of iron 

The absolute measures, both of the shock-effect of the first pressure and of the 
cyclic effect, possessed maxima in the neighbourhood of the W endepunkt. P.elative, 
however, to the magnetisation existing prior to pressure, both these effects increased 
continually m importance as the stiength of the field was ieduced withm the actual 
limits of the experiments 

The total effect of the first application of piessure had a critical field of about 
160 C G S units, which, it will be noticed, is decidedly highei than the critical field 
for the cyclic effect As stated m §11, m discussing Professor Ewing- s experiments, 
the existence of a higher critical field foi the first application of stress than for the 
cyclic application, is equally characteristic of iron. 

As it is important to know how far, if at all, the nature and magnitude of the 
cyclic effect of piessure depend on the circumstances attending the process of 
magnetisation, the rod was sometimes subjected to pressure before and during 
its introduction into the magnetismg spiral It was found that there was no 
material alteration m the cyclic effect. The mode of variation of the effects of the 
first and of the cyclic application of pressure with the strength of the field is 
exhibited in figs 5-8 (Plate 15) 

Phenomena Observed in the Residual Magnetisation 

§ 18 Comparing figs 1 and 9, it wall be seen that the residual magnetisation 
approaches “ saturation ” in much lower fields than does the induced. 

The intensity of the residual, as of the induced, magnetisation was found to depend 
on the treatment of the rod during the flow and the break of the current. When 
the rod was free from pressure at the instant the current was broken, the residual 
magnetisation in all fields below 120 or 130 C G.S. units was increased by the appli- 
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cation of pressure cycles during the flow of the current In stronger fields no certain 
effect could be attributed to the pressme cycles. The effect, as may be seen from 
fig, 10, ay as greatest m very weak fields 

The existence of pressure during the break of the current proved to have a con¬ 
siderable influence on the intensity of the residual magnetisation As might have 
been anticipated it increased the residual magnetisation in weak fields, but the effect 
changed its sign in fields far below the Yillaei point, and showed no signs of 
vanishing even in a field of 400 C G S units 

The latios of the residual magnetisation to the strength of the pre-existing field 
and to the intensity of the induced magnetisation under various conditions as to 
pressure aie shown in figs 11 and 12 (Plate 16) From these it appears that m the 
absence of all piessure the intensity of the residual magnetisation is extiemely small 
m weak fields In this case the phenomena closely resemble those noticed by many 
observers in iron The only essential difference apparently is that the fields at which 
certain phenomena appear m cobalt are much higher than the fields at which the 
corresponding phenomena appear m ordinary iron This is m exact agieement with 
the views already expressed as to the relative positions of the Wendepunkt 

The application of piessure cycles during the flow of the current increased immensely 
the intensity of the lesidual magnetisation in weak fields The increase, m fact, due 
to this cause m the residual magnetisation m the weakest experimental fields, was 
even greater proportionally than m the induced, so that the ordinates of curves c and 
d of fig. 12 continually increase as the strength of the field is reduced. 

The effects of the application or removal of pressure m shaking out the residual 
magnetisation weie also observed, and aie shown m Curve II, fig 13, and in figs 14 
and 15 From the first of these curves it appears that the percentage of residual 
magnetisation shaken out by a series of pressure cycles continually diminished as the 
strength of the field was raised 

When the rod was free from pressure during the break of the current, the percentage 
of the residual magnetisation, shaken out by the first application of pressure, was m 
weak fields decidedly diminished by the previous application of pressure cycles during 
the flow of the current In fields over 70 or 80 C.G S units, however, the effect of 
previous piessure cycles was extremely small In weak fields the removal of a pressure 
that bad existed during the break of the current was fully as effective m shaking out 
residual magnetisation as was the application of a pressure when the lod, during the 
break of the current, remained fiee from pressure In fields over 30 or 40 C G.S. units, 
however, the removal of pressure became decidedly less effective than the application 
As has been stated in §§ 8 and 11, Yillari and Professor Ewing found that cyclic 
applications of stress were followed by cyclic changes m the residual magnetisation of 
the same character as those produced in the induced magnetisation. As it seemed 
important to test the generality of these conclusions, the cyclic effects of pressure on 
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tlie lesidual magnetisation were here observed when the treatment of the rod duimo - 
the flow and break of the cun ent was varied 

When pressure cycles were applied during the flow of the current, and pressure was 
“on” during its break, the cyclic effect had invariably the same sign while the strength 
of the field was raised from 11 to 400 CGS units. The effect in this case was in the 
same direction as in the induced magnetisation below the Villari point, i e , the 
magnetisation was gieatest when pressure was “on ” 

When, however, the tod was fiee from pressure during the bieak of the current, a 
cntical field was found to exist In the magnetisation residual aftei fields above the 
critical, the magnetisation was least when pressuie was “on 5 This critical field v,as 
raised by the apphcation of piessure cycles duung the flow of the current, hut it was 
in any case much lower than the critical field for the induced magnetisation It 
follows, of course, that the intensity of the cntical residual magnetisation was very 
much less than that of the cntical induced 

The amounts of the cyclic effects under the various conditions are shown m the 
fifth columns of Tables II and VIII, and in the sixth columns of Tables VI and VII, 
These results show conclusively that for cobalt, and so m all probability for iron, the 
relations between stress and residual magnetisation must he largely dependent on 
circumstances other than the so-called intensity of magnetisation This, as pointed 
out m § 2, was d pi ion far from improbable, and should act as a warning against 
extending to residual magnetisation laws proved only foi the induced 

The fact that m fields over 60 or 70 CGS units both the intensity of the residual 
magnetisation and the charactei of the cyclic effect of pressure aie very little affected 
by the application of pressure cycles during the flow of the cun ent, while maikedly 
influenced by the existence of pressure during the break of the current, seems worthy 
of special notice. 

All the phenomena observed in the residual magnetisation apparently altered but 
little in magnitude, as the strength of the field was raised from 100 to 400 CGS. 
units This further emphasises the difference between them and the phenomena 
observed in the induced magnetisation 


The Apparatus . 

119 The rod experimented on was supplied by Messrs Johnson and Matthey. 
The mean of a series of measurements gave 16 98 cms for its length and '546 scp cm. 
for the area of its cross section. During the expeiiments the rod was contained in a 
brass tube, the closed end of which was sufficiently thick to afford an unyielding 
resistance to the rod when under pressure. The rod could be slid m or out of the 
tube, but the fit was tight enough to prevent any lateral movement. On the outside 
of the brass tube, at its open end, a screw of small pitch was cut, answering to the 
screw cut on the inside of a brass cap The cap carried a projecting arm, forming a 
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diameter of a cioss section, by means of which a eonsideiable couple could be exeited 
The pressure was applied to the cobalt by means of a sort of ram-iod rigidly attached 
to the inside of the brass cap When the cap was sciewed on this ram-rod advanced 
mto the brass tube, and came to bear on the end of the cobalt rod 



Drawing of the brass tube containing the cobalt rod, removed, from tbe coil 


A Closed end of brass tube 

B Pm which can he slipped through the holes m the cheeks attached to one face of the coil and, as in 
the figuie, through the diametral bole hoied m the solid end of the brass tube 
C Screw cut on the outside of the brass tube at its open end 

D Brass cap with screw cut on its inside answering to C, and caiiying ram-rod arrangement for 
applying pressure to the cobalt rod 
EE Projecting arm, by means of which the cap is screwed on 

In the original experiments, conducted m August, 1888, the brass tube was firmly 
imbedded m a block of wood, fixed inside a magnetising cod This coil had a length 
of 19 8 cms , and consisted of five layers of very thick copper wire A current of 
one ampbre produced a field varying fiom 9 26 C G S units at the centre of the rod 
to 6 85 units at its ends This, it must be admitted, is not a very uniform field, but 
the fall occurred mainly within a centimetre or two of the ends of the rod. 

In this preliminary mvestigation the observations were taken somewhat roughly. 
The reason they are referred to here is that they clearly showed the existence of a 
cyclic and a non-cyclic effect of pressure, and also the existence of a Yillari point for 
the former effect. Further, the result of experiments on several different occasions 
agreed in giving 120 C.G S. units as a close appioximation to the strength of the 
field due to the current at the centre of the rod when the Vt t.t.ar t point appeared. 
The mode of variation of the several effects with the strength of the field showed also 
a general agreement with the subsequent more accurate observations taken with a 
different coil. This seems to warrant the belief that the phenomena observed do not 
owe any of their essential features to peculiarities of the apparatus 

When it was attempted to obtain accurate results with the original apparatus 
various difficulties were encountered. In overcoming these I am much indebted to 
the ingenuity of Mr. Bartlett, the assistant at the Cavendish laboratory, who 
constructed the new apparatus. 
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The new coil had a length of 18 15 cm , an internal diameter of 1 4 cm, and an 
external diameter of 7 cm It consisted of thirteen layeis of coppei wne of 24 cm 
diameter when coveied In the solid end of the brass tube holding the cobalt a 
diametial hole was boied at right angles to the length of the tube, and a coire- 
sponding hole was made m each of two cheeks projecting fiom one of the faces of the 
coil By slipping a pm through these holes the tube was firmly secui ed m a fixed 
position relative to the coil, and when the pm was withdiawn the tube and its 
contained cohalt could he lemoved and leplaced without the least usk of disturbing 
the remainder of the apparatus 

A current of 1 ampere m the new coil pioduces a field varying fiom 65 7 C.G S. 
units at the centie to 43 9 units at the ends of the cobalt rod Thioufihout the 
greatei portion of the lod, however, the field is veiy nearly the same as at the centie 
These figures refer entnely to the action of the cunent, no attempt having been made 
to allow r fin the action of the lod itself 

In all the following calculations the values assigned to the field 4? are calculated 
from the action of the current alone at the centie of the rod, and so are somewhat 
highei than the mean values of the actual fields I he difficulty of determining the 
actual fields at the difieient elements of the rod would be very great even tieatmg 
the permeability as constant, a most eironeous supposition, and, considering the 
differences to be expected between difieient specimens of the same metal, an attempt 
at great accuracy in this department seems entirely supererogatoiy. 

§ 20. Thioughout the whole investigation the ordmaiy magnetometric method was 
employed The axis of the coil was perpendicular to the magnetic meridian, and the 
magnetometei w r as situated m the dnection of this axis produced The magnetometer 
needle carried a mirror which formed on a nnlhmetie scale, set parallel to the magnetic 
meridian, an image of a vertical wme placed acioss a slit in the centre of the scale 
behind which a lamp stood The direct action of the coil cunent w~as neutralised by 
a compensating coil traversed by the same current. The strength of the cunent w r as 
recorded by a Thomson graded ammeter m circuit with the coil The cuirent was 
derived from the storage cells of the laboiatory, and its strength was waned by 
changing the number of cells and the resistance m a wire bridge in circuit with the 
coil 

§ 21 In older to render apparent the relative magnitudes of the several phenomena 
some common system of magnetic measurements was essential Thus all the scale 
readings have been reduced, and in the following tables and diagrams only C.G S. 
units appear. From the previous remarks as to the method of calculating 4? it will 
be clearly understood that the values given for the strengths of the fields, and con¬ 
sequently for the coefficients of magnetic induction k, cannot rigidly he held to apply 
to the actual condition of the rod, in which 4? and k waned fiom point to point, but 
must be regarded as giving an approximation to the mean state of the rod, and more 
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particularly as indicating by their variation the amounts of tlie changes actually 
occumng 

It should also be understood that m calculating the intensity of magnetisation 3 the 
rod was treated as magnetised solenoidally In some of the experiments, e g , those 
on residual magnetism, a duect calculation on this basis might have introduced a 
consideiable enor, owing to the small distance of the rod from the magnetometer 
The actually observed readings, however, were first reduced by direct comparison of 
the readings obtained m an independent set of experiments, m which the rod m a 
given magnetised condition was placed fiist of all in the positions it was about to 
occupy in the course of the mam observations, and tben m a certain standard position, 
where its distance from the magnetometer was so great that the precise position of 
the ts poles ” was of comparatively httle moment As stated m § 2, 3 m reality 
doubtless varies from pomt to point of the rod, and the values here recorded indicate 
merely a soit of average. 

Disturbing Agencies 

§ 22 Before discussing the experiments m detail it will he as well to lefer to two 
disturbing agencies, the one of impoitance mainly m weak fields, the other m strong 

The former the residual effects of previous magnetisations, affected very consideiably 
some of the earlier experiments here recorded. In weak fields so important was this 
that the rod was sometimes found, after showing a considerable mduced magnetisa¬ 
tion, to possess, on breaking the circuit, residual magnetism of opposite sign. The 
application of pressure m general increased this residual magnetisation of opposite 
sign, sometimes to a very consideiable extent. Or, supposing the residual magnetisa¬ 
tion to be at first of the same sign as the preceding induced, it might change sign on 
the application of pressure These effects were produced at pleasure with the 
greatest ease when the rod was treated m aecoidance with the following hypothesis — 
Calling the ends of the rod A and B, a weak current makes A, say, a north pole, 
and on breaking the current A is left with a quantity, N/, of northern polarity A 
smaller reverse current shakes out only so much of this residual magnetism, leaving a 
quantity, N 2 , in A, which exists alongside of a larger quantity, S l5 of southern polarity. 
The end A thus appears a south pole of strength S x — On breaking this second 
current, A is left with a quantity S/, less than S x of residual southern magnetism, 
and a quantity N 2 ', probably less than N s , of residual northern magnetism Whether 
A appears a south or a north pole depends on whether S/ or N/ is the greater On 
applying pressure, a considerably greater proportion of S/ is shaken out than of N s \ 
and the polarity of the end A may thus change sign. 

Similar phenomena, proceeding doubtless ftom the same cause, axe descubed bv 
Wiedemann as occurring in iron. They fit in well enough either with Weber’s 
theory or with the view that the deep seated magnetic molecules aie less affected by 
weak fields than are the surface molecules. 
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The total lemoval of this distuibmg agency would require the complete demagneti¬ 
sation of the lod The method of demagnetisation employed at hist consisted of 
applying a few reveise cunents giadually diminishing in intensity The magnetisation 
left in the lod seemed infinitesimal, but the unsatisfactoiy charactei of the result will 
be easily seen on lefeience to Tables I and II The method finally adopted was to 
expose the lod to a succession of diminishing leveise cm rents—the first cuuent m the 
case of a w T eak field considerably exceeding that in existence duimg the piessure 
cycles—and then to tap it vigoiously The first attempt was by no means always 
successful, and the loss of time was a distinct objection to the method. 

It is, of couise, impossible to be suie that the rod was ever demagnetised, m the 
sense of being restored to its condition puor to its fiist magnetisation, but it was, at 
all events, leduced to such a condition that successive expenmeuts made with the 
same field showed an excellent agreement In stiong fields demagnetisation appealed 
to be, at least for many purposes, of ^eiy little impoitance 

§ 23 The second distuibmg agency, the heating of the coil and thence of the lod, by 
means of the current, was tioublesome onlv in fields over 400 CGS units. The 
heating of the coil wmes increases then lesistance, and so tends to dimmish the 
strength of the field; while the beatmg of the rod increases its peimeabihty, as has 
been shown by Piofessor Eowland.'" For a rise of temperature of 225° C he found 
the maximum value of the coefficient of induced magnetisation to mciease by about 
70 per cent, and to appear m a distinctly lower field. 

This explains why, m some of my stronger fields, the scale reading kept altenng in 
a cliiection indicating a progisssive increase m the iod’s magnetisation This did not, 
of couise, annul the cyclic changes accompanying cyclic changes of piessure, but it 
rendeied impossible any very gieat accuracy m the determination of their magni¬ 
tudes The determination of the effect of the first application of pressure was found 
paiticulaily difficult 

Lest it should be supposed that the cyclic changes m the magnetisation may in 
reality be due to the heating and cooling of the rod pioduced by the application and 
removal of pressuie, I would heie point out that the cyclic changes of magnetisation 
alter m sign m a comparatively low field, while the increase m the peimeabihty 
accompanying heating was observed by Howland m fields of all strengths, from 50 to 
1470 C.G S units 

First Series of Experiments. 

§ 24 With the new apparatus four principal series of experiments were performed. 
The first series took place m December, 1888, and the results are given in. Tables I, 
and II. The general order of conducting these experiments was as follows *— 

The rod, after being demagnetised by reverse currents alone without tapping was 
removed to a distance The numbei of storage cells and the bridge resistance were 

* 1 Phil Mag4th senes, vol 48, 1874, p 321 

2 Y 2 
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then adjusted to give tlie field desned. When the ammetei and the scale reading 
became steady the rod was bi ought up and pushed rapidly into the coil, and the pin 
secured The difference between the scale readings when stationary, before and after 
the introduction of the rod, supplied the data for calculating the initial value of the 
induced magnetisation 

A consideiable number of cycles of pressuie “on” and “off” were then performed, 
the scale reading, -when become stationaiy, being usually taken after each “ on” and 
“off” Sometimes when readings had been taken of the effects of the first four or 
five piessuie cycles, some five 01 sis cycles were applied m rapid succession and then 
the taking of leadings once more lesumed When a sufficient number of readings 
had been taken for the calculation of the average effect of a pressure cycle, the circuit 
was suddenly broken, the rod being always free from pressure during the break. 

When the scale reading had become stationary after the break and had been 
observed, some six pressure cycles were applied, readings being taken after each “on ” 
and “off” A senes of six pressuie cycles were then applied whose effects were not 
obseived These weie followed by some six 01 seven more pressure cycles whose effects 
weie observed Finally the lod was lemoved to a distance and the magnetometer 
zeio taken. The diffeience between the scale reading taken immediately after the 
break of the current and that taken after the removal of the rod supplied the data 
for calculating the initial value of the residual magnetisation 


Table I. 


$ 

3i 



*2 

Fn st 
“ on ” 

Cyclic 

“on’’-“off ” 

Shock-effect 

Cyclic “on” —“off ” 

3i 

3 2 

*80 S £13) 

1*54 

1 9 

10S 

33 

77 

• » 

« 


115 X (12) 

4 01 

35 

3 09 

62 

3 09 

8Q 

57 

11 

144 X (15) 

4 61 

32 

2 47 

49 

2 93 

65 

49 

09 

1 61 S (14) 

3 55 

22 

2 32 

36 

1 39 

*11 

36 

02 

19 X(ll) 

89 

47 

28 

6 *2 

3 7 

1 2 

27 

10 

4 3 X (10) 

19 6 

45 

69 

61 

74 

1 6 

30 

059 

7 8 X (9) 

38 0 

48 

197 

61 

10 0 

28 

19 

059 

9 9 X (8) 

50 0 

50 

| 13*1 

64 

13 9 

30 

21 

048 

18 4 X (2) i 

107 5 

i 58 

1 15 7 

67 

191 

50 

*13 

041 

19 2 S (1) 

113 7 

59 

13 9 

66 

167 

48 

11 

037 

i 25 6 S (3) 

148 5 

58 

16 8 

6 5 

24 4 

5 8 

12 

085 

36 8 S (4) 

2181 

59 

15 2 

63 

20 6 

72 

*06 

031 

66 9 S (5) 

. 3688 

5 5 

10 6 

57 

15 0 

44 

029 

012 

100 7 X (6) 

l «■ * 

* 



84 

1*4 

015* 

003* 

126 6 X ( 7 ) 

* • 

l 

1 

* * 

* 


40 

— 0 7 

f 

009* 

— 001* 


* The values employed here for and S 9 are derived from subsequent tables 
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Table IT 


$ 


Or 

First 

Cyclic 


Shock-effect | Cyclic ‘ on ’ — “off” j 

“on” 1 

* on” — 1 ' off ” 

Aq/ At 1 

I 

i 


Ay 1 

1 15 N (12) 

3 40 

217 

- 62 

+ 46 1 

48 

o ") 

- 

i 

2i ; 

1 44 N (15) 

2 62 

1 23 

62 

+ 51 

37 

*43 

41 i 

1 61 S (14) 

4 32 

N 

4 32 

.. i 

74 ! 

10 


19 N (11) 

5 9 

3 4 

11 

4r 42 1 

50 ' 

26 , 

124 ! 

4 3 N (10; 

86 

49 

20 

3- 49 

33 

29 

100 ; 

7 8 N (9) 

13 1 

69 

37 J 

+ 54 

28 

32 | 

078 1 

99 K (8) 

16 4 

90 

46 

+ 62 i 

26 | 

*32 1 

069 i 

184 N (2) 

27 9 

15 7 

86 

+ 26 ; 

23 , 

32 | 

017 

19 2 S (1) 

29 9 

19 0 

54 

l+i5 ; 

23 

19 

008 

1 25 6 S (3) 

39 4 

25 3 1 

9 5 

: + 15 ; 

24 

25 

006 

| 36 8 S (4) | 

51 0 

34 6 

12 9 

: — 22 i 

22 

25 

i - 006 

j 66 9 S (5) ! 

661 1 

40 4 

17 2 

! - 1 07 

18 

24 

j - 027 

! 100 7 N (6) 

68 5 

45 6 

16 9 

1 — 1 20 

14 

23 

- 026 

} 126 6 N (7) 

i 

1 1 

70 9 

i 

48 6 

17 8 

| — 138 

I 13 

23 

1 

- 028 


§ 25 In Table I. )s the strength of the field calculated as is explained m § 19, 
is the intensity and the coefficient of induced magnetisation m the rod previous 
to the application of any pressuies , while is the intensity and k 2 the coefficient of 
induced magnetisation in the lod free from pressure after all the pressuies cycles have 
been applied Thus 2>2 — 3i is the increase m the magnetisation taking place dining 
the application of the piessure cycles Them application occupied a considerable time, 
during which absolute steadiness m the current could hardly be expepted, and so 
^ is probably in no case an absolutely exact measure of the increase in the 
magnetisation due to the piessure eyples By first “ on ” is meant the increase m the 
magnetisation caused by the first application of pressiue Gyclic “ oh ” — <£ off" gives 
tlie average algebraic excess of the magnetisation existing w ben pressure is on ” 
over that existing when pressure is c off. 5 ’ As already explained the shock-effect is 
the algebraic excess of the first t( on ” over the cychp “ on ” — “ off” 

The second last column gives the latio of the shock-effect to the intensity of the 
magnetisation prior to pressuie, while the last column gives the ratio of the cyclic 
e{ on” — “ off” to the intensity of magnetisation m the cyclic state. Thus the figures 
in these two columns may fairly he regaided as measuring the importance m the 
different fields of the shock-effect and the cyclic effect respectively. 

In the weakest field the last three columns have no entries, because the experiments 
determining the cyclic effect of pressure failed to indicate a clear result. 

The entries m the two last fields indicate, as they do elsew’here, that no obser¬ 
vations of the corresponding quantities were obtained. In these fields when the 
compensating coil exactly balanced the coil current so that in the absence of the rod 
the spot was at the centre of the scale, the introduction of the rod drove the spot off 
the scale The compensating coil was thus mo\ed so as to neutralise pait ol the effect 
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of the lod, and so bung the spot near the centre of the scale In the absence of the 
lod the spot was now off or neaily off xhe scale, so that accurate measuies of the 
induced magnetisation were impossible 

The effect of the changed position of the compensating coil was allowed for in 
ieducing the obseivations A similar use of the compensating coil was subsequently 
made m some of the higher fields It had the disadvantage of making the scale 
leading more distuibed by slight megulanties m the cuirent In these strong fields, 
however, the cyclic changes were so small compared to the total induced magnetisation 
that the alternative of increasing the distances of the coils fiom the magnetometer 
possessed greater disadvantages 

§ 2fi In Table II , § is the field existing prior to the break of the current. 3/ is 
the lesidual magnetisation prior to the application of any pressure, 3/ that finally 
existing aftei what was approximately a constant number of pressure cycles A 
minus sign represents, as elsewhere, a diminution m the magnetisation, and when 
placed at the head of a column it applies to all the entries m that column The 
shock-effect is obtained by subtracting from the algebraic value of the total effect of 
the first pressure the algebraic value of the cyclic “ on " — “ off 1 ’ 

The second last column gives the ratio of the shock-effect to the intensity of the 
residual magnetisation prior to pressure, while the last column gives the ratio of the 
cyclic “ on ” — “ off 11 to the intensity of the residual magnetisation m the cyclic state 
§ 27. In both the Tables I and II the letter N signifies that a certain end of the 
rod, which we shall call A, was a north pole ; S, that it was a south pole The numbers 
in brackets in the fiist columns give the order in which the experiments took place 
It was intended to apply as nearly as possible the same degiee of pressure m every 
single case Still, as the pressure was applied by hand, a ceitam amount of megu- 
lanty was bound to exist The smallness in the variations shown by the individual 
observations of the cyclic effect in. each separate field, and the smoothness of the 
several curves obtained piove that throughout any single series of experiments a 
pretty uniform standard must have been maintained As a considerable interval of 
time elapsed between some of the successive seiies of experiments, notably those made 
m December and January, the standard probably varied somewhat from one series to 
another; fig. 7, at all events suggests that in Februaiy the standaid pressure was 
somewhat less than m December. 

^28. The results of Table I and IT w ill be presently discussed along with the 
corresponding results from subsequent tables, but certain peculiarities illustrative of 
the first difficulty stated m § 22, claim a special attention 

A glance at the values of k 1 and k 2 m Table I., shows that the supposed demagnet¬ 
isation following the strong field (7) had not sufficed to remove all its effects A 
comparison of the fields (14) and (15), or of (12) and (13), shows a much smaller 
susceptibility for currents making A a south pole, than for those making it as in (7) a 
north pole. From the results subsequently obtained with a more perfect system of 
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demagnetisation, and contained m Tables IX and X., it appears that m those of the 
eight weakest fields of Table I, in which A was a north pole, the values obtained fur 
k 13 k 2 , and the cyclic effect are all undoubtedly somewhat too great 

The effects of the lesidual polarity appear still more decidedly in Table II in the 
case of field (14) Here, what must be regaided as an abnormally large amount 
of residual magnetism, was onginally present Every trace of this was, however, 
removed by a single piessuie, and with subsequent pressures magnetism of opposite 
sign became appaient An even moie stiikmg case, that of field (13), does not 
appear in Table II because no absolute measures were taken. In this case, the 
lesidual magnetism on the break even of the current was of opposite sign to the 
induced, and it increased on the application of pressuie 


Second Series of Expei iments. 

§ 29 In the next principal seiies of experiments—taken m January, 1S89—the 
method of taking the observations was much the same as in the fust senes, but tlie 
distances between the pieces of the apparatus weie varied Thus the distance 
of the centre of the rod torn the magnetometer needle was 73 6 cm , 50 cm , or only 
39*2 cm, according as the quantity under examination was the intensity of the 
induced magnetisation, the effect of pressure on the induced magnetisation, or the 
lesidual magnetisation The compensating cod and the scale remained screwed to the 
beam carrying the appaiatus, while the three positions of the magnetising cod and 
the corresponding positions of the magnetometei w T ere indicated by pencil maiks 
on the beam There was no shaking of the lod, or variation m the cunent caused 
by the movements of the cod and magnetometer 

The fields m this series of expeiiments varied from 84*8 to 725 CGS. units. 
Preliminary experiments m the weakest of these fields, showed that demagnetising 
the rod had no appreciable influence on the magnitude of the cyclic effect of pressuie 
There was thus in none of the recoided expeiiments, as given in lables III. and IV , 
any attempt at demagnetisation , but the weaker fields were taken first so as to avoid 
the disturbing influence of any residual effects that might originate with very strong 
currents 
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Table III 


£ 

1 

3i 

M 

3, — 3 t 

[ 

Fxi st 
“ on ” 

Cyclic 

“on”*—“off ” 

Shock-effect 

Cyclic “on”—“off ” 

3i 


I 

848 

409 

48 

74 

+ 92 

+ 22 

+ 017 

+ 005 

10b 4 

472 

44 

46 

+ 50 

+ 07 

+ 009 

+ 001 

120 6 

526 

4 1 

• • 





loo m 

554 

36 

23 

- 1 2 

- 2 1 

+ 002 

- 004 

181 

582 

3 2 


- 18 

- 24 

+ 001 

- 004 

210 

611 

29 

31 


— 32 


- 005 

270 m 

629 

2 3 

1 3 

- 24 

- 36 

+ 002 

- 006 

2 82 

624 

^ 22 






293 

613 

2 1 

1 1 

- 24 

- 29 

+ 001 

— 005 

339 

654 

19 

• 
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669 

: 19 


-45 

-32 

- 002 

- 005 

406 rti 

690 

1 7 

79 

-28 

-38 

t 001 

— 005 

541 ! 

7 07 

1 3 

17 0 

- 1 5 

- 23 

+ 001 

- 003 

| 633 1 

777 

! 12 

34 

— 5 2 

- 34 

- 002 

— 004 

1 

1 M * 1 

i /_o 1 

i 

791 

1 1 1 

! 

f 22 9 "1 

l 13 J ; 


- 22 

* * 

- 003 


Table IV. 


Number oE 
fields 

_ 

Limiting fields 

Average 
first “ on ” 

Average 

cyclic “ on”-“off ” 

1 

Average 1 

shock-effect — 3 1 ' | 

7 

| 85-210 

1 -16 4 

-1 14 i 

- 21 

8 

250-355 

1 17 4 

1 09 ' 

21 

t 4 

1 

400-725 

! 14 6 

j 

80 ! 

1 

19 


§ 30. In Table III., which gives the observations on the mduced magnetism, the 
headings have the same meanings as in Table I. When m is attached to the strength 
of the field, two or three separate experiments were conducted with fields of approxi¬ 
mately this strength, and the results given in the table are the averages of those 
obtained. The blanks are mainly due to unsteadiness in the scale-readings hi ought 
about by fluctuations in the strength of the magnetising current. 

In no case probably, as already explamed, does the column headed 2>3 — 2>i give 
with perfect accuracy the change in the magnetisation produced by the pressure cycles 
alone, and in fields over 400 units the changes under this head must mainly be due to 
a totally different cause, viz., the beating of the rod In these high fields the scale¬ 
reading did not remain stationary in the absence of pressure, but showed a progressive 
increase of magnetisation. To obtain the cyclic effect, the pressures were applied and 
removed at as nearly uniform intervals as possible, and the changes m the magnetisa¬ 
tion occurring in successive intervals were compared. 

In the strongest field, after the application of a large number of pressure cycles. 
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during which an increase of 22 9 units of magnetisation appeared, the current was 
bioken, and aftei a shoit inteival ie-made, before the rod had cooled much Dunnar a 
second almost equally numeious senes of pressuie cycles an inciease of only 1 3 unit of 
magnetisation appealed At the commencement of the second part of the expeimient 
most of the coil was doubtless colder than the contained lod, so that the temperature of 
the rod would not altei much for some time after the i e-make of the current This 
last experiment indicates, I think conclusively, that m fields of this stiength the 
permanent change m the magnetisation brought about by pressuie cycles must be 
small, whatever its sign may be 

The values given for the First “ Oro” in the stiongest fields cannot claim great 
accuiacy The lod began to get heated befoie the oscillations of the magnetometer 
needle following the introduction of the rod into the coil had sufficiently subsided to 
permit of a reading being taken The progressive increase of magnetisation v as, m 
fact, going on most rapidly when the first piessure was applied Theie had thus 
occurred a consideiable progressive change befoie the next scale-reading could be 
taken, so that it was very difficult to deduce the tiue effect of the fiist pressure 

The values obtamed m these high fields for the intensity of the induced magnetisa¬ 
tion must also have been to some extent unduly raised by the heating, so that the 
curve of fig 1 is, in its higher poitions, not so fiat as it ought to be. 

§31 Table IV gives merely certain average results, calculated from the large 
number of obseivations actually made on the residual magnetisation On comparing 
the results after the conclusion of the experiments, it became appaient that the 
magnitudes of the several phenomena varied so little with the strength of the pre¬ 
existing field within the limits of the observations, that trustworthy deductions as to 
the exact modes of then variation were rendered impossible by the small variations m 
the distances of the pieces of the apparatus which the method of experiment was sure 
to introduce The measurements of the effects of pressure are, in addition, exposed to 
possible irregularities in. the magnitude of the pressure, but this ought not to affect 
sensibly the average results recorded in the Table. 

Third Series of Experiments. 

§32. In the next series of experiments, extending from January to February, the 
residual magnetisation alone was under investigation. Every single piece of apparatus 
was bolted or screwed to the supporting beam, so as to prevent any relative move¬ 
ment. The magnetometer needle was distant 82 cm. from the scale and 38 cm. from 
the middle of tlie rod. 

First of all a set of observations were taken of the initial amount of the residual 
magnetisation as the strength of the pre-existing field was raised by steps fiom 1 7 to 
79‘4 C.G S. units. The rod was apparently very nearly demagnetised by reversed 
currents previous to the first experiment, but no subsequent demagnetisation was 
mdcgcxc.—a* 2 z 
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performed No pressme or tapping was applied to the rod throughout these obseiva- 
tions The cuuent was always m the dnection making the end A the noith pole 
The lesults, as lecoided in Table Y, aie deduced fiom the scale leadings taken 
(l) with the lod m its place inside the coil immediately after the break of the 
cm rent, (2) with the rod lemoved to a distance In geneial, two observations were 
taken for each strength of field The mean of the two observations is the of 
the Table By -0 is meant the stiength of the field due to the cuirent just broken, 
and by k x ' the ratio of to -§ The mode of variation of with <§ is shown m 
curve ct, fig 10 , while the mode of variation of k{, -which is subsequently teimed the 
remclua.1 svsccptibrtity, is shown in cuive a, fig 11 


Table Y 


43 

V 

*1 

43 


k i 

1 7 

22 

13 

141 

12 9 

91 

26 

29 

11 

16 1 

15 8 

98 

3 5 

56 

16 

18 0 

214 

1 20 1 

44 

95 

22 

22 3 

27 5 

1 23 

so 

13 

25 

25 0 

2S5 

114 

5 6 

2 0 

36 

27 3 

31 5 

1 15 

6 0 | 

2 4 | 

40 

38 0 

43 0 

113 

70 | 

3 S 

55 

45 4 

501 

110 

94 

1 66 

70 

54 6 

56 4 

103 

11*5 

9 1 

! 79 

70 4 

619 

88 

12 2 

10 2 

84 

i 

79 4 

63 8 

80 

I 


§ 33* In continuation of these expeiiments a much more elaborate set of obser¬ 
vations were taken, with the object of determining whether the amount of the 
residual magnetisation or its propeities depended on the treatment of the rod during 
the flow or bleak of the current. In one set of expeiiments, spoken of m future as 
the L type, no pressure at all was applied during the flow of the eunent. In a 
second set, the M type, six cycles of pressure “ on 55 and ee off ’ were applied, the cmrent 
being broken when piessure was “ off ” In a third set, the N type, a pressure was 
applied after six pressure cycles, the current being broken when pressure was fC on.” 
In these, as in all the other experiments, the rod was introduced mto the coil after 
the scale reading showed that the current had become steady The experiments of 
the several types were not conducted separately, but on the following plan Starting 
with a certain number of storage cells and a certain resistance m circuit, complete 
observations were made for the corresponding field with each of the three types 
in the order L, M, N, say Then with a greater number of cells, or a reduced 
resistance, observations were taken for the next higher field, m the order M, N, L, 
and so on, in cyclic order Care in fact was taken that the experiments of any given 
type should not unduly often be eitbei the first experiment of the day or the first 
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experiment with a given strength of field This vauation in the older was adopted 
lest during the application tor several hours of a succession of pressure cycles, 
interrupted only by the demagnetisations, the rod might become less responsive to 
pressuie, developing a sensible amount of what may be teimed fntajue Under the 
actual conditions, if this did happen, it would not alfect the experiments of one type 
more than those of another 

The strength of the pre-existing fields was raised step by step fiom 1 to 400 C G S 
units, and until fields of 350 units, or theieby were leached, the rod was demag¬ 
netised, befoie each single experiment, by leversed currents and vigoious tapping In 
the stiongei fields the lod was meiely exposed to a pielimmaiy reverse cunent, of 
the same strength as that about to be used m the experiment During the actual 
observations the end A was mvauably the north pole 

In each expenment of each of the thiee types, with the exception of some of the 
weakest fields, the following operations were conducted When the spot on the scale 
had become stationary, after the bleak of the current, a leading was taken. The pin 
was then withdrawn and the rod caiefullv removed, being kept at right angles to the 
magnetic meridian. The scale reading when stationary having been observed, the 
rod was gently restored to its place and the pm secured With a little practice this 
operation was accomplished v ithout shaking out any sensible amount of magnetism, 
as the coincidence of the scale leadings before the rod’s lemoval and after its 
restoration sufficiently testified Piessme was then applied once and removed m the 
experiments of types L and M, bemg simply removed m those of type N, and the 
corresponding scale readings observed. Twelve piessures cycles were then applied, 
the effects of the last six only bemg observed The lod was then removed and the 
constancy of the magnetometei zero tested 

The various observations obviously supplied sufficient data for calculating the 
initial residual magnetisation, the first “ oti ” or first c off” of pressure, the cyclic 
effect of pressure, and the final residual magnetisation, i e. } the residual surviving 
a definite number—13 for types L and M—of pressure cycles 

§ 34. The results of the experiments of type L are given in Table YI All the 
headings have been aheady explained, except next ‘ off 3 This means the change 
m the magnetisation accompanying the removal of the first piessure applied after 
the hieak of the cunent In the two weakest fields the amount of the initial 
residual magnetisation alone vas observed, and m the three next weakest fields the 
effects of only one pressure cycle weie taken Thus no data existed for calculating 
the cyclic effect in these fields , and the first three results given m the last column 
are unduly large, because the values there assigned to 2A are the magnetisations 
existing after the application of only a smgle pressure cycle 

In the fields over 90 C G S. units the changes m the properties of the residual 
magnetism accompanying the rise in the fields are so small that the small irregu¬ 
larities m the magnitudes of the pressures applied become important. Thus the 

2 z 2 
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stionger fields are giouped into two sets, and tlie aveiage effects for each set alone are 
given. 

In like mannei the lesults of the experiments of type M are given m Table YII., 
and those of type H m Table VIII In these, too, the cychc effects of pressure were 
unfortunately not obseived m the weakest fields In the six weakest fields ot 
Table YII the value assigned to 3/ is the residual magnetisation when only one 
pressuie cycle has been applied, while m the seven weakest fields of Table VIII the 
value assigned it is the residual left on the removal of the pressure existing during 
the bieak of the current. The corresponding 1 ©suits m the last columns of these 
tables are consequently all unduly large. In the strongest fields average results alone 
aie given as m Table VI 

The results of Tables VI, VII, and VIII. supply the data from which the curves 
b , c, d , respectively, of figs 9 to 15 (Plate 16) are drawn 


Table VI. 
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85 

95 
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* la the entries above this point, in absence of experimental data, the cyclic “ on “ off” is neglected 
Thns the results above this point are not strictly comparable with those below 
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Table YII 
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* In the entries above this point, m absence of experimental data, the cyclic “ on ” 
Thus the results above this point are not strictly comparable with those below 


“ off” is neglected 
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Fourth Series of Experiments 

§ 35 In the last series of experiments, which extended into March, the effects of 
pressure on the induced magnetism were more particularly under investigation 
Except on one or two occasions, the magnetometer was distant 50 cms from the 
centre of the magnetising coil, and 81 cms from the scale Previous to each experi¬ 
ment the rod was demagnetised by leversed currents followed by vigorous tapping 

After the introduction of the rod into the coil, fourteen pressure cycles were m 
general applied, readings being taken of the effects of the first four and the last four 
cycles. From these the effect of the first piessure and the cyclic effect are calculated 
Then, leaving the current untouched, the rod was usually removed to a distance and 
replaced, scale-readings being taken The compaiison of the reading taken when 
the rod was out with that taken prior to its original introduction into the coil, tested 
the constancy of the magnetometer zero From the readings taken before and 
after the rod’s removal, we find the magnetisation of the rod at the end of the 
pressure cycles, while from, the readings taken before and after the rod’s re-inti oduc- 
tion we find the magnetisation on the second introduction of the rod into the coil 
Thus, % — 3 X is, as in former experiments, the increase in the magnetisation during 
the application of the pressure cycles, while % - is the magnetisation lost during 
the removal of the rod from the coil and its re-introduction & 

* In the entries above this point, in absence of experimental data, the cyclic “ on” — “ off” is neglected, 
Tiros the results above this point are not strictly comparable with those below 
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The compensating coil was intentionally placed so as to somewhat more than 
balance tbe magnetising coil, and so, m some of the stiongest fields, the spot was off 
the scale when tbe rod was removed Thus, m these fields, there weie no data for 
calculating 2>i, and m calculating 3 3 — 3i and 3 2 — it had to be assumed that the 
magnetometei zero had not altered m the intervals that elapsed during the application 
of the pressure cycles and during the absence of the led fiom tbe coil The latter 
interval was always short, so that any sensible alteration during it was impiobable 
During these observations the end A of the rod was always the north pole 

There then followed m general, while the current lemamed unchanged, some 
observations intended to test the lesidual effects of the pressuie cycles In these 
the rod was repeatedly removed from the coil, it might be when free how or when 
subjected to piessuie, and while out its state, as regards pressure, might 01 might 
not be changed Not infrequently, too, the ends weie changed while it was out, so 
that on its re-introduction the end A might be eithei a noith or a south pole * 
Sometimes on the le-mfcroduction of the rod first “ ons” or first “offs” of pressure 
were taken, with the object of determining whethei their magnitude was affected by 
repetition or by a change m the end of tbe rod. The results of this last senes of 
experiments are contained m Tables IX and X The} 7- aie the results on which most 
of the curves m figs 1-8 (Plate 15) are based 

Table IX 
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* 0a*rent fell markedly during pressure cycles ^ is calculated on. its initial, k-, on its final value. 
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§ 36 In Table IX the first sis headings have been alieady explained The letter p 
after the numerical measuie of the field m the fiist column signifies that the rod vas 
under pressure previous to and during its introduction into the coil In such a case 
the entries under 2>i an d /q lefer to the magnetisation existing before this piessuie 
was removed, and so are on a different footmg from the other entnes under these 
headings. The entries under the other headings are also in such a case doubtless 
indirectly affected, but to a much smaller degree 

In the last four headings the suffix mdicates which end of the rod was the north 
pole when the magnetisation in question was measured The lesults under these 
headings aie deduced from the leadings obtained by lemovmg and leplacmg the rod 
subsequent to the application of the piessuie cycles, duiing which application it must 
be remembeied A was always the north pole 

The seventh column gives the excess of the magnetisation existing wdien the rod 
was under pressure when lemtioduced into the coil over that existing when it was 
free from pressuie when reintroduced, the end A being in each case the north pole of 
the reintroduced rod The eighth column differs fiom the seventh only in that the 
end B was m each case the north pole of the reintroduced rod The ninth column 
gives the excess of the magnetisation found when A was the north pole of the 
reintroduced rod ovei that found when B was the noith pole, the rod m each of its 
remtioductions being iiee from piessure The tenth column differs fiom the ninth 
only m that the rod during each of its remtreductions was under pressure 

§37. In Table X First “on” is, as previously, the total change in the magnetisa¬ 
tion—cyclic and non-cyclic—due to the fust application of piessure A x gives the 
effect when the rod, immediately after being demagnetised, has been exposed for the 
first time to the field in question. A 2 gives the effect of the first pressure applied 
after the reintroduction of the rod m a state free from pressure, and with the end A 
a north pole In the case of the results under A 2 , there have intervened since 
demagnetisation a complete series of piessuie cycles applied with A a north pole, and 
at least one removal and remtroduction of the rod In some cases there were several 
removals and remtroductions, and the mean of the observations is recorded Under 
B 2 we get the effect when, on its remtroduction, the lod has B for its north pole In 
this case it must be borne m mmd that the pressure cycles applied since the preceding 
demagnetisation occurred when the opposite end A was the north pole. 

Firtt “off” is the total effect of the removal of a piessure existing previous to and 
during the introduction of the rod into the cod A x refers to the case when demagne¬ 
tisation has immediately pieceded the observation, A 2 and B 2 to the cases when a 
complete series of pressure cycles, with A the north pole, and at least one removal and 
reintroduction have intervened since demagnetisation. The distinction between A 
and B is the same as in the case of the First “ on ” 

Cyclic “on ”—** off” has its usual meaning. Under the next two headings are given 
the non-cyclic portions of the effects of the first application of pressure and of the first 
mdcccxc. —A. 3 A 
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lemoval of a pro e xis ting pressme Aj and. A 2 refer to the lesults recorded in the 
first two columns under the headings Fust e< on ” and Fust “off' The last heading 
has heen aheady explained As usual . indicates that no observations were 
taken TVhien no algebraic sign is attached to a figuie -j- is undeistood 

§ 38 To a casual observei the fluctuations that appear in the lesults of the fore¬ 
going tables may see m excessive It should, however,, be borne in mind that most of 
the piessiue effects are very small compared to the total amount of the induced 
magnetisation—sometimes as little as one-thousandth part Thus tile small 11 regu¬ 
larities m the magnetising current which aie produced by the slightest want of 
constancy in the cells, or by the vibrations communicated to the resistance wires fiom 
shakings of the flooi, may produce commensurable effects Such lrfegulanties were 
frequently recognised thiough a continual quiveimg motion of the spot on the scale, 
while the ammeter reading appeared steady enough Of couise, when the unsteadi¬ 
ness was very maiked, observations were suspended, but comparatively little of the 
woik done would have heen accomplished m the time if observations had been taken 
only when absolute steadmebs pie vailed 

§ 39 A sepaiate discussion of the results of each table would involve a good deal 
of repetition It has thus appeared best, as a rule, to embody the most trustworthy 
results in curves, and to discuss particular pomts m connection with the features of 
the individual curves In every curve the horizontal coordinate gives the strength of 
the field, >5, calculated after the manner explained m § 19 In the case of the 
residual magnetism, <£> is of course the strength of the pre-existing field 

In fig 1 (Plate 15), the ordinates give the initial magnetisation when the rod is intro¬ 
duced into the magnetising coil flee from piessure In fig 3 the ordinates give the 
coefficient of induced magnetisation under the same conditions The fust portions of 
both cuives, in which the individual obseivations are indicated by dots, aie based on 
Table IX , while the second portions, m which the individual observations are indi¬ 
cated by crosses are based on Table III. 

These curves are of the same general character as those obtained by many obseiveis 
for iron. In fields below 8 or 9 C G S. units, the magnetisation increases com¬ 
paratively slowly as the strength of the field is raised There then ensues, as is most 
clearly shown by tbe steepness of the commencing portion of the curve of fig 3, a 
much more rapid increase of magnetisation. The rate of increase attains a maximum, 
as shown in fig. 3, in a field of about 35 C G S units ; which, accordingly, is the 
Wendepunkt for the specimen The rate of increase of the magnetisation then falls 
off, but at first in a comparatively gradual manner. There is thus no very clear 
indication of an approach to tf saturation ” until the strength of the field approaches 
200 C.G S. units Even in the strongest experimental fields the rate of increase is 
by no means infinitesimal, though, as already stated, this is probably m part accounted 
for by the heating of the rod. 

| 40. The smallness of the scale of fig. 1, does not allow the effect of pressure on 
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the induced magnetisation to he shown, but the enlarged scale of fig 2 shows the effect 
m fields below 30 C Gr S units, wheie it is of most importance 

The thick line a, with the individual observations indicated by dots, is merely the 
initial portion of fig 1 on an enlaiged scale The dotted line h, with the individual 
observations indicated by cucles, gives the induced magnetisation after the application 
of the piessuie cycles. The curves, a and b, aie based on the same experiments, and 
the difference between then ordinates answers to the values in the column 3: — 3i of 
Table IX m those expenments m which the rod wras originally free from piessure 
The third curve c, with the individual observations mdicated by ciosses, gives the 
induced magnetisation prior to the application of piessuie cycles, m these experiments 
denoted by a p m Table IX , m wffiich the rod was under piessuie when introduced 
into the coil 

In fig 4 the oidmates give the coefficients of magnetic induction m the three cases 
of fig 2 The data aie taken from the same table, and the letters, &c, have the same 
significations 

The difference between the cuives a and b shows the very laroe effect of the 

^ o 

pressure cycles m mcieasing the magnetisation m the weaker fields It should be 
lemembeied that between the corresponding pans of observations on which these 
cuives are based theie inteivened no bieak of the cuirent, nor any change m the 
lesistance, or m the position of the ammeter Thus any error in the zeio or orienta¬ 
tion of the ammeter would affect each curve alike, and leave the difference of the 
ordinates piactically unaffected. Yanations, it is tiue, m the strength of the cuirent 
during the application of piessuie cycles, would affect curve b without affecting 
cuive a Such vai ntions, however, could escape notice m the weakei fields only 
when vety small, because the ammeter was then in its most sensitive position 

The comparison of the curves c with the others is not so satisfactory During the 
time of most of the experiments the ammeter w T as being used for other purposes, and 
so had to be set up afresh every other day Thus, though its position w T as caiefully 
adjusted, small differences were certain to occur 

For these and other reasons it w-onld he unsafe to diaw any conclusions from the 
crossing of the curves b and c m fig 4 It may, however, be legalded as perfectly 
certain that in the weaker fields the curve c lies between the curves a and 6, and that 
within the limits of fig. 4 the curve c lies very distinctly above the curve a 

The form of all these curves of fig 4, suggests that under all conditions as to 
pressure the coefficient of magnetic induction becomes extremely small m very weak 
fields. There may, however, he a turning point m one or all of the curves in fields 
lower than those experimented on 

§ 41. In curve a of fig. 5 the ordinates give the total change in the magnetisation 
produced by the first pressure in those experiments of Table IX. in which the rod was 
free from pressure when introduced mto the coil. The change in magnetisation is 
measured with the piessure <f on,” and so is really the algebraic sum of the cyclic and 

3 A 2 
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non-cyclic effects The individual observations are indicated by dots, whose distances 
from the curve are m no case serious 

The curve shows that the total effect of the fiist pressure attains a distinct 
maximum in a field of about 45 C G S units—which somewhat exceeds the Wende- 
punkt—and then diminishes somewhat rapidly as the strength of the field is raised. 
An unmistakeable critical field, where the effect vanishes, appears at about 160 C G S 
units, and m stronger fields the total effect of the first pressure is a diminution of 
magnetisation Fiorn the form of the curve it would appear that the diminution does 
not increase indefinitely as the stiength of the field is laised But the expenments 
leave it uncertain whether this dmnnation of magnetisation attains a maximum m a 
field of about 350 C G S. units, or whether it continually approaches an asymptotic 
value. 

§ 42 In curve b of fig, 5, the ordinates give the loss m the induced magnetisation 
accompanying the removal of the rod from the coil, after the application of the 
pressure cycles, and its reintroduction The curve is based on the column of 

Table IX. 

The ordinate corresponds more or less closely to the non-cyclic effect of the sum of 
the pressure cycles applied duung the flow of the current prior to the rod's removal 
There are two reasons however, why it cannot be regarded as an exact measure of this 
effect, more especially in the weaker fields In the fiist place, even when no pressures 
are applied it is well known that the magnetisation of iron is not exactly the same on 
the second exposure to a certain field as it is on the first Some occasional observa¬ 
tions on the cobalt itself gave a somewhat greater magnetisation on a second exposure 
than on the fiist The difference was, however, unimportant, and m fields over the 
Wendepunkt it was, if existent, extremely small In the second place part of the 
effect of the pressure cycles unquestionably suivives a removal of the rod from the 
magnetic field. As will be seen from § 65, this residual effect is of considerable 
importance in fields below 30 units. Owing to both these causes the effect of the 
pressure cycles in fields below 30 or 40 units must be decidedly greater than the 
curve b would indicate No observations exist to show whether or not the curve b 
eventually crosses the axis of abscissae. Not improbably this would be a very difficult 
point to settle owing to the heating of the rod 

The reason for drawing a curve tor 3> — 2>3 m preference to one for 3 2 — 3n 1S that 
only a lew minutes elapsed between the taking of the readings giving 2b an -d 3 3 , while 
the reading which gives 2h might have been taken over an hour previously. Thus 
under ordinary cncumstances the variation of the current could not but be utterly 
insignificant in the one instance, whereas in the other ix occasionally reached a 
measurable quantity 

In Table IX omitting of course the fields marked p, the values of 3 3 — 3i and 
% — 3s a very fair agreement. In fields below the Wendepunkt the former 
quantity is, as the above reasoning suggests, distinctly the larger ; but in stronger 
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fields the one js sometimes the larger and sometimes the other In no single case was 
a negative value obtained for either quantity, though m fields over 200 C G S units, 
both become unquestionably very small 

The only safe conclusion appeals to be that if a cutical field existed foi the non- 
cyclic or shock-effect of the piessuie cycles it exceeded 275 C G S units Considering, 
ho vvever, that the cntical field for the cyclic effect of the pressure cycles is onlv about 
120 C G S units, this seems an important re&ult 

§ 43 In the cuive of fig, 6, which is based on Table X, the ordinates give the 
ratio of the increase m the induced magnetisation produced by the non-cychc pait of 
the fiist pressure lglative to the amount of the induced magnetisation e xis ting 
previous to the pressure The oidmates may thus be held to measure the relative 
importance in fields of various stiengths of the non-cychc portion of the effect of the 
first pressure 

The cuive shows m a striking manner how the relative importance of the non-cychc 
portion of the effect of the first pressure continually diminishes as the stiength of tlie 
field increases In the weakest field employed, viz, 1 8 C G S units, the first pres¬ 
sure permanently increases the magnetisation by one half its original value, whereas 
in a field of 160 C G,S. units the increase is ceitamly less than one part m two 
hunched 

In stronger fields, as appears from the ninth and tenth columns ot Table X , this 
shock-effect becomes extiemely small, and contmues to be so within the range of the 
experiments 

The experiments cannot be said to settle conclusively the sign even of the effect, 
but the evidence is decidedly m favour of its remaining positive m fields of at least 
270 C G S units It will, in fact, be observed that m the tenth column of Table X , 
a decrease of magnetisation w r as in no single case obtained Now m the higher fields 
the results m this column are calculated from the mean of two or three observations, 
whereas those in the preceding column answei, of eouise, to only one observation. 


Effects of the Removal of Pressure 

§ 44. It might appear at first sight that the increase m the magnetisation invaiiably 
found to accompany the application of the sum of the pressure cycles in fields up to 
270 C G.3. units is m itself sufficient proof that the non-eyclic effect of the first 
pressure must be within the same limits an increase of magnetisation The increase, 
however, in the former case might be due to the removals not the applications of 
pressure. 

The removal of pressure from a rod occasions relative displacements of its parts to 
pretty much the same extent as does the application of pressure, and so it too may be 
expected to have some permanent influence on the magnetisation. This effect was 
actually found to exist, and its magnitude relative to the original magnetisation is 
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given m the eleventh and twelfth columns of Table X. Oompai mg these with the two 
previous columns, it will be seen that m we&k fields the non-cyclic effect of the 
removal of the ongmal pressuie, though much less nnpoitant than the corresponding 
effect of the application of the first piessure, is by no means a negligible quantity It 
may, however, be easily overlooked, because m the weakei fields, where its impoitance 
is greatest, it is in the opposite diiection to the cyclic effect of the removal of piessuie 
Also in fields between 25 and 95 C G.S units, as appears from the thirteenth column 
of Table X, the cyclic pait of the effect is numencally the larger, and so between 
these limits the, lemoval of an original piessure appeals to be accompanied by a 
diminution m the magnetisation In fields over 120 CGS units the non-eyclic 
effect has the same sign as the cyclic, and so the increase m magnetisation accom¬ 
panying the removal of an original piessure is fairly conspicuous 


Cyclic Effect of Pressuie on the Induced Magnetisation 

§ 45. In fig 7 the ordinates give the cyclic change m the induced magpetisation 
accompanying the pressure cycles. The thick line a, m which the individual obser¬ 
vations are indicated by dots, is based on Table X , the broken line h with individual 
observations indicated by crosses, on Table I, and the dotted line c with individual 
observations indicated by ciicles, on Table III. 

These curves agree m showing a ciitical or Yillari field of about 120 0 G S units 
The magnetisation is greatest or least when the lod is under pressure accoidmg as the 
strength of the field is less or greater than that of the critical field. 

It will be seen fiom fig 1 that the magnetisation of the rod m the critical field is 
about 520 units Accoiding to both the curves, a and b , the absolute magnitude of 
the cyclic effect attains a maximum m a field of about 35 CGS. units This, it will 
be remembered, is the field found for the Wendepunkt m §39 In general form the 
two curves a and b could hardly agree better than they do, and the difference in the 
absolute lengths of their ordinates might well he due to a difference between the 
standard pres^ujres adopted at the times Both curves, it will l^e noticed, pass 
through ahpost all their experimental points Near the ciitical field all three curves 
would lie 90 close together that only the experimental points of c are there shown. 

The highest field in Table IX. is 351 O.G.S units, and the form of the curve a 
leaves it uncertain whether the cyclic effect attains an algebraic minimum m a field 
somewhat higher than this and then diminishes numerically, or whether it continually 
approaches an asymptotic value. The former alternative is unquestionably supported 
by the form of the curve c, which extends to a field of 725 C.G S. units The devia¬ 
tions of the experimental points from this curve are, however, so large that it would 
be rash to attach much weight to its precise form. Probably all we are entitled to 
infer is that, if an asymptotic value exists for the cyclic effect, its numerical value 
e&enot much exceed that found in a field of 400 C G.S. units \ whereas, if a second 
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cntical field exists, wheie the effect changes sign a second time, its value must veiy 
considerably exceed 700 CGS units 

It should be noticed that the ordinates m fig 7 are drawn on double the scale of 
those m fig 5 Thus, comparing m those figuies the two cuives cc, which aie based 
on the same senes of expenments, we see that, m fields below the Y illa ri point ot 
fig 7, the total effect of the fitst piessure is invariably very eonsideiably largei than 
the cyclic effect of piessure The maximum value attained by the formei effect is 
about thrice that attained by the latter 

§46 In fig 8 the oidmates give the iatio of the cyclic mciease m magnetisation 
accompanying pressure “ on” to the amount of the induced magnetisation exi&tmg 
when the cyclic state is reached They thus show what propoition of the magnetisa¬ 
tion takes part m the cyclic change 

The curves a and c aie derived from the same experiments as the corresponding 
curves a and c of fig 7 The form of ci, neai the vertical axis, shows how much the 
relative importance of the cyclic effect increases as the strength of the field is leduced 

In comparing the relative magnitude of the cyclic effect and of the shock effect of 
the first piessure, it should be noticed that the oidmates of fig 8 are drawm on a scale 
ten times that on which the ordinates of fig 6 are drawn Thus, m the weakest 
fields, the shock effect is fully ten times the cyclic effect 

Residual Magnetisation 

§47 In figs 9 and 10 (Plate 16) the ordinates give the amount of the residual 
magnetisation existing unmediately after the bieak of the current The curves b and d 
aie shown m both figures, but on a different scale The cuive a is based on Table Y. 
4 he rod w r as beie demagnetised before exposure to the weakest field, but not subse¬ 
quently, and remained entirely free from piessure The curve b is based on Table VI 
The rod w T as here demagnetised by reveise currents and vigorous tapping befoie each 
introduction into the coil, but no pressuies weie applied while it was under the 
influence of the magnetising curients The curves e and d aie based on Tables YII 
and YIII. respectively. In both cases the lod was demagnetised, as m the case of 
curve b, but was subjected to six piessure cycles while under the influence of 
the magnetising current In the case of c the pressure was ** off” when the current 
was broken, wdiereas in the case of d the pressure was “ on ” The individual obser¬ 
vations are indicated by dots for the curves b, by circles for the cuive c, and by crosses 
for the curves a and d With the scale of fig 9 the curve e would he indistinguish¬ 
able from the curve d m weak fields, and fiom the cuive b m strong fields. 

Effects of Pressure on the Amount of the Residucd Magnetisation 

§ 48. The curves a and b of fig 10 agree in showing only a small amount of 
residual magnetisation on the break of weak fields ; but m fields below 5 C.G S. units 
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the ordinates of b are at least double those of a The difference is suipnsingly great, 
eonsideiing the sumlanty of the conditions under which the corresponding expen- 
ments weie conducted. It must, presumably, be mainly attubuted to the residual 
effect of the shocks employed m completing the demagnetisation m the experiments 
on which the curve b is based 

In weak fields, as the difference between the curves c and cl on the one hand, and 
the curves a and b on the other abundantly proves, the effect of pressures applied 
during the flow of the cut lent in increasing the residual magnetisation is simply 
enormous It would thus appeal a priori probable that the application of shocks 
immediately before the staitmg of the cunent should have some appreciable 
tendencv m the same duection Fortunately I happened to observe the induced as 
well as the residual magnetisation for the field 2 6 C G S units m the experiments on 
which cuive a is based The numerical value of the induced magnetisation was 8 •?, 
which is almost exactly the value obtained by interpolation for the same field from 
Table IX Consequently, m this field, and so piesumably m other weak fields, the 
difference between the curves a and b cannot he attributed, m any important degree, 
to an increase m the induced magnetisation biought about by the process of 
demagnetisation employed m the case of curve b 

As the strongest field in Table V is only 79 C G S. units, no data exist for drawing 
the curve a m higher fields It is only, however, in fields below 45 or 50 C G S. 
units that there is any clear difference between the results of Tables V and VI We 
are thus probably justified in concluding that, the process of demagnetisation has an 
appreciable effect on the amount of the residual magnetisation only m fields below 
50 C G S units 

As already stated, the results of Table V are each the mean of two observations 
taken m close succession with the same current Almost invariably the second 
observation showed a slightly larger amount of residual magnetisation than the first 
This property has been noticed by several observeis in non 

The difference between the curves b and c of fig 10, which are based on experi¬ 
ments in which the same process of demagnetisation was applied, shows how effective 
pressure cycles are in increasing the amount of the residual magnetisation m weak 
fields. In stronger fields than those of fig 10 the curves gradually approach one 
another, and in fields exceeding 120 or 130 C.G S units they cannot with certainty 
be said to differ. Thus, in fields below 120 or 130 C.G S. units, the application of 
pressure cycles during the flow of the current increases the amount of the residual 
magnetisation, but in stronger fields no effect can with, certainty he said to exist. 

In fields below 30, or at all events 20 C G S. units, the difference between the 
curves c and d is, though small, perfectly clear and incontestable Tbe existence of 
pressure during the break of the current is the only point in which the experiments 
on which curve d is based differed from those on which curve a is based. As the effect 
of pjeqsure ** on ” during the flow of the current is an increase of induced magnetisation 
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m fields below 120 CGS units, an excess in the oidmates of cuive d over those of curve c 
in weak fields might reasonably have been expected The difference, however, as will 
more fully be seen piesently, is somewhat greater than might have been anticipated 
The crossing of the curves c and d in a field of fiom 35 to 40 C GS units, and 
thus far below the Yillari field, appears a somewhat striking fact In fields over 
120 C GS units the cuive c, if shown m fig 9, could not be distinguished fiom 
curve b, and the difference between its oidmates and those of curve d seems then 
tiuly remarkable In fields over 150 CGS units this difference remains neaily 
constant, and amounts to about 4 per cent of the ordinates of c . If it be remem¬ 
bered that accordmg to the last column of Table X the percentage of the induced 
magnetisation, which is cyclic for the same pressure fi on ” and 14 off,” is m fields 
between 150 and 400 CGS units never m excess of 4, the significance of this 
result will be more fully understood 

$ 49 The latio of the residual magnetisation existing m the rod immediately after 
the break of the current to the numerical value of the strength of the pre-existing 
field will, for shortness, be here termed the residual susceptibility It is denoted by 
m Tables Y to YIII, and its values are represented graphically by the oidmates 
of the curves of fig 11 In this and m the subsequent figures the letters a, b, c , d 
denote curves obtamed from the same series of experiments as aie the respective 
curves a, b, c , d of fig 10 In fig 11 and the subsequent figures, however, the indi¬ 
vidual observations aie indicated by ciosses for curves a and c, by dots for curve b, 
and by cucles for cuive d. 

In the absence of pressure, as shown by curves a and b, the residual susceptibility 
is veiy small m weak fields, but increases rapidly, attaining a maximum m a field a 
little over 20 C G S. units This, it will be noticed, is not much over half the field 
which gives the Wendepunkt for the induced magnetisation The greatest value 
actually observed for k ± ' in the case of curve b , was only 1 36 After the maximum, 
is passed there is a continuous, but gradual, diminution m the residual susceptibility 
The difference between the commencing portions of curves ci and b shows, even 
more clearly than in fig 10, the large effect in. weak fields of the process of demagne¬ 
tisation In fields over 50 C G S units the two curves practically coincide, and are 
drawn as one. 

The crossing po in ts for the various curves in fig 11 are, of course, the same as m 
figs. 9 and 10, YGthin the range of the figure the curve c kes distinctly above the 
curve b In fields over 55 CGS units, the curve d is not drawn, as it could hardly 
within the remaining limits of the figure be distinguished from curve b. 

Commencing with the strongest experimental fields, the ordinates of the curves c 
and d increase gradually as the strength of the field is reduced, and show maxima 
values in somewhat lower fields than do the curves a and b. As the strength of the 
fields is further reduced, the ordinates of c and d pass through distinct minima values, 
and then increase rapidly as the strength of the fields approaches the lowest experi- 
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mental value The value of k/ cannot, of course, exceed that of , so either the 
ordinates of c and cl must be rapidly approaching second maxima, or else the ordinates 
of the curves b and c of fig. 4 must possess minima values m fields lower than were 
experimented on. 

§50 In comparing the amounts of the residual and induced magnetisations, the 
employment of the term retentiveness m an exact way will be found serviceable It is 
here used m accordance with the following definition .— 

The retentneness is the ratio of the residual to the induced magnetisation , both quan¬ 
tities being measured with the rod exposed to one and the same state of mechanical 
stress , and the stress remaining constant during the interval that elapses between the 
measurements 

In fig 12 the ordinates give the letentiveness of the lod m the cases illustrated by 
the curves b, c, cl As the residual magnetisation alone was observed m the experi¬ 
ments recorded m Tables VI, VII, and VIII, the necessaiy values of the induced 
magnetisation weie derived by interpolation from Tables IX and X. In curve b the 
induced magnetisation is that existing prior to the apphcation of pressure, or is the 2>i of 
Table IX. In cuive c the induced magnetisation is 2>2 > for after six pressure cycles 
the mciease in the magnetisation accompanying further pressuie cycles is, for our 
present purpose, quite negligible. In the experiments answering to curve cl, the rods 
after experiencing six pressure cycles, was under pressure when the current was 
broken. Thus, for cuive d the induced magnetisation is got by adding to the 
algebraic value of the cyclic “ on ”— cc off ” of Table X. 

The curve b shows that, in the absence of pressure, the retentiveness attains a 
maximum in a field of about 15 CG-.S. units, a field somewhat below that at which 
the maximum residual susceptibility occurs m the corresponding curve of fig 11. A 
great similarity exists between cuive b and the curve for zero load in Piofessoi 
Ewing’s fig. 57. The principal difference is that the field at which the maximum 
retentiveness appears is considerably higher in cobalt than m iron 

The curves c and d of fig. 12 bear a considerable resemblance to the corresponding 
curves of fig 11; but there are no longer distinct maxima or minima. Comparing 
these curves with curve b we see that in the weakest experimental fields pressure 
cycles increase the retentiveness in the ratio of four or five to one The tendency to 
become tangential to the vertical axis shown by the curves c and d —which cannot, 
however, go on indefinitely as the fields are further reduced—is not exhibited by any 
of the curves for the retentiveness of loaded iron-wire occurring in Professor Ewing’s 
fig. 57. Possibly if he had employed lower fields he might have found similar 
phenomena, so it would not be safe to assume that iron and cobalt actually differ in 
this particular 

The ordinates of curve d being greater m weak fields than those of curve c 3 it 
follows that in fields below 30 C.G.S. units, wheie the curves cioss, the retentiveness 
of the rod is greatest when it is under pressure while the current is broken In fields 
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over 30 CGS units the retentiveness is least when the cunent is broken with 
pressuie c on, 55 and in fields over 50 units the difference is not inconsiderable In 
fields over the Villaiii point, of 120 C G S units, the induced magnetisation is greater 
for curve c than for curve d , so that in such fields the excess of the oidmates of curve 
c over those of curve d would, relatively to their absolute magnitude, be somewhat 
less m the case of fio 12 than m the case of tier li 

o o 

Similar considerations lead to the conclusion that m fields over 130 CGS units 
the cuive b would be, if anything, slightly above the curve c. In other words, in 
fields over 130 CGS. units the effect of pressuie cycles is, if anything, slightly to 
dimmish the letentiveness This effect is, however, insignificant compaied to that 
proceeding fiom the existence of pressure * on ” duung the break of the current 

The curves b and d cross in a field of about 40 CGS units The curve d would 
then become the lower, but it would be for a time so close to b that it is not attempted 
to show it separately m the figuie. 

The conclusions which the piecedmg considerations lead to aie the following — 

In fields below 30 C G S units the application of cycles of pressuie “ on ” and “ off * 
during the flow of the current, and the existence of piessuie “ on '* duung the break 
of the current, both tend to mciease the letentiveness, the foimer agency being m 
fields below 10 CGS units far the more important. In fields between 30 and 
120 CGS. units, or thereby, the application of cycles of pressuie still increases the 
letentiveness, but the effect continually diminishes as the strength of the field is 
raised In fields ovei 130 C.GS. units up to at least 300 or 400 CGS units the 
effect of pressure cycles is very small, but is, if anything, a diminution of the reten¬ 
tiveness. In fields from 30 CGS. units up to at least 300 or 400 CGS units the 
existence of pressure te on ” during the break of the current diminishes the reten¬ 
tiveness, and the effect is of the same older of magnitude as that due to the same 
cause m fields below 30 C G S units In fields between 30 and 40 C.GS units, oi 
theieby, the mcrease in the letentiveness occasioned by the pressure cycles exceeds 
the diminution occasioned by the existence of pressure “on,” but in stronger fields 
the latter effect is the laigei, and its superiority appears continually to mcrease with 
the strength of the field 

§ 51 Curve b of fig. 12 is repeated m Curve I. of fig. 13, in order that its form m 
fields over 75 C G.S units may be seen There appears a continual but very slow 
diminution in the retentiveness as the field is raised to 400 CGS. units Curve II. 
of fig 13 will be discussed presently 

§ 52. In fig 14 the ordinates give the absolute amount of the residual magnetisa¬ 
tion which seems to disappear with the first alteration of stress after the break of the 
current. 

Comparing the curves b and c, in which the loss of magnetisation accompanies the 
application of pressure, with the curve d 3 in which it accompanies the removal of the 
pressure existing during the break of the current, we see that the effect must he to a 
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laige extent independent of tbe precise chaiactei of the change of stress, and would 
doubtless follow more 01 less any mechanical agitation of the rod 

The cmve b is diavn through neaily all the experimental points, butm the stionger 
fields of c and d, especially the latter, the expenmental points are somewhat widely 
scattered These latter curves accordingly cannot he tiusted m then minute details 
The curves aie based on the data m the fourth columns of Tables VI, VII , and VIII 
These tables give only certain aveiage results for fields over 90 C G S units, but they 
indicate that the oidinates of b and c would attain maxima values in fields somewhere 
between 100 and 200 C G S units. Thereafter the ordinates of c would apparently 
dimmish the more rapidly of the two, so that m fields of 400 C G S units the curve c 
would have appioached pietty close to the curve d, which remains appaiently nearly 
horizontal 

| 53 The application of cycles of pressure causes cyclic changes in the magnetisa¬ 
tion, whose chaiacter will presently be discussed In consequence of this the effects 
of the first change of stress on the lesidual magnetisation are only, in part, of a non- 
cyclic character To get the exact quantity of magnetisation whose 'permanent 
disappeaiance is secured by the first change of stress, the cyclic effect must be 
allowed for. 

Suppose, for instance, a field of 50 C G.S units is broken when pressure is “off” 
The cyclic effect is then a diminution of magnetisation when pressure is “on ” 
Consequently the loss of magnetisation accompanying the first application of pressuie 
exceeds the quantity whose peimanent disappearance is secured by the amount which 
takes part in the cyclic change Snbtiacting from tbe total loss the numerical value 
of tbe cyclic effect, we get what may he regaided as the tiue loss of residual magneti¬ 
sation due to the first application of piessure. This quantity is that here termed the 
shock-effect of the first pressure 

In the case of residual magnetism the cyclic effect is m general small compared to 
the shock-effect, so that a considerable error in the cyclic effect will seldom seriously 
affect the calculation of tbe shock-effect. 

§ 54 In fig 15 tbe ordinates repiesent the ratio of the shock-effect of the first 
alteration of pressure to the amount of the pre-existing residual magnetisation They 
may thus he legarded as measuring the efficacy of the first change of piessure m 
shaking out the residual magnetisation. Unfortunately no readings were taken of 
the cyclic effects of pressure in tbe weaker fields in tbe series of experiments on which 
the curves are based. Thus up to the points where the transverse lines are drawn, 
the ordinates represent the ratio of the total effect of the first change of pressure to 
the initial residual magnetisation. Consequently, as will be seen presently, in the 
commencing portions of the curves the ordinates of b and c are probably somewhat 
underestimated, and those of d on the other band overestimated. Tbe corrections 
could, however, hardly modify the relative positions of the curves. 

The curves all show that the efficacy of the first change of pressure in shaking out 
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the residual magnetisation, as measuied by the percentage got lid of, coutmualh 
diminishes as the stiength of the field is mcieased Accoidmg to the seventh columns 
of Tables VI and VII, and the sixth column of Table VIII , on which the cuives 
aie based, this diminution most piobably goes on up to fields of 400 C.GS units 
at least The diffeience, however, between the peicentages shaken out m the case of 
fields of 100 and 400 C G S units is under all conditions verv small 

Comparing cuives b and c, m figs 14 and 15, and the seventh columns of Tables VI 
and VII, we see that while m fields below 15 C G S units an absolutelv laigei 
amount of residual magnetisation is shaken out by the first pressuie when pressuio 
cycles have been applied duimg the flow of the cunent, still m these and in aU 
lnghei fields within the experimental limits a greatei percentage is removed by the 
fiist pressuie when no pressures have been applied during the cunent 

We thus see that m fields below 100 C.GS units, piessuie cycles during the flow 
of the cuirent diminish simultaneously the percentage of the induced magnetisation 
got rid of by breaking the cunent, and the peicentage of le&idual magnetisation got 
lid of by the subsequent application of a pleasure In fields from 130 to at least 
400 C.G.S units pressure cycles dunng tbe flow" of the cunent appear slightly to 
increase the percentage of induced magnetisation got rid of by breaking the cunent, 
while simultaneously diminishing the percentage of lesidual magnetisation got rid ot 
by tbe subsequent application of a pressuie In these stiong fields, howevei, both 
these effects are comparatively insignificant 

§ 55 In the expenments on which the cuives b and c aie based the effects of 
removing the first pressure apphed after the break of the current were also observed 
The mvanable result was a loss of magnetisation, and its magnitude is recorded m the 
fifth columns of Tables VI and VII In considering how much of this loss is perma¬ 
nent, the cyclic effect of the change of pressure must be allow r ed foi. This has been 
done in calculating tbe eighth columns of Tables VI and VII., which gi\ e the 
relative importance of the first pressuie and its removal m peimanently reducing the 
magnetisation 

When no pressures have been applied duimg the flow of the current we see from 
Table VI that, m fields between 18 and 75 CGS units, the removal of the first 
pressure produces unrfoimly about one-ninth of the effect of its application In the 
higher fields tbe relative importance of the removal of pressure shows a distinct 
diminution. 

Comparing Tables VI. and VII we see that m fields below 50 C G S units the 
importance of the removal of the first pressure after the break of tbe current relative 
to its application is largely incieased by the application of pressure cycles during the 
flow r of the current. In fields over 50 C G 8. units the effect of the removal bears to 
that of the application of the first piessuie m the case of Table VII. the appa¬ 
rently nearly constant ratio of 1 :9, which still somewhat exceeds the ratios found in 
the corresponding fields of Table VL 
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The fact that the impoitance of the lemoval of the fiist pressuie relative to its 
application is gieatest m weak fields must, I think, be connected with the fact that m 
weak fields, as shown by cuives c and cl , fig 15, a laigei proportion of the lesidual 
magnetisation is shaken out by the lemoval of a pressure existing dunng the bieak of 
the cunent, than by the application of an equal piessuie when the rod is fiee from 
pressuie dunng the bieak of the cunent In the weak fields pressure cycles, which 
exist m the case of curves c and cl, cause a large permanent mciease m the induced 
magnetisation, and, of this, a much larger proportion is due to the application than to 
the removal of piessure. Thus, the phenomena suggest that the residual magnetisa¬ 
tion arising fiom the portion of the induced magnetisation which the application 
of pressuie enables the rod to acqune is moie easily shaken out by the lemoval 
of pressuie than is the remainder of the residual magnetisation 

It may also be worth mentioning that by mci easing the magnitude of the first 
piessure after the bieak of the cuirent the effect of its application was increased, but 
the effect of its removal diminished absolutely as well as i elatively 


Cyclic effect of Pressure on the Residual Magnetisation 

§ 56 The cyclic effects of pressure cycles on the lesidual magnetisation dunng the 
experiments on which the curves h, c, cl are based, are shown in the sixth columns 
of Tables VI and V II and the fifth column of Table "VIII. The cyclic effects weie 
also observed m the December experiments, and are recorded m the fifth column 
of Table II. In the experiments of Table II the demagnetisation was incomplete, 
but otherwise the conditions were identical with those of the experiments of Table VTI 
The cyclic effect was found very difficult to measure accurately, partly on account 
of its smallness, and paitly, doubtless, on account of its sensitiveness to small varia¬ 
tions in the treatment of the rod dunng the flow, and more especially the break of 
the current. In the weaker fields the cyclic effects were observed only m the experi¬ 
ments of Table II., which were inferior in accuracy to the later obseivations 

For these reasons the numerical values attributed to the cyclic effects in the tables 
cannot claim to be more than somewhat rough approximations Thus, while believing 
the results to represent correctly the general features of the phenomena, I have not 

embodied them in curves, as the precise forms of these might have owed too much to 
the imagination 

§ 57. Taking first the case when pressure cycles were applied dur ing the flow of the 
current but no pressure existed during the break, we see from Tables II and VII 
that the cyclic effect in the residual magnetisation is an increase or a decrease of 
magnetisation when pressure is “on ” according as the pre-existing field is below or above 
a certain critical field. So far tbe parallelism between tbe residual and induced mag- 
fcetisatkms seems complete. Tbe critical field, however, for the residual magnetisation 
h according to both tables only about 30 C G.S. units, and so only about a quarter of 
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that for the induced magnetisation, and the intensity of the critical magnetisation m 
the former case is less than an eleventh of that in the latter Table YII shows no 
sensible variation m the magnitude of the effect as the field is raised from 70 to 400 
C G.S. units 

Taking next the case when nopiessures were applied during the flow of the current, 
we see from Table VI that m a field of 1 8 C G S units—the lowest in which observa¬ 
tions of the effect were taken—no sure cyclic effect, was detected Thus a critical 
field must exist at or veiy close to this field In higher fields there is a clear diminu¬ 
tion of magnetisation accompanying pressure “on,” and m fields ovei 100 CGS 
units the results agree as closely with those of Table VII as they well could Thus, 
the only conspicuous difference m the cyclic effect pioduced hv pressure cycles during 
the flow of the current is a rising of the critical held. 

Table VIII, however, shows that a truly remarkable difference occurs in the 
phenomena when piessure exists dui mg the break of the cui rent In this case, m 
fields from 11 5 to 400 CGS units, the residual magnetisation m the cyclic state 
is invariably greater when pressure is “on” than when it is “off” The magnitude 
of the cyclic effect apparently diminishes at fiist as the field is raised, but m fields 
of from 70 to 400 CGS units, it is at least approximately constant 

It thus appears that the sign even of the cyclic change of the residual magnetisation 
accompanymg cycles of pressure, is altered by such a seemingly trifling circumstance 
as the existence of pressure dm mg the break of the pre-exist mg current 

It seems almost unnecessary to point out that the facts stated in this paragiaph 
convincmgly show that the effect on the magnetisation of cyclic applications of 
pressuie is not determined solely, or m some cmcumstances even principally, by 
the measure of the rod’s magnetic moment, or its so-called intensity of magnetisation 
§ 58 As the conclusions of the last paragraph as to the cyclic effect seem of 
considerable importance, it may not be out of place to supply data by which the value 
of the evidence on which they are based may be fanly judged 

The precautions taken in varying the order of the experiments have been already 
mentioned m explaining the Tables VI, VII, and VIII 

Now m fields stronger than the critical field of Table VII, there were, m all, 45 
separate experiments of the types L, M, and N. Answering to pressure “ on,” there 
appeared a minimum of magnetisation in. each of the 81 experiments of the types L 
and M, a maximum m each of the 15 experiments of type N. As the difference was 
wholly unexpected, and the observer had no preconceived ideas on the subject it is 
difficult to conceive how the evidence could be stronger 

§ 59. The ordinates of Curve II of fig 13, give the fraction of the residual 
magnetisation, which is removed by a definite number of pressure cycles in the 
experiments of Table VI,, or type L. 

The percentage removed continually diminishes as the strength of the pre existing 
field rises. The rate of diminution in the percentage removed is very rapid as the 
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stiength of the field is raised to 30 or 40 C G S units, but very slow when the field is 
raised over 150 C G S units 

A comparison of this cuive with the curves of fig's 4 and 6 brings out clearly 
the fact that the residual magnetisation, which is most easily removed by piessure 
cycles, is that left on the break of those fields in which pressure cycles have the 
greatest effect on the induced magnetisation 

The data in the last columns of Tables VII and VIII would lead to curves 
very closely lesembling Curve II Thus the preceding remarks apply equally to the 
experiments of types M and N. 

§ 60 Comparing Curves I and II of fig 13, we see that m fields over 30 
C.G S units, the increase m the percentage of the induced magnetisation removed by 
breaking the current, and the diminution m the percentage of the lesidual magnetisa¬ 
tion removed by a definite number of pressure cycles, go hand m hand 

It has been already mentioned that the apphcation of a particularly severe first 
pressure aftei the bieak of a ciment lessened the effect of the removal of the pressure, 
and it also lessened the joint effect of succeeding pressure cycles, m which the pressure 
was of the normal intensity 

Thus the close resemblance of Curves I and II m the stronger fields suggests that 
the sudden bieak of a current acts m some respects as a mechanical shock, and that 
the magnitude of this shock-effect continually increases as the strength of the field is 
raised. 


Separation of the Effects of the Application and Existence of Pressure 

§ 61. There are still some points connected with the fundamental character of the 
effect on the rod’s magnetisation produced by the application of pressure, on which 
Tables IX. and X throw some light 

We have seen that in general the first application of pressuie after the rod’s intro¬ 
duction into a given field, causes a change in the magnetisation Thither, as a rule, 
the greater portion of this change survives the removal of the pressure, so that for its 
continued existence the existence of pressure is not essential It thus seems of 
importance to determine whether the change depends solely on the existence of 
pressure for a finite time during the flow of the current, or is due m whole or m pai t 
to the actual application of pressure 

Taking Weber’s hypothesis for illustration, the change must consist either in a 
sub-permanent increase in the general mobility of the ultimate magnetic molecules, or 
in a swinging round of some of them into extreme positions, where they are kept by 
molecular friction even after the removal of the pressure The application of pressure 
produces doubtless molecular movements, during which the rotations of the ultimate 
magnets might he expected to go on more freely, so that on this theory we should 
d priori be disinclined to attribute the entire effect to the mere existence of pressure. 
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In piactice it is difficult if not impossible wholly to sepaiate the effects of the 
application of pressure from those of its meie existence When the led is put under 
piessuie befoie its introduction into the magnetising coil, and not intioduced until 
sufficient time has elapsed for any molecular motion to die out, the magnetisation 
might at fiist sight be supposed to diffei from that possessed by the rod when the 
piessuie is apphed after its introduction by an amount which exactly measures the 
effect of the actual apphcation of the pressure It must be lemembeied, howevei, 
that sudden magnetisation, altering as it does the rods length, must act m pait as a 
mechanical shock and set up molecular movements, whose character and amplitude 
would naturally depend to some extent on the state of the rod as to piessure 

In the following remarks the difference between the magnetisations of the rod 
under pressure m the two circumstances of its introduction is entirely attributed to 
the effect of the application of pressure, but the pievious statements should be taken 
as a warning against accepting this as more than an appi oximation to the truth 

§ 62. Certain experiments bearing on the question have been already referred to m 
§ 40 in discussing the curves of fig 4 These experiments were limited to fields 
under 60 C G S units, but within that range they showed conclusively that m a 
freshly demagnetised bar the existence of pressure apphed before the rod’s intro¬ 
duction into the magnetising coil increases the susceptibility. In the weaker fields of 
fig 4 the curves show a greater susceptibility when the application of the pressure 
has succeeded than when it has preceded the introduction of the lod into the coil, 
and the evidence for this was considered satisfactory. In fields torn 30 to 60 C G S. 
units the leverse is the case according to the curves, but reasons were given for 
legardmg the evidence on this point as insufficient 

In these expeimients when pressure existed during the introduction of the rod into 
the coil it had always been applied some minutes previously, so that any molecular 
movements set a-gomg by the process had presumably pretty well subsided. Further, 
any such movements must have been inconsiderable compared to those occasioned by 
the vigorous tapping which accompanied the demagnetisation of the rod shortly before 
its introduction m both sets of experiments 

We are thus in all probability entitled to conclude from these experiments chat m 
a freshly demagnetised rod the mere existence of piessure, apart from the consequences 
of its apphcation, has, in fields up to at least 60 CLG.S. units, the effect of permanently 
increasing the induced magnetisation, while in the weakest fields there can be no 
doubt that the actual apphcation of pressure has an independent effect in the same 
direction. 

| 63. The results of a more complete series of observations bearing on the same 
point are given in the seventh column of Table IS., under the heading “ on”—“ off.” 
This signifies, as already stated, the excess of magnetisation possessed by the rod 
when introduced into the coil under pressure, over that it possesses when introduced 
free from pressure. The circumstances of the rod are, except as regards the pressure, 
mdcccxc. — A. 3 c 
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identical in tlie two cases. The rod was not, as in the experiments discussed m the 
last paragraph, m a freshly demagnetised condition, hut had just been exposed to 
numerous pressure cycles in a field of the same stiength and sign 

This column agrees with fig 4 in showing in weak fields an increase of magnetisation 
due to the existence of pressure An unmistakeable critical field, however, ensues, the 
effect eventually changing sign Thus the character of the effect of the mere existence 
of pressure varies m the same way as does that of the joint effect of the application 
and existence of pressure, which we have already discussed in § 41. 

In this case an exact basis of comparison exists, because m the third column of 
Table X , under the heading First “ on ” A 2 , we have the combined effect of the 
application and existence of pressure when the previous treatment of the lod was the 
same as m the experiments of the seventh column of Table IX 

A comparison of these two columns shows that the fields m which the effects attain 
their maxima, and the critical fields must be neatly the same, if not absolutely 
identical in the two cases. The magnitudes of the effects are, however, decidedly 
diff erent. There can be no question that m the weaker fields the effect is very 
considerably greatest when the apphcation of the pressure succeeds the introduction 
of the rod into the coil, and this effect of the apphcation of the pressure clearly 
continues until the field of 128 units is reached. From this to somewhat over the 
critical field neither the application nor the existence of pressure has effects large 
enough for satisfactory determination. In the fields of 198 units and upwards the 
diminution of magnetisation due to pressure was in every case found greatest when 
its application preceded the introduction of the rod 

Thus in all fields up to 128 C G.S. units the actual apphcation of pressure during 
the flow of the current produces in the condition of the lod during these experiments 
an unmistakeable increase m the magnetisation, and not impiobably this tendency to 
increase the magnetisation exists m all the fields within the range of the experiments. 

In the eighth column of Table IX are a few results from experiments on the same 
point. The circumstances of these experiments differed from those of the preceding 
column, only m that the pievious fields of equal strength in which pressure cycles had 
been applied, were of opposite sign to those m which the effects were observed The 
phenomena are clearly of the same general character as those of the previous column, 
and the existence of a critical field is unmistakeable. The observations are in¬ 
sufficient to determine the exact position of the critical field, but it is obviously not 
far from the critical field of the preceding column. 

The Polar or Non-polar Character of the Effects of Pressure . 

§ 64. Another very important question is whether the effects of the application and 
removal of pressure on the magnetisation are of a polar or a non-polar character. 
The meaning of these terms will be best understood from an illustration. 
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Let us suppose the induced magnetisation increased by a series of pressure cycles 
applied during the flow of a current, wdnch makes A the noith pole. The effect is 
non-polar if the rod he bi ought into the condition of an unstrained lod of a different 
material possessed of a higher susceptibility The effect is polar if the susceptibility, 
while increased m fields making A a noith pole, is equally diminished in fields of 
opposite sign—supposing for the moment that an opposite field could be introduced 
without altering the rod’s tempoiaiy properties If the susceptibility be simply 
altered by different amounts m fields of opposite sign the effect may be regarded as a 
combination of a polar and a non-polar effect 

It is probably impossible to arrive at a complete knowledge of the character of the 
effect, because the introduction of an opposite field implies a break and make of the 
magnetised current affecting the temporary properties of the rod. It is only in so far 
as the effects of pressure cycles are residual that their polar or non-polar chaiacter 
admits of dmect investigation 

If, after the application of pressure cycles m a certain field, an inciease of 
susceptibility, not otherwise accounted for, be found in fields both of the same and of 
opposite polarity, the existence of a non-polar effect would seem to be established. 
The same conclusion follows if there be a decrease of susceptibility irrespective of the 
sign of the field If the susceptibility he found less m fields of the same name as 
that existing duiing the pressure cycles, than in fields of opposite name, it is diffi cult 
to think of any probable explanation other than a true polar effect 

If, however, the susceptibility he greater in fields of the same sign as that existing 
during the pressure cycles than in fields of opposite sign, the phenomenon may be 
explained without assuming a true polar effect. 

The reasons for these statements will probably he most clearly presented by 
embodying them in language literally applicable only to Weber’s theory of mag¬ 
netism. According to this theoiy, the only way in which we can imagine the 
application or removal of piessure to produce a permanent change in the magnetisa¬ 
tion is either by endowing the ultimate magnetic molecules with an increased or 
diminished mobility, or by enabling them to sving lound into extreme positions, 
where they stick. The change m the molecular mobility is non-polax if the molecules 
turn as freely in fields of one sign as in fields of the opposite sign, otherwise the 
change is polar 

Now when the susceptibility is found increased m fields both of the same and of 
opposite sign to that existing during the pressure cycles, or when it is diminished 
irrespective of the sign of the field, or, lastly, when it is less m a field of the same 
sign as that du ring which the pressures were applied than in a field of opposite 
sign, it is clear that the phenomena cannot be attributed to the magnetic molecules 
having stuck m positions into which they swung while under the diiective influence 
of the original field. Thus, in these cases, the phenomena must be ascribed to some 
change in the mobility of the magnetic molecules, and so there must be a true polar 

3 c 2 
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or non-polar effect It is obvious, however, that if the magnetic molecules swung 
round and stuck in the way imagined, then the magnetisation would naturally be 
greater m a field of the same sign as the original than m a held of opposite sign 
This is not regaided here as a true polar effect, though producing m the induced 
magnetisation phenomena identical with those which would arise from a true polar 
change in the molecular mobility. The turning round of the molecules has been 
already discussed in §§ 22 and 28, where its occurrence was demonstrated The effect 
on the induced magnetisation will here be referred to as a quasi polar effect 

§ 65. The mnth column of Table IX may be regarded as measuring the combined 
t) ue and quasi polar effects of a numerous series of pressure cycles, m so far as they 
survive the break of the field diumg which the piessures -were applied, and the make 
of an equal field of the same or opposite sign The exact quantity measured is the 
algebraic excess of the magnetisation in a field of the same sign as that existing 
during the pressure cycles over that m a field of opposite sign, the rod being m each 
case introduced free of pressure into the second fields 

The results obtained with the weakest field of the table, 1 8 C G S units, differed 
so much from the others that it was inconvenient to include them m the table. They 
were as follows — 


Circumstances of rod 

End a 
north pole 

Pressure 

3 

First introduction 

A 

off 

41 

After pressure cycles 

33 

33 

6 5 

Out, re-introdnced 

B 

33 

48 

Kept m 

33 

OH 

65 

Oat, re-introduced 

53 

33 

62 

33 3 3 

A 

off 

41 

n 3? 

B 

*1 ! 

55 

33 33 * 

I A 

3? 

41 

Kept m 

33 

OH 

6 5 

Out, re-introduced 

31 

off 

53 

33 33 

B 

31 

5 1 


There are here two or three instances of an increase of susceptibility of a non-polar 
character, and also clear indications of a polar effect Considering how small the 
total induced magnetisation is, both the polar and non-polar effects are of consider¬ 
able importance. 

In the next field, 2*2 C G.S. units, the rod was originally under pressure, and yet 
% — 3i exceeds % — 3 S . Thus, as — 3b is only 2, there occurred a very decided 
residual increase of susceptibility, mainly of a non-polar character. 

In all the fields, from 3*4 to 35*7 C.G-S units, the residual effect is laigely of a 
polar character. Take, lor instance, the field 8 6. Here the pressure cycles raise the 
magnetisation by 10 2 Of this, 5*1 survives the break and re-make of the current, 
so only about the half of the increase is lost. 
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The difference, however, m this case between 3 a and 3 b amounts to no less than 
9 7, and thus the susceptibility, vhen B is the noith pole, is lowered by neailv as 
much as the susceptibility, when A is a north pole, is mcieased The residual effect 
is, in fact, almost entirely of a polar character This appears to be about the stlength 
of field at which, the polar effect is largest 

In the fields fiom 35 7 to 128 CGS units the results show too large fluctuations 
to lay any claims to great accuiacy They may, however, be regarded as satisfactorily 
proving that within these limits the polai residual effect is small, and that it has the 
same sign as m the weaker fields 

In the field of 174 CGS umts no residual polar effect could be detected, and in 
stronger fields the effect changes sign There is thus a neutial field, which if not 
identical with, is certainly very near that at which the total effect of the first pressure 
on the induced magnetisation vanishes In weaker fields the susceptibility of the rod 
is greatest when the field is of the same sign as that existing during the pressure 
cycles, m stronger fields the susceptibility is m these circumstances least 

In fields above this neutral field there is thus, according to the previous reasoning, 
a true polar effect In fields again, such as 12 5 CGS umts, a quasi polar effect 
unquestionably existed, because there could then be obtained the phenomenon of the 
revei sal of the rod’s polarity on the break of an equal re\ ei se cunent described m 
§ 22 This phenomenon could not be obtained m a field of 23 7 CGS units 

There is thus positive proof that a true polar effect exists m strong fields and a 
quasi polar effect m weak fields, and most probably m all but certain critical fields 
they exist simultaneously 

§ 66 We have seen that the residual polar effect has practically the same critical 
field as the total effect of the first pressure, or First “ on ” of Table X. AJso both 
these effects are relatively veiy laige m weak fields, and it might thus be supposed 
they stood m some intimate relationship to one another. In fields of 30 to 50 CGS 
units, however, the residual polar effect is very small, while the First ** on ” is about 
its maximum 

An explanation of the discrepancy is supplied by a consideration of the curves b 
and c of fig. 12 The difference between the oidmates of these curves m a field of 
8 C G S. units is great compared to the difference m a field of 30 C G.S units Thus 
in the former field pressure cycles are much more effective in increasing the letentive- 
ness than m the latter A consideration of the numerical data shows that of the 
additional magnetisation which the pressure cycles enable the rod to acquire the loss 
on the break of the current is proportionally much less m a field of 8 than in a field of 
30 C G S. units. Thus the quasi polar residual effect must be much smaller in the 
latter field than m the former, which doubtless accounts for the rapid falling off in the 
value of the total polar effect as the field is raised. 

In the last column of Table IX there are a few results bearing on the same point. 
These are derived from experiments in which the rod was under pressure when 
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reintroduced into the coil after being subjected to a senes of pressme cycles in a 
previous field of the same strength So far as they go the results are very similar to 
those of the previous column, from which it follows that the residual polar effect is, at 
least m its general charactei, mdependent of the state of the reintroduced rod as to 
pressure. 

§ 67 Further results bearing on the polar character of the residual effects of 
pressure are given in the second, third, and fourth columns of Table X These give 
the total algebraic increase of the mduced magnetisation due to the first apphcation 
of pressure The headings A 1} A 2 , B 2 show the condition of the rod as explained in 
§37 

Comparmg the columns headed A x and A 2 , we see that in fields below 50 or 60 
C.G.S. units the increase m the magnetisation caused by the apphcation of the first 
pressure is very considerably greater when the lod is m a freshly demagnetised 
condition than when it has recently been subjected to a numerous series of pressure 
cycles in a field of the same strength and sign. In fields between 60 and 90 C G S. 
units the effect of pressure is still distinctly larger m the freshly demagnetised rod, but 
whether considered absolutely or relatively the difference between the results in the 
two columns is small In stronger fields the numerical value of A 1} whether it signify 
an increase or a decrease of magnetisation, appears almost invariably greater than 
that of A 3 . Both quantities, however, are then small, and in the strongest fields the 
effects of the first pressure were difficult to measure exactly, as the irregularities m 
the column headed A x would suggest. It would thus be unsafe to build too much 
upon the differences between the two columns in fields over 90 C.G S. units. The 
evidence, however, clearly supports the conclusion that even m the strongest fields the 
numerical value of the change m the magnetisation due to the first pressure is, ceteris 
paribus, greatest in a freshly demagnetised bar 

The observed differences between the columns beaded A x and A s are exactly of the 
character we should have expected from the already discussed experiments on the 
residual effects of pressure. In the weaker fields, we saw that the residual effect is 
very considerable. Thus the rod on its second exposure to a given field, under the 
circumstances of the experiment, is more or less in the state of a rod already subjected 
to pressure. Thus its condition, when the pressure A 2 is applied, is somewhat inter¬ 
mediate between its conditions before and after the application of the pressure A^. 
Now the effect of the second pressure, after the introduction of the rod into the coil, 
was invariably, in the weaker fields, small compared to the effect of the first pressure 
Consequently, in such fields, the pressure A 2 would naturally have a smaller effect 
than the pressure Aj, which is precisely the phenomenon observed 

Comparing the fourth, column of Table X. with the previous two, we see that 
in fields up to 60 or 70 C.G.S. units, the increase in the magnetisation of the remtro- 
<luoed rod, due to the first pressure, is distinctly greater when the field is of the 
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opposite sign to tliat existing during the pressuie cycles, than when it is of the same 
sign In stionger fields, the sign of the field existing during the piessure cycles 
appears practically immateiial 

A difference between the effects of the pressures A l and A,, or A x and B 2 , might be 
due either to a polar or a non-polar residual efiect of piessure, but a difference 
between the effects of the pressures A 2 and B, must be due entirely to a polar residual 
effect Thus the experiments on the first pressures afford independent proof of the 
existence of a residual polar effect m fields up to 60 or 70 C G.S. units. This is 
in accordance with the results of § 6 5 

There would also appear to be evidence of the existence of a non-polar effect m the 
weaker fields In such a field, we have already shown the existence of a very 
considerable quasi polar lesidual effect blow the application of a pressure m a field of 
opposite sign, would unquestionably shake out part of this quasi polar effect, and might 
be expected to produce, in addition, a polar effect of its own, equal or neaily equal to 
that of the first pressure in the original field Thus, if there were not a non-polar 
residual effect, we should expect the pressure B 2 to have, in weak fields, a larger effect 
than the pressure A x This does not, however, appear to be the case 

The positions of the critical fields for the vanishing of the total effect of the first 
application of pressure, mdicated by the second, third, and fourth columns of Table X. 
are in good agreement Consequently, it would appear that the position of this 
critical field depends but little on the treatment of the rod since its last demag¬ 
netisation. 

§ 68 The results given under the heading First “off” m Table X, show that m 
the strongest fields of that table the residual polar effects, due to the application 
of pressure cycles in pre-existing fields of the same strength, have no appreciable 
influence on the magnitude of the increase of magnetisation which accompanies the 
removal of the pressure existing during the re-introduction of the rod into the 
magnetising coil 

Combining this phenomenon with the close agreement m the stronger fields of the 
magnitudes of tbe effects of the first pressures A 2 and B 2 , we seem entitled to conclude 
that the residual polar effect of pressure cycles in a strong field, of whose existence the 
two last columns in Table IX. give clear proof, is not sensibly diminished by the 
application or removal of a single pressure in a subsequent equal field, whether of the 
same, or of opposite sign. 

Resemblances between the Phenomena shown by Iron and Cobalt . 

| 69. Most of the following resemblances between the phenomena shown by tbe 
cobalt rod and those shown by the stretched iron wires of Professor Ewixg-'s experi¬ 
ments, have been already incidentally noticed, but a formal statement and comparison 
may be useful In the following statements, stress signifies tension in the case of the 
iron wires, and pressure in the case of the cohalt. 
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1 The strengths of the fields in which the changes in the magnetisation produced 
by the first application of a given stiess, or by its cyclic repetitions, bear the greatest 
ratios to the pre-existmg magnetisations, are very low, if indeed they possess a finite 

value 

2 The fields m which the changes m the magnetisation produced by the first appli¬ 
cation of a given stress, oi by its cyclic repetitions, are absolutely greatest, are not 

veiy fai from the region of the Wendepunkt 

3 The max im um cyclic effect appesrs, however, m a distinctly lowei field than 

does the maxim um effect of the first application of stress 

4 Both the cyclic effect and the effect of the first application of stiess possess 
critical or Yll lae j points, and the critical magnetisations are both considerably 
greater than that answering to the Wendepunkt. 

5 The critical field, however, for the cyclic effect is decidedly lower than that for 

the first application of stress 

6 The residual magnetisation approaches “ saturation in much lower fields than 
does the induced 

7 The residual susceptibility —or the ratio of the residual magnetisation to the 
strength of the pre-existi ng field—when the specimen is fiee from stress, attains a 
maximum when the pre-existing field is very considerably lower than that answering 
to the Wendepunkt. 

8 The retentiveness —or the ratio of the residual to the induced magnetisation—in 
the absence of stress, attains a maximum m a field decidedly lower than that in which 
the residual susceptibility is a maximum 

9. Stress incieases largely the residual susceptibility and the retentiveness in weak 
fields, and decidedly lowei s the fields in which these magnitudes present their 
maxima 

§ 70. If the magnetisation answering to its Wendepunkt be taken as the unit for 
each individual specimen, the following Table gives approximately the mduced magne¬ 
tisations existing during certain critical events in the magnetisation of the cobalt rod, 
and three samples of stretched iron wire examined by Professor Ewing. 


Table XI. 


1 

Maximum 

Retentiveness 

Maximum 

residual susceptibility. 

Critical point 
for cyclic effect 

Critical point 
for first stress 

Cobalt . 

•40 

•58 

2 31 

2 53 

1st iron wire . 

-* * 

• * 

160 

187 

2nd „ , . 

•58 

70 



3rd „ 

56 

70 




This will serve to show the kind of evidence on which the above statements as to 
the relations between cobalt and iron are based. Considering also tbat the intensities 
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of the magnetisations answering to the Wendepunkte of the stietched non wnes 
were on an aveiage nearly thnce that answering to the Wendepunkt in the cobalt 
rod, that the wires were piactically of infinite length, and that the cntical fields 
observed m them answer, as a rule, to stresses considerably more severe than the 
normal stiess applied to the cobalt, it seems not unlikely that by taking the position 
of the Wendepunkt in the absence of stiess as a standard for comparison, it may be 
possible to trace general laws underlying the varied phenomena occuinng m the 
different magnetic metals, and thus tbiow light on the matenal changes in which the 
process of magnetisation consists 


Note 

[The referees to whom the paper was submitted having suggested the desirability 
of an examination into the chemical ehaiactei of the lod, I add the following analysis, 
for which I am indebted to Mi R H Adie, of Tunity College, Cambridge, who 
kindly undertook the woik — 


Percentages 

Cobalt 9] 99 

Nickel , . 4 36 

Manganese 1 86 

Iron . , . 3 37 

Carbon, &c 42 


100*00 

The tod is thus not a puie specimen of cobalt The pimcipal impurity, however, is 
nickel, which closely resembles cobalt m its magnetic pioperties, though m general 
regarded as less stiongly magnetic The effects of piessnre on the magnetisation of 
nickel are of the same general character as m the case of cobalt m fields below the 
critical, though probably more intense. One would thus expect the cntical field to 
be shghtly laised m consequence of the presence of the nickel —April 16, 1S90 1 


8 D 


MDCCCXC —A 



386 


MR C CHREE OX THE EFFECTS OF PRESSURE 


Index 

(Numbers lefei to ptiragiaphs ) 


Appaiatus, description of, 19 
BirnETT, Professor Experiments on cobalt, 6 
Bidweel, Mr SHEEroci) Experiments on non 
and cobalt, 5 

Coefficient of induced magnetisation 
Effects of pressure on, 40 
Variation of, with strength of field, 39 
Critical fields for effects of pressure on induced 
magnetisation of cobalt 
Cyclic loading, 13,14,15, 45 
First pressures, 17, 41 

Cutical fields for effects of pressure on residual 
magnetisation of cobalt, 18, 57 
Critical fields for effect of tension on induced 
magnetisation of iron 
Cyclic loading, 8, 9, 10 
First tensions, 11 

Cyclic effect of loading on induced magnetisation 
In cobalt, 45, 46 
In iron, 7, 8. 

In nickel, 9, 12 

Cyclie effect of pressure ou residual magnetisation • 
In cobalt, 18, 56, 57, 58 
In iron, 8, 11. 

Demagnetisation, methods and possibility of, 

11, 22 

Ewiag, Professor Experiments 
On iron, 11, 69, 70 
On nickel, 12. 

First pressure, effects of 

On induced magnetisation of cobalt, 17, 30, 
41, 43 

On residual magnetisation of cobalt, 18, 52, 
53, 54. 

First tension, effects of on induced magnetisation 
of iron, 7, 8,11, 

Heat* effects of, on magnetisation of cobalt, 
23, 30. 

Induced magnetisation: 

Alteration of, by cycles of pressure, 40, 42. 
Mode of variation with strength of field, 
39, 40. 

Intensity of magnetisation: variations of, through¬ 
out rods, 2, 8, 


Jocle, Dr Experiments on effects of magnetisa¬ 
tion on length of iron rods, 3 

Length of bars, effects of magnetisation ou 
In cobalt, 5, 6 
Iu iron, 3, 4, 5 
In nickel, 5 

Mayes. Piofessoi Experiments on effects of 
magnetisation ou length of non rods, 4 

Method of experiment, 20 

Polar charactei of effects of pressuie on induced 
magnetisation, 64-68 

Preliminary outline of results of expenments 
16,17, 18. 

Previous treatment of rod effects of, ou induced 
magnetisation, 28, 36, 37, 62, 63 

Reduction of observations, 21. 

Resemblances between phenomena m iron and 
cobalt, 69, 70 

Residual effects of pressure cycles applied during 
flow of curient, 22, 42 

Residual magnetisation 

Effect ou, of cycles of pressure during flow 
and break of cuneut, 48 
Effect on, of pievious treatment of lod, 
22, 28, 33, 34. 

Mode of variation, with strength of previous 
field, 47 

Percentage of, removed by pressure cycles, 
18, 59, 60. 

Residual susceptibility, 32, 49. 

Retentiveness, 

Defined, 50 

Effect on, of pressure, during flow and bieak 
of current, 50 

Variation of, with staength of field, 50, 
51 

Reversal of sign of residual magnetisation by 
pressure, 22,28, 65. 

Saturation: 

In induced magetisation, 39. 

In residual magnetisation, 18. 

Separation of effects of application, and existence 
of pressure, 61, 62, 63. 

Shida, Mr. Experiments on iron, 10 



ON THE MAGNETISATION OF COBALT 


837 


Shock-effect 

In induced magnetisation, 7, S, 17, 43 
In lesidual, 53, 54, 55 

Tables I and II, 24, HI and IV , 29, V , 32, 
VI, VII, VIII, 34, IX, X, 35, XI, 70 
Theory and experiment comparison of, 14, 15 
Thomson, Professor, J J Theoretical deductions 
13 


Thomson, Sir IV Experiments on non and 
nickel, 9 

V ILLARI Experiments on non, 8 
Villari critical pomt 
Defined, 11 

Expeiimentally determined, 15, 

Theoretically considered, 13 


Index for Figures (Plates 15, 16) 
Plate 15, figs 1-8 , Plate 16, Figs 9-15 


Number of 
figure 

Quantities represented 

Tables, data 
taken from 

1 

Paiagraplis in j 
which figui es ' 
discussed 

1 

Amount of induced magnetisation 

in, ix 

39 

2 

Effects of piessuie on amount of induced magnetisation 

IX 

40 j 

3 

Coefficient of induced magnetisation 

III, IX 

39 : 

4 

Effects of pressure on coefficient of induced magnetisation 

IX 

40 

5 

Effect of first pressure on induced magnetisation, and loss 
of induced magnetisation during removal and lemtro- 
duction of rod after pressure cycles 

IX 

41, 42 1 

1 

i 

| 

6 

Relative importance of sboek-effect of first pressuie on 
mduced magnetisation 

X 

43 1 

7 

Cyclic effect of pressure on induced magnetisation 

I, III, X 

i 45 

8 

Relative importance of cyclic effect of pressure on induced j 
magnetisation 

III, x 

46 

1 

9 and 10 

Amount of residual magnetisation under vanous conditions 
as to pressure ! 

V -VIII. 

47, 43 

11 

Residual susceptibility 

V-VIII 

1 1 

49 

12 

Retentiveness 

; vi -x 

50 1 

18 

i 

Retentiveness, and fraction of residual magnetisation 
removed by pressure cycles 

j VI,IX 

1 

f 1 

51, 59, 60 

' 14 

Effect of first alteration of stress following break of current 

VI -VIII 

52 

| 15 

1 

i Ratio of “ sbock-effect ” of first alteration of stress after 
break of current to previous residual magnetisation 

VI-VHI 

i 54, 55 i 


3 D 2 






V 0/i the Theory of Free Sticr/ni Lines 
By 5 H Michell, Trinity College, Gnnhi tdge 
Communicated hy Professor J J Thomsox, F R S 

Received January 3,—Read Januatv 16 1S 1 10 


Introduction 

The attention of mathematicians was first called to the subject of the piesent paper 
by a memoir of Helmholtz's m 1868, on “ Discontinuous fluid Motion 

In discussing the steady motion of liquids past salient edges of fixed obstacles, it 
is found that the assumption of continuity of the motion leads to negative pressures 
m the liquid Helmholtz showed, in the paper above-mentioned, that some cases of 
this kind could be solved by assuming a surface of discontinuity, on one side of which 
the liquid is at rest, and he gave a mathematical solution of one case where the motion 
is m two dimensions 

The next advance m the subject was made by Klrchhoef who, m 1869, m a paper 
entitled cc Zur Theone freier Flussigkeitsstrahlen ” m ‘ Crelle’s Journal, 5 gave a 
generalization of the method which Helmholtz had used, and obtained thereby the 
solution of three new intei esting cases Subsequently m his * Vorlesungen uber 
mathematische Physik, 5 he published another method and worked out the same 
problems by means of it, but gave no new ones. 

Rayleigh m the Philosophical Magazine, 5 December, 1876, discussed the solutions 
of Kirchhoef, and gave a drawmg of the bounding free stream lines in one case. 

As far as I know, these are the only investigations published on the mathematical 
side respecting a branch of hydrodynamics of great theoretical and practical interest 

In considering the method of transformation of polygons given mdependently by 
Schwarz and Chrjstoffel I have been led to a new transformation, which together 
with thens, gives a geneial solution of the problem of free non-reentrant stream lines 
with plane rigid boundaries 

A considerable number of the cases of high interest prove to be of a tolerably 
simple nature, and I have worked out several in detail. 

These problems occupy the first part of the paper. In the second part I have given 
some extensions of the transformation formulae, which are applicable to problems of 
condensers and the foim of hollow vortices in certain cases. 

* c B^rlm Monatsbenelite, f 1£(>8 , arid ‘ Cresamra Abharrdl ’ vol 1 
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The general Theory of Transformation 


Let x, y be two conjugate functions with respect to the two variables cf>, xp, so that 

v + W = /(<£ + nl*)> 

and wnte 

x -f- ty = z x —• ly = zf, 

-j- zip — w <f> — up = w' 

x, y may be regarded as the rectangular coordinate of a point m a plane which we 
shall call the z plane, and similarly <f>, ip are the coordinates of a pomt in the w plane 
Consider the functions 

y = log — — 

g dw * dw' ’ 

w =- ilo g£/£- 


Since they can be written in the form 


V = lo g |+log^ ; 


dd 


dw 

W = — i 


■ dz , dz'~ 

lo g^- lo S^7 


dw dw' 

they both satisfy Laplace’s equation, and we have 


Y 4" = 2 log 


dz 




so that Y, W are conjugate functions with respect to x, y or <f>, \p 

The transformations of the present paper will be deduced from the properties of the 
function V, so that its nature must be considered in detail. We have as alternative 
forms of Y 


log 


dz 

dw 



If the element of arc of ip constant m the z plane he given by 


then 


so that 



Y = 


~ logW 
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And 

(h ^ tjy 

i w = log ^= -he, 

chj> ~ % J(j> 

where 6 is the angle the tangent to the curve xjj makes with the axis of x 

[Mr Brill has used the function W as a means of transformation ( f Cambridge Phil 
Soc Procvol. 6, and f Messenger of Math / August, 1889), and has thus anticipated 
me m one of the general theorems given m the latter part of this paper as I shall 
notice m the proper place I was not acquainted with his work when I developed the 
method here given ] 

Let h be the curvature of the curve xjj at <f>, "We have the well-known formula 


which is 


, dh 
1 — ety 


k = if e ~ lv 


Now let the arc of the cuive xjj be connected with l by the equation 


so that 


or from (1) 


=/w 




LV v* / & 

T [ Xrl 


■ (V 


If xjj consist of parts of straight lines we have simply 

| = ° < 3 > 
The formula (2) suggests a general method for finding a transformation 

3 =/W> + 

such that xjj u is an arbitrary curve in the 2 plane 

If the region within xjf Q corresponds, point for point, to the part of the a plane lying 
above xp — xp 0 , the problem is reduced to finding a potential function V, which is 
continuous throughout the space bounded by a straight line, and such that 


over that straight line 


e iv — A. f(— e - 
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We have still to discuss the question of the singular points of V. 

The function Y will be finite and continuous for all points except where two 
branches of a \p curve (or a <£ curve) cut 

At such a point dz/dw is either zero or infinite, and m eithei case V is infinite 
It will be sufficient for oui purpose to consider only the simplest singularity, that 
is, m which we have m the neigh born hood of a pomt (<p 0 xp Q ) of this nature 

V = n log [(<£ — <fi 0 ) 2 + {xp — i// 0 ) 2 ] + C, 

and theiefoie 

<t = A ( w — 

v heie the value ot n will depend on the nature of the smgulanty m question, and 
will be seen from the particular problems to which we proceed 

Problem I 

To tind the transformation 2 = jf(<£ -{- 2 \p), which makes the aiea for which xp is 
positive m the w plane coi respond pomt for pomt to the area inside a given rectilinear 
polygon m the 2 plane (The problem of Schwarz"' and CHRiSTOEFELf ) 

Consider the conditions which the function Y must satisfy m the oj plane 

(a) There are to be no singular points for xp positive 

(b) Along xp — 0 we have dV/clxp = 0 

(c) At certain pomts of xp = 0, which coi respond to the angular points of the 

polygon m the z plane, we have V infinite 
It is plain from this specification that the function Y is (to a constant) merely the 
potential of masses at the smgulai pomts (f> 1} <p 2 along xp = 0 , and, therefore, 

Y = log n {(<£ - 4> r y +1/dj«‘ 4- c, 

so that 

£ = nA («■ - vr 


where n is the product symbol 

It remains to find the quantities n r . Draw a small semicircle of radius It around 
the point <f> n 



* “ Ueber einige Abbildungsaufgaben" (‘Ceelle,’ vol. 70,1869) 

t “ Sul problema dell© temperature stazionarie,” &c. (‘ Annali di Matematica, 1 vol 1, 1867) 




MR J H M1CHELL ON THE THEORY OF FREE STREAM LINES 393 

and on tins semicircle let 

w — <p r = R (cos 9 + i sm 9), 

so that 

= AR" r (cos n, 9 -f- i sm n t 9) 


Consequently, as we pass from 9 = n to 9 — 0 , ch 'the goes fiom 


to 


AR- (cos ii,TT -J- i sin n,7r ) 

AR" 


The amplitude of dzjdw has, therefore, decreased by n, 7 r 

But the increase of amplitude is tt — a, where a, is the internal angle of the 
polygon which coriespqnds to 
Therefore, 

it — a, — — n,Tr, 


Ol 


so that the tiansfoi mation becomes 


£= An 

which is the formula given by Schwarz and Christoffel 


Problem I — Special Case, 

Por the study of non-reentrant free stream lines we require a special case of this 
formula. 

Suppose the polygon to consist of a series of straight line smfinite in one direction, 
all parallel to y = 0, so that the angles of the polygon are either 0 or 2 t t, and, there¬ 
fore, n r = 1 or — 1. 


Let correspond to an angle 2ir } and, theiefore, to an end of a line withm a finite 
distance of the origin, and let correspond to an angle 0, and, therefore, to the 
adjacent ends of two lines at an infinite distance from the origin. 

Schwarz’s formula then becomes 


dz 

dw 


— nA 


v — 


if* 


to — 
3 E 


MBCCCXC.-A, 
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It is plain that there cannot be more than one factor more m the numerator than 
m the denominator, so that we can write 


dz 

die 


=A 




and, theiefore, on mtegiatmg 

z = i A w 2 + Bid; -f D + tC r log (w — <£>,), 

we may at once determine the distances between consecutive lines in terms of the <f> n 
or m terms of the D r 

For consider the passage of w aiound the small semicircle R above described 
We have 

w — (p r = Re 19 , 

therefore 



~ — iTrCr 


So .that y increases by — 7 rO r in passing the point and, therefore, the distance 
between the parallel hues r and r + 1 is — uC r , or, in terms of the (j> n is 


— irAn 


<frr — 4 > 1 * , 

4>r — $2* 


After we have fixed on the angle which is to correspond to 4> — rb 00 , we can m 
general choose the position of two other points <f> n <f>j, and then the transformation- 
formula is determined to an additive constant 

For example, take the case of two doubly uifimte lines AB, CD, with a semi- 
infinite line EF between them. 


C 


D 


E 


F 


A 


B 


We may take the zero angle (A, C) to be = d=°° , and the angles (B, F) (F, D) 
to be <£ = — 1 } <f> 1. Then if the angle E is = c, we have 


dz A (to — e) 

dw (?c? — !)(?£' + 1) 
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Let the distance between AB and EF be cl x and that between EF and CD d z 
Then integrating past the points co = — 1, a> = 1, we find 


cli 


cl = 


A(i — c) 
2 

A (l+ c) 


which determine A and c, and, therefore, make the formula definite 
Other examples will occur in the physical application. 

Problem II 

The second transformation which we need may be stated most simply as an 
electrical problem 

Let there be any number of infinitely long plane conductors, all m the same plane, 
and with parallel edges 

It is required to find the potential at any pomt when these conductors aie raised to 
given potentials. 


A B C D E F 

Let AB, CD, EF, be the sections of the conductors by the plane (ay) 
Everything is symmetucal with regard to the line ABF which we take to be 
y — 0 

Consider the specifications of the transformation-function V where xp is the potential 
and are the lines of force 

We must have dV/d\p = 0 over the conductors, since they are straight, and. there¬ 
fore, also clV/dy = 0 

There will be infinite points at the edges A, B . of the conductors, and also at 
points in the field corresponding to branch pomts of xp (or <f>). These last will be 
distributed sy mm etrically with lespect to y — 0 

Fiom these conditions it is plain that the solution is that V is the potential of 
masses at the singular pomts m question, so that we may write 

Y = log n {(x - X r f + (y - y,JY' + C, 

and, therefore, 

I =An ( 2 - 

It remains to find the quantities n r . 

For a singular point in the field where rti branches of xp meet we have simply 
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For an edge of the conductor we may pioceed thus — 


Let 



then 


('. — 2 0 )" = It" (cos nO + i sm n6), 


so that as 6 goes from — rr to -j- rr, (z — ~ 0 )” goes from 


ft" [cos (— mi) + i sin ( — mi)] 


to 


It" [cos (nii) + ? sm («7r)], 

and, therefore, the amplitude of dzjdw mcieases by 2mr. Now the amplitude goes 
fi om 0 to 7r, therefore, n = J 
Hence 

din _ (s — z } ) mr 

dz ~ 11 


where r refers to a point m the field and s to the edge of a conductor 

If one of the conductors reduce to a line, we have two of the x s equal, say 
x a = a’ J + I , and there is a factor z — ,r s in the denominator, and so for any number of 
line conductors 

There are many other cases for which a formula like the above applies, it is not 
always necessary that the conductors should be m the same plane. 

It is very easy to perceive such cases by considering whether the equation 
cTV/dn = 0 is satisfied over the conductors where dn is an element of a normal to a 
conductor 

By combining this transformation with that of Schwarz and Crristoffel we get 
a general solution for the free-stream-line problem, as I shall piesently show 

It is necessary first to deduce some special formulae, which will be continually used 
hereafter. 

(a) Take first the case of one conductor and one line— 

« 

— -X- X 

x =— b % — b x — a 

Let the conductor extend from x — — b to x—-\-b and the line distiibution 
be at ai — a. 
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Then the general formula reduces to 

dio A i 

fc ~ (c - a) (? - b-y- 

where A is real, supposing that there is no singular point in the field 
The natuie of the multiplier Ai is obtained by considering that between 

x — — b and x — b = 0. 

d l 

The mtegial of this is 


w = A i loo 

o 


OZ - &M- yV - P) y/(z* - tf) 
b (~ — a) 


supposing the potential of the conductor is zeio 

(b) Now let the conductor be two semi-infinite planes, with a gap from x = — b 
to x = b between them, and let there be a line distribution at x = a uheie 
h > a > — b 

x = a 

-1 —i - i-- --— 

a = — b x — b 

Then 


where A is real 
And 


the potential of the conductor being zero 

(e) If we put z = b + z m the result of (a), and then make & = uo, we get for the 
case of a semi-infinite conductor x = 0 to >c = — 00 with a line distribution at x = u, 

* i \/z + \/a 

w = Ai log -7— , 


dio 


A 


dz (s — «) (z 2 — b 2 ) i 


W = Ai log 


V - ftr + y/(& 3 ~ fg> a /(* 3 ~ a 3 ) 

& ~ ft) 


the potential of the conductor being 0. 

These results (a), ( b ), (c), could of course be deduced from the known formula for 
elliptical conductors 
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On the Theory of Non-reentt ant Fiee Stream Lines 


The presence of shaip salient edges m a moving liquid always implies surfaces of 
discontinuity, but these may be closed or unclosed according to circumstances It 
would be difficult to give a rule as to the kind of motion m a given case, for an 
alteration in the relative sizes of the solids concerned will totally alter the character 
of the motion 

As an illustration of this take the case of two paiallel planes of finite breadth 
placed symmetrically one behind the other m a broad stream If the second plane be 
of less than a certain width, free stream lines will proceed from the edges of the first, 
and the second will be in still water 

Now suppose the second plane broadened until it cuts the stream lines from the 
first plane 

The chaiacter of the motion is changed Two voitices will appear behind the first 
plane, and m addition there will be fiee stream lines from the edge of the second 
plane 

No method has yet been discovered which will give solutions of cases where there 
is motion on both sides of a suiface of discontinuity. In the problems treated m the 
present paper there is always still water on one side of a free stream line 

In the present section the motion considered is m two dimensions, the boundanes 
are plane, and the free stream lines are non-reentrant 

Let x, y be the coordinates of a point m the liquid, <f>, if/ the potential and stream 
functions respectively The legion m the w plane corresponding to moving liquid 
in the z plane will be bounded by straight lines if/, infinite in one direction at least 
and parallel to if/ = 0 

The area m the w plane is therefore of the nature treated m Problem I. (a), that 
is, it is bounded by a polygon whose angles are alternately four right angles and 
zero. 

This area, then, by means of Problem I. ( a ), may be transformed into the part of a 
new u plane in which q is positive, where u —p iq 

In this u plane the boundaries of the liquid, both the plane boundaries and the 
free stream lines, are represented by the liue q — 0 

Let, as before, 


V = log^ 

& dw 


dd 
dw’ 




We have seen that Y is a potential function, considered as a function of <f>, if/, and, 
therefore, it is also a potential function considered as a function of p, q, for cp, if/ are 
conjugate with respect to p, tq. 

Further, we have seen that along a straight boundary ip = constant we have 
dV^dift = 0, and, since all the straight boundaries correspond to portions of q = 0, we 
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must have 67\ jdq — 0 along all these portions Along a free stream line the piessure 
is constant, since it must he equal to the pressure on the liquid which is at rest 
Now, m steady motion, we have Bernoulli’s pressure equation 


P 


+ 1 


df\ 2 , (<!± P 
^ \dy j J 




— constant 

W ' J 


Theiefoie, along a free stieam line [^) + is constant, and, theiefoie, V is 

constant 

All the portions of q = 0 which do not correspond to plane boundaries correspond 
to free stream lines, for which Y is constant. 

Lastly J + 1S zei ° reentiaut angles of the boundaiy, and also at points 


where stream lmes branch 

For these points Y is infinite and positive 

In all the cases we shall consider, these infinite points will be along q = 0, so that 
a stream Ime only branches at the boundary 

We have now reduced the pioblem to finding a function Y which satisfies Laplace’s 
equation , is finite and continuous m that half of the plane u for which q is 
positive , is constant along parts of q = 0 , along the other parts satisfies cIY i dq = 0 ; 
and at points along it is -J- 00 

This problem has an obvious solution 

It is plain that Y is merely the potential due to conductors comcidmg with those 
parts of q = 0 for which Y is constant, and having that constant as potential, together 
■with masses at the points for which Y is infinite. 

The general solution of this has been given m Problem II 

Let IT be the conjugate of Y, so that U -f- lY =/ (p -j- iq). Then, translating 
Pioblem II into the present notation we have 


<2(U + lY) __ j-r A ( U ~ 

d(p+iq) " (u-&y 


and for a point mass two factoisof the denominator coincide. 
Wnte this 


so that 


Now 


therefore 


=/w , 

V + iV = {/(«) du. 


_ , dz rh' 

V = 1 °^ *?’ 

U = ilog^— /- 


,dv>/ did) 
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and 


Therefor e 


th 


U + iV ='2i log* ~ 


tin 


' 1 ± 

ilv' 


— ' > o ‘ 

e J 


Now we have obtained the transformation from the w to the »/ plane mthe foim 


Theiefoie 


~ = <j) (u) [Pi oblem I (ct)]. 


ch _dz 
d\i die 


dio 

du. 


= <£(«) 


— ij J J rit fdt* 


5 


which gives z as a function of v. 

This is the general solution of the hydrodynamical pi oblem befoie us 
Near an a ng le of the boundary or a blanching of a stream line we shall have 

dzjdu — A (u — u o y i 


The detelimination of the index h rests on pimciples already used 
If the internal angle of the boundary, or the angle between the two blanches of the 
stream line be a, then 

a 

n =-1 

7T 


For example, if a stream line divide on a plane wall, n 
is not a singular point for dzjdu, although it is foi dzjdw 
following rule *— 


0, and the point of division 
We may then lay down the 


Near a singular point 


th 




where a is the internal angle of the boundary except when this point is a point 
of branching of a stream line, m which case 

^ = A - «„) 

for at that poipfc 

the — ^ u o) » 

and 

dwjdu = B (u — [Pioblem I. (a) ]. 

We shall now go on to consider such cases as are susceptible of tolerably simple 
treatment. 

We shall suppose there are only two free stream lines, and throughout take the 
velocity along them to he 1, so that Y = 0. 
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Case I A Single Jet fi om a Vessel 

There will be but two bounding stream lines, which we mav take to be iif = 0 
xjj = 7T, both extending from + co to — cc 

The diagram m the w plane consists merely of two paiallel infinite straight lines 
AB, OD, at a distance tt apait 


C F d 


A 


E 


E 


A portion of each, say EB, FD, will conespond to the boundanes of the jet. 

If now we transfoiin to the u plane so that the ends D, B go to p == Ai ^ , we 
may choose the points u = — 1 , u = 1 , to correspond to the edges of the aperture 
from which the jet issues 

The pomt (C, A) will then be in a definite position, u = c, and the formula 
of transformation from w to u is 

thi _ A 

<hi t> — c 


Remembering that tt is the distance between the two stieam lines, we see that 
A = 1, and therefore 

ebb 1 

di> v — e 

Let u — a n correspond to an angle a n of the vessel, then the points along q — 0 are 
ananged m the manner of the figure 


free stream line 


ligid 


rigid 


fiee 




u — — I "p = ~ u—a,i u — c ii=l 




The appropriate formula is then that of Problem II {/>), viz 


dz 

dio 


= n 


'1 — a n v + \/(l — aj) v /(l — irV 


1 — 


and therefore 


dz I „ 

— = — n 

du u — c 


u — « n 


T — u + y/(l — <y) s/{A — ? d) ~| 
u — n* 


'] 


3 F 


MDCCOXC —A. 
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Example I —A rectangular vessel of given width has an apertme in the bottom. 



Heie theie are only two angles, each of which = ^ 7 r, and therefore 1 — a^/rr — 
Let the two angles be u = a, u = h, wheie 1 > 6 > c > a > — 1 
Then, observing that 


{1 — an -f- \/l — a 1 1 — td ( — f V\ (1 — a ) \/1 + u + \/£ (1 + «) v 7 1 — «} 3 
we get 

dz _ 1 {vA(l — a) y/l 4- u 4 -vA(l + a)\/l — u] {\/y (1 — 6) \/l + a + (1 + 5 )\/l — a} 

rfa c v /( H—au—b) 

or 

tfe _ A?t 4- B + C v'fl — w 2 ) 

dw (j( — c ) — ci) (it — &) 

Where 

A = \J\ (l — a) (1 — b) — \J\ (l + a) (1 b), 

B = \/£ (1 ~ r 0 (4 — &) + (l + ci) (l b), 

0 = \/i (1 + o) (I — 6) + v x i (1 — ct) (1+6) 



HCN 
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Similaihy the othei piece of the bottom of the vessel is of length 

/ _ f 1 Ae + B + a ~ ill j 

2 J b — 0 V (p — Oj \p — b) 1 

When <p = — oo, that is, when a = t 


— — _ 7 + B + C y^l - c 2 ) 

dm " v / (c — f'J (6 — c) 

Thetefoie the velocity in the vebsel at a distance fiom the apeituie is 


\ f (v — a) {h — o 
Ac 4- B + (J V "'(l — 5 

and therefoie the bieadtli ot the vessel is 


Ac -f B -f t (1 — c ~) 
\/[c — a) (b — c) 


— cl (say) 


The breadth of the apeitme is 


d-h- U 


and the bieadtli of the jet is ultnnately tt 

The question is now reduced to a matter of the integration of / l5 U 
For the general case elliptic integrals occur, and the expressions for our purpose 
may as well be left in their piesent foun If, however, the aperture be in the centre 
of the vessel, the integrals will work out, and we get a simple expression for the 
contiaction of the jet To this we now proceed 


Sub-Example I —Jet fiom an apeituie in the centre of the bottom of a lectangular 
vessel 

In this case we mav take the angles of the vessel at u = — a, u = ft, a < 1 
The expiession for clzjdu then reduces to 


We now have 


(U _ 1 yTj. - a 2 ) ± y jl - u s ) 
the u \ id — a~ 



V 


'{1 - a?) + V (1 


\ J3 - 


or 




f 1 1 l 7 __ f 1 c lh (\ — l \ 

h p vA^ 3 - r d\ rjy ~~ hv'a-«^)\ p)' 



i r tt 
a |_2 
3 P 2 



Now 
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and 


theiefoie 


l 


1 v /(1 -jfL clp 

alWW-cty 1 


j (1 — l 2 

=( 


hit 


- (V = 1 — r) 

) ./(I - a? - r 2 ) U ’ 




dr 


— sm 1 


v/(l - « 9 - ? 2 ) J (1 “ -v/(l “ « 3 - 

?* 1 . _i __ "1° 

L v/a" - ^ v/(l - ** - ?2 )J vu-« 3 ) 

7T 1 — ft 
2 « ! 


7 _ 7 _ 2T 1 ~ g j_ y 7 (l — a 3 ) 

- ~ 1 ~ 2 a + ft 


7T 

2 


sin 1 a 


When u = 0 that is, at </> = — oo, we have 


^ y/(l - ft 3 ) + 1 

rflft ft 


Therefore the velocity in the vessel at a distance from the apertuie is 


« 


1 + </(l ~ a 2 ) 

Therefore the breadth of the vessel is 


1 + (1 — a 2 ) j l N 

» — „-= d ( sa y) 


So that the breadth of the aperture is 

d — 2L — TT 2 ^-— sm” 1 « . 

1 a 

Hence, since the final breadth of the jet is it, we have as the ratio of the breadth 
of the jet to that of the aperture 

7r 


, n \/iX — ( d) _ 1 

it + 2 --sm 1 ct 


a 


Now 


therefore 


and 


1 + v/(l - ft 3 ) <2 


a. 


TT 


1 - y/(l - ft 3 ) _7T 
ft ~ d J 

^(1 — ft 2 ) <7T 


ft 


TT rf * 
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Also 


sm 1 a = tan -1 


f . 2ird 

~ — tan 1 - 


\/(l — c '~) 


cP - 7T~ 


Theiefore the conti action latio is 


7r 




7T" 


Now, getting nd of the special units let d he the bieadth of the vessel as befoie, l 
the breadth of the apeiture, and c that of the jet, then 


l = c 




If d be very large compared with l, we get 



1 + — Lim -tan 
7 r c 



G 


7T + 2 

- * 

IT 


This is the result obtained by Rayleigh'’' from Klrchhoff’s solution for the case 
of an aperture m an infinite plane bounding wall 

As djlu decreases from infinity the contraction also continually deci eases, untd when 
d = L the conti action is zero 

In older to get some idea of how soon the finite bieadth of the vessel affects the 
contraction ratio perceptibly, consider the case when 


or 


The contraction ratio is then 


and 


c P - c- = 2 cd 

(1 + </2)e. 



7r 

4 


2 

3 


d — (1 + v^) 


so that the fini teness of the vessel has very little eftect on the jet if the breadth is 
more than twice that of the aperture. 

The equations to the fiee stream line xjj = it are 


ih 

dp 

dy 


_ 1 yTr - 1> 

p \Z(p 2 — 


1 ^ 
v /(^-a=) l 

I 

J 


* 4 PhlL Mag.,* Dec., 1876. 
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The foimei gives 

7 r \ (1 — ct 1 ) _ j <’ 

.t — = — — Sill * * 

1 a p 

Now 

p = — e* — — e\ 

here s is the aic 

Theiefoie 


7T , \ (1 — «') . _ , _. 

i= .+ blU 1 C£C! 

J // 


When a = 0 we ha\e 


which is the form given bv Rayleigh ( c Phil. Mag / 1876) ioi K.IRCHH.OFF s case. 


Exctiffipla II —Tube projecting far into the bottom of a vessel of given breadth. 

The tube is supposed to pioject so lai into the vessel that the motion at its bottom 
may be neglected. 



Theie are here two smgulai points only, u = — ct, u = a , conesponduig to the 
coalescing angles of the bottom of the vessel 
The appropriate transformation is, therefore, 

‘ J~ __ 1 — + y/(I — ft") y/(1 — W") . l ~t +_y_(I &>“) y/(f 'll") 

tlffi u — it it ct 

_ i 2 — Cl" ur 4~ 2^/(1 — a**) \ {J- — U ~) 

" -cl -i \ 


Since, when u = cc 
So that 


and 


dzjdw = — % we have A = i 


2 - a s - u a 4- V(1 - a 2 ) </{! - v?) 


m 3 — a % 


dw 

du 


= - as before 

d 


dz_ 

dw 
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therefore 


__ i_ 2 — a 2 — v 2 + 2 x /( 1 — a) K /(l — v 2 ) 
it 10 U IK (/- 


When u = 0, that is, at a distance upwards fiom the tube, 


~f~ — -(-• — a 2 — 2 v/ l — c r) 

div <r 1 


therefoie the breadth of the vessel is 

7 rnr 


o-i-h = d ( s ^ ' 

2 — a- — 2 ^/(l — 

In passing over = — a, x increases by 


2^(1 


therefore the breadth of the tube is 


7Tft" 


2 — a 2 — 2v/(l - a 2 ) 

Hence 


^(1 — a 2 ) = ~ [Sa 2 — 2+2 v/(l — « s )j = l (say) 


4tt 


therefore 


d — l— ; (1-cr), 
«- 


c? - 7 + 4 tt 1 


47T 


tt 3 


Substituting in the value of d we have 


7 , (7 - l + 4-7T f ( J - 

d+TT = ir -——+ Vtm 


- I 


(7 — Jl + 4tt 


or 


2-tt 1 V \d — A + 4tt/ 

<7 + 7 — 2v = \/ ( t (d — l) (d — I" + 4it) ^ 


On squaring this gives 


dk — 27 rd + 7T° — 0 


or, getting rid of the special unit of length, if c be the breadth of the jet, we have 

dk —* 2 rd + r 2 = 0 . 

(d — r) 2 = d (d — l) . 


or 



When d is very great we get 
and the ratio of contraction is J. 
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This particular case was the hist solution of free stream lines given, and by 
Helmholtz 

Lord Rayleigh" has given the equation 



for the coefficient of contraction when theie is a tube piojectmg inwards m a vessel of 
finite breadth 

The assumption made is, however, not that of this example, for he has taken the 
velocity along the bottom of the vessel to be the same ab that at a distance upwaids 
from the tube 

This is one of the very few cases m which the contiaction can be determined 
accurately from elementary pnncrples 

It is scaicely worth while to put the proof of this down, but it is worth remarking 
that the conespondmg case in three dimensions, can also be worked out, viz , the 
case of one circular cylinder projecting far into another 

Let r l9 r 2 be the radii of the cylinders i Y > r 2i and n the ladius of the jet, then 

i\ 2 i 2 2 — 2? pry 4- = 0 

This includes the case first noticed, I believe, by Borda,+ of a cylindrical tube m 
an infinite plane wall, the pi oof being just the same 


Example III —Tube projecting into a vessel of gieat breadth 

If we take the case of a tube projecting into a vessel of gieat breadth, we do not 
get such simple expressions 



The transformation to the it plane is the same as before, but there is now a singular 
point at u = 0, corresponding to <j> — — °o We arrive at the correct result by fiist 
supposing the vessel of finite breadth, so that there are points at u = — a, u — — b, 
u = b t u = a. for each of which aftr — 1 = — 4, and then making b vanish 
We have, therefore, 


and 


| Ml - « a > + rt I - «=)t , 

fu = Mi - « 2 ) +1 - « 2 + (i + - „«)} 


* “ The Contracted Vein,” ‘ Phil Mag ,* Dec. 1876 

t Mem. de 1 Acad 1/66, Pari 1 ? I owe this reference to the kindness of Lord Rayleigh 
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Between u = a and u = 1 we have 

dp~ ° 

# “ f v(P 3 ~ ^ <lv/ ^ ~ 1 v 7 (! “J^M 1 + v 7 ! - <? : )h 


therefoie the lexigth of the pipe is 


(1 + v/j _ «*) - \ a ^J p _ aS) + (1 + yi _ «-) [p 


—7T - ’-~ «p 

v(p“ — £/ o 


Now 


p 3 V 7 (/ 3 - « 3 ) “ « 3 ^ Sm 


f 1 _d£. 

-hp 3 v 7 (P 3 

f l jp 

p -v/q-p 3 )^ 
J« p 3 v'(p 3 ~ a 3 ) 


(P = a sec d) = - v 7 (l - c' 2 ) 


1 + \/ ( 1 — ) 


L (a) (say). 


cosh -1 - 
a 


an elliptic integral which will he hi ought to the btandaid foini helow 
Therefore the length of the pipe is 


where 


From 


we have 


- log tii + (1 + 6) L {a), 


6 s v/( 1 - a 3 ). 


U = 1 to U = CO 


r i «*?= a+*> i" =(i+6) m (tt) (sdy) ’ 


where M is another elliptic mtegial to he reduced below\ 

Slimming up, the hieadth of jet is 7r, that of the aperture is 


7T + 2 (1-4- v 7 l — a 2 ) M (a). 


so that the contraction ratio is 


it ~f- 2 (1 + v 1 — a-} jVI (&) 


where the length of the pipe is 


1 + ,/(l - ) ^, (l _ qS) _ j og L±jAL-«i> + (1 + v/l _ a 3 ) L (u). 


MDCCCXC-A. 
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To reduce the elliptic mtegials, we have 


pi r 

Ip x/(p 2 -* 2 ) 1 ‘ 


^ y/(; 2 - 1) 

1 x/(l - ah*) 


Ha r 2 _ 1 

i \/( 5 3 “ -i ' 1 ~ arr~) 


Now (Cayley, £ Elliptic Functions/ p 315) 

d.i dec - j h _ 1 — cc* j „ 

-p ,-—i — i-ww = -tt: -; — :- tt-v where l 2 = —and ? 3 

— 1 • 1 — a-? - ) v(l — ar 1 — a - 


1 - (1 - a 2 )^ 2 


Thus 


L l„ _1 — (1 — rr)i- 3 v/(l - i 3 1 - AV) 


= n L (£, a 3 - l) _ Fi (J), 

where II and F are the thud and first elliptic integrals And 


m (a )=r yy„ ^ = 

7 hpW(P “«") 


[V AL- 

0^(1 -«M) 

f, _ A\ r 1 _*;_, 1 

V «V Jov'a -’ J -1 -« 3 ’ 3 ) ' r « 3 Jo -7 (i 


i _ I\ f 1 _±_ 

1 - /) Fi («) + A E ! (“)• 


where E is the second elliptic integral. 

Suppose now the length of the pipe is small, so that a is nearly unity. 
We have 

t. /«\ — f 1 x/0- — P 2 ) 




If we put p 2 = x, 2pdp 
unity, and so get 


= das, we may put the factor p m the integial equal to 


L(a) = 


l f 1 .v 7 ^—_y)_ j 

3 W(*-« 3 ) 


3 JaV'C* — ® 3 ) 

= iir (1 — <X 2 ) 


So that the length of pipe becomes 


^ ^ ~b (1 — « 2 ) to the first order ,* 
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•while the aperture becomes 

Z, = 77 + 2 (1 + \/1 — cr) 

= 77 + 2 + 2 +(1 — a 2 ) 


(l - j) log 


VO- — a ) 


+ 1 


to the first order, and the breadth of jet is c = 77 . 
So that 

l 77 + 4 . n 

(1 - 


and 

therefore 


h 4 + + 2) 
1 


77 


77+2 


b 

I 


77 


1 — 


77 + 2 y 77 + 

which is the approximate expi ession 1 squired. 


tti V ' 1 - + 


+ 2 l 


+ 4 h j 


Example IV ,— Flow from an aperture in a pipe in which the water is at rest 

By considering the symmetry of the motion this can be leduced to the case of flow 
from a rectangular vessel m which the aperture extends from the bottom up, and the 
bottom is eontmued into a horizontal plane, as in the figure 



The w diagram consists of two doubly infinite straight lines, rp — 0, xp = it, as 
before 

But if in the u plane we make u — —00 coirespond to <p =co, the arrangement 
of points is not the same as before and the notation must be altered 

We take, then, u — 0 for the edge of the aperture, m = 1 the right angle of the 
vessel, and then put u = a for <p — — co. 

We then have 

dw _ 1 

du u — a 

and the arrangement of points on q = 0 is as in the figure. 

free rigid rigid rigid 

--1- \ -1- -- --- 

« —0 ^ = !T ^ = 0 ti = l 

3 G 2 


= 7T 
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The only smgulai point for Jz/dic is at u = 0, and, therefore, from Problem II (c), 


dz_ __ L 'v -f- 1 \* 
chi' \\/ v - — 1 / 

th __ i u/il + iy 

du u — a \\/u — 1 / 

Along the free stieam line 

O 

Ch _ 1 /j, + l+2ly/{-p) \i 

dj? p-e\ 2,-1 ) 


where p lies between 0 and — co 
If 


we have 


~ = tan xp 

do 


£_ + _1 _ 

p-1- 

V(-/ 

P-1 


cos 2ip 


= sm 2t/f 


Therefore 


p = — cot~\p 

do _ cos 2 -^ cosec 3 i^ 

di/r ^ coiryjr + a 

dy __ cos-^ cosec 2 i \jr m 

r/'y "* cot"!p + ff 


If we put cosi/j = \ in the first we get 


„ f X s 1 

~ J 1 - A 2 a + (1 - a) X 2 dK 

-j j dx 0 « r dx 

~ " J 1 - X 3 ~ ** 1 - 2a J a + (l- a) X 2 ’ 

2l ° g rTx~ 2 1-2a ^/(l - a) tail_1 ^ 


- Ct) + C, 


and, in the second, putting 


we have 


sin \p = p 


= 2 | 


dp 

i-<!-«)*» 


1 , 1-y/q 

■/(i -«) g i+-/a 


Hr • 
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Hence when rp = \tt, % e , at the edge of the apeituie 


y 


1 i 1 4* V (1 — ft) , 

lo g i _ //, 1 + ^ 


VO — a ) 


VO - a ) 


therefore the ratio of the jet to the aperture is 


7r 


1 + VO - <0 

x Al-a)^l - ^(1 - a) 


*7r 4 


log 


The velocity at <p = — oo is 


therefore the width of the vessel is 


therefore 


From which we obtain 


o — yy 

0 + V a j 


— A ± jV^ 


d—TT 


d - V a ) 


cl _ A 4- VaV 

c \1 —V°) 

l + V a l 


1? +1 


1 — y/Cl 


d? 


4- 1 


therefore 


k = 


1 fc . d 




4 * 


2 + r. 


or 


k =■ c 




d — c 


This is for the vessel considered For the pipe 


k =s c 


1 (M , c \ . 2 


2 tZ 4~ c 


2d — e 
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Case II .—Impact of a stream against a plane 

A stream of given breadth impinges at a given angle agamst a plane. 



The impinging stieam is bounded by the stream lines if/ = 0, ijj = re 
The stream line which branches at the point B on the plane is tp = rs 
The diagram in the w plane consists of two infinite straight lines with a semi- 
infinite one between them, as in the figure. 


S' — 7T 


S' — t3ET 


S' — o 


In fcransfoiming to the u plane we suppose that = — oo corresponds to u = i oo, 
and that u = — 1, u = l are the extremities of the plane 

We must then take u—a } an unknown constant for the point B, where the stream 
line i[t = vr divides, and observe that a < 1 > — 1 
We then have 

dw _ . u — a 

du (u — 1) (u + 1) 

where 


therefore 


— 7TA 


— vA 


1 4 a 
.2 

1 — a 
2 


= m 


= TT — GT 




and 



1. 


Along q = 0 we have, therefore, the following arrangement of points 


free 


rigid 


rigid 


free 


u ~ — 1 ^ — ex if = a 


n = 1 


<p — — 03 o 


S' —— "if 


— — X 
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The only singular point of dzjchv is at u — a 
Hence 

dz 1 — aw + (1 — ci“) (1 — u“) 

dw u — a 


and, therefore, 

cte _ _ 1 — au + */(l — ft 2 ) y/(l — u~) 

clu (it — 1) (it + 1) 


1 — cm , /y , „ x 1 

rn? + ^ (1 _ 


When w = i co, we have 


doi dy ,, 


Therefore, if 6 be the inclination of the stream to the plane, we have 

n Wtl — a?) n 

tan 0 = -- or cos u = a. 

Since we have before found 


a 


this gives 


2m 

a = -1, 

77 


77 COS 6 — 2177 — 77 


This equation merely expresses that the momentum parallel to the plane is 
unalteied by impact 

Along the stream line i/f = i t we have 


1 — ap 

— f _ T 

1 = ^(i - « 2 ) 


dot 

dp 

dy 

dp 


> 


-1) 


therefore 




^Y^logCpH- 1 ) ~ log (p ~ 1 ) + A I 


y = </(l — a 2 ) log {p 4- \/p 2 — 1) + 77 — J 
where p lies between + 1 and oo ; and for rp = 0 we have 


dx 

dp 


1 — ap dy 

p i — 1 dp 


- — a?) ^ 
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therefore 


1 -4- a 


log — (1 -j- p) — 


1 — a 


log (1 — p) + A' 


y=V (i — ° 2 ) lo g Wv 2 — 1 — p) + 


where p lies between — 1 and — co 

If we put v = —m the first and p — 
r cos Q 


cos 6 


m the second, we get for \J; = tt 


8 6 ^ 
^ = ( 14 - a) log cos - — (1 — a) log sin - — a log cos 9 4- A 


2/i = v^ 1 — a z ) log cot -J - — 9) + *r — CT, 


and for xJj = 0 


x 2 = (l 4" a ) l°g sin - — (1 — a) log cos r — a log cos 9 A! | 

jLi £1 I 

/ \ > 

Vi = vT 1 - a 2 ) log cot i (f - 0 ) + j 

where m both cases 9 hes between 0 and tr When 9 = \ it m both we get 


therefore 


x 1 — x 2 = A — A' 

l J\ — U2 = 77 — 2ot 


a a v + (ir — 2 m) a //- 

A A v /(i_ a a> ) —' 7 r v / ( 1 a )> 


and the equations of the bounding stream lines are now completely determined 


Case III .—Flow of a broad stream past a plane wall in which there is an aperture. 

Let BO be the aperture in a plane wall ABCD, and let the stream flow from left to 
right. ^______ 





The left boundary of the issuing jet will be the continuation of the stream line AB. 
The right boundary will be one branch of a stream line which divides on the plane 
CD at some point E. 
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The diagram in the w plane will then consist of one infinite stiaight line and one 
semi-infinite, as in the figure 

\lr = 7T 

i 


= 0 


We suppose if/ = 0, if/ = tt to he the bounding stieam lines. In transfoiming to 
the u plane we take the point i/; = 0, <£ = — oo to be w = — co, = 0, <£ = oo to 

be u = cl, and then use the two arbitrary constants at our disposal by making the 
edges of the aperture to be v = — b, u — b, and the branch pomt of if/ = tt to be 
u = 1 -J- a, where 1 4- a > b > a 
We then have 

dw . u — a — 1 

— = A -: 

du u — a 

and, remembering that the bounding stream lines are if/ =■ 0, ip = tt, we obtam A = 1, 
so that 

dw u — a — 1 

du u — a 

There is only one singular point for dzjdiu, vis, u = a + 1, and at this point 
ajir — 1 — 0, so that no factor u — a — 1 appears m chjdu 
The arrangement of points on q = 0 is as m the figure 

rigid free rigid 

-- 1 -r-1-x-— 

tJs = Q u = — b u = a \jr — tt u = b u = a + 1 = tt 

and hence 

dz_ __ (g + 1 ) u - & + </( a + 1)3 -> yV - F) 
dw bill — a — 1) 

so that 

dz _ (a + l)u- & + y/g + l) 3 - & 2 a/V - 6") 
du b (11 — a) 

When u = ± oo, we have 

— — « + 1 + \/0 + l) 2 — P , 

dw b 

and, therefore, the velocity of the stream is 

b __ 

(a -f- l)+'s/{«4- l) 3 — * 

3 H 


MDCGCXC.—A. 
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When u = a, that is at a great distance along the jet, 


dz _ o (« -f- 1) — b 2 + % \/(a 4- l) 3 — b z (b 3 — a 2 ) 

dw b 

so that the inclination of the jet to the wall is ultimately 

J- - £1 (Hj -j- X) 

cos"" 1 --- 1 ? 

0 

the final breadth of the jet being i r. 

There appear to be two constants here, whereas there ought only to be one. 

The explanation is that we have not yet expressed that the two parts of the 
boundary are in the same plane This will give a relation between a and h 
Between u— — b and u = a we have 


Now 


and 



dp 

& 

p — a 

5 


dy ___ 

x/0 

J4 1) 3 - 

- y-) 


dp 


b 

p — Cl 


~f) 

_ I 

1 

r b 2 - a 2 

] p - 

— 

“J 

VO? - V-) 

_p — a 


f_ %P _ 

](p-a)^/(b 2 -p 2 ) 

f dr 

1 \/ (b 2 — a 3 ) r 3 



! ) r 3 -f 2 ar — 1 
dr 


where p — a = — - 


s/0? - « 2 ) 


•S/ft 3 — arr + 

log 


a 


b 2 


\/<? 


wso 1 * 


\/{b 2 — a?) J b 2 — a? 

s/(b“ — a 3 ) r + — — + ^/(b 2 — a 2 ) r 3 + 2 ar — 1 

- ay + \/(5 3 - a?) (5 2 - jo 3 ) 


a — p 


Thus along $ = 0, measuring from the edge A, we have 


£ — x k — 


Cl -f- 1 


<jo + b)+ ^L +p =* log 1=1, 




+y - y [■_ _ y - qp + ^ - « 3 ) (y - r 3 ) 

J L V 1 S (a-p)b 

+ a sin- 1 .^-(15 + y(6 s -jp 8 ) 
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In like manner between u— a and u = b on xp = tt, we have 


* - - ”-±± (r -!.) + ”-i+i hz» kg , 

s _»,,^ZE 2 r_ y(l ,_„, )kg ti±^£E 3 Q 


0* - b 

a sir 1 ! 4- y 4- v /(6 3 — 


To find ce A — and y A — y B we must put p = a — e and p = a 4* e lespectively m 
the above, and then decrease e indefinitely 

If we then remember that, m passing the point p = a, x fi- zy increases by 


we get 


and 


— y4 (a -4- 1) a — b 2 + i x /(ci + l) 3 — b 2 \/(b 2 — a~) 


x a — % (« + 1) + — log + i v^( a + 1 ) 2 “ ^ v(b 


Vb — 2/a = 


(« -h 1)^ — 


_ 1 _ ^ r _ r( 4 . i)'; 


In tlae case we are considering y B = y±, and, therefore, 

b 2 — a (a -J- 1) — « \/(a + l) 2 — Tr, 


so that 


b 2 =(a+ 1) 9 -1, 

(a + I) 2 — 1 

a (a -+* 1) — & 2 = — a. 


U sing these equalities, we now get for the breadth of the aperture 

x s ~ ®A = 2 (« + 1) + j!og + ^“T 

where 5 /(a 4* 2) is the velocity of the stream, tt the bteadth of the jet, and cosT l {a/b) 
the inclination of the jet to the plane. 

To get rid of the special units let ty be the velocity of the stream, is of the jet, Jc 
the breadth of the aperture, c that of the jet 
Then 

i-j b 

v 3 a + 2 

3 H 2 
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therefoie 

/y,V & 2 


W _ (* + 2)- ~ 

So that 

2v, 3 

“= v - V 

and 

7 2^, 

0 — o " o 

therefore 

- 


Hence 


_ 2v^ (y s + v r ) 

't'cf iy 

, 7 2?^ (v„ — Vj) 

- a + b = ——A* 

ty — v 


2 -h + - log -- 1 + *r V 

«»" — V-> Vo — V-, v 


IV — V, 


and the inclination of the jet to the plane is 


,-i ii 


An interesting element not yet calculated is the distance of the branching of the 
stream line \fs = tt from the edge of the aperture. 

This distance is 


+l fl (a + 1 ) p - g + Vjf - g> 


ra+lf: 

h 


p — a 


_ r +i r«±i « 1 .If, 2a 1 1 "I 7 

h L & b p-a^ b\ 1J> ^ a p-a\ 
where we have used the relation between a and b to simplify the expression, 

£Cd-l 

= a -j -h - ^ lo s (/> -«) + j -yi.p’- - v) + pog(p+ vV - f 

_l V^ sm -x f & 2 - qy 1~ 

+ i Sia l 5 (p-a)jJ 


# + 1 


— (f« + X — b) + - log (6 — a) + - -b - log 


1 , a , a + 2 
- + - log — 


, \/ 2 « / . t a tt 

+ — ( sm 1 » - 5 
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Therefore, m terms of vjv 2 and c, this distance is l where 


- 7r = 
c 


b 2 2 + v x v~, 4- v-r c 2 — u, , i\ , 

-—- L X . ; + - log 


o. 








i 2 ~h 




For example, let the stream have half the velocity of the issuing jet, so that 
v x = \ v 2 Then the jet makes an angle of 60° with the plane, and its breadth i s ^ 7c 
approximately, while l is about £ k 


Case IY — Jet from a pipe along which liquid is flowing 

The liquid is flowing along a pipe bounded by the plane walls AC, DE, and there is 
an aperture AB m the formei 



The left boundary of the jet is xfj = 0, the right boundary is a stream line \ft = vr, 
which branches at a point C on BC, and DE is \jj = tt 

The w diagr am is as m the figure, consisting of two mfimte lines, t/f = 0, \fs = tt, 
with a semi- in finite 3 me x/j = zrr between them 



xjr = cr 


p = 0 


In transforming to the u plane, we suppose that cf> — °° corresponds to 

u = — oo, and that u = — 1, u = + 1 are the edges of the aperture. 

The constants of the transformation are then determined, and we take u — a for 
the branch point, u—b for the jet at an infinite distance, u = c for <f> = co m the pipe 
Then 


dw 

du 


A 


u — a 

(u - b) (u — l) 


h < a < c, 


where 



TT ” TTT 
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and the^fore 


b — a 
b — c 


TT •— CT 


The arrangement of points on q = 0 is as in the figure 


rigid 

lZr = 0 


rigid 


rigid 


U-— 1 T/r=:0 u — b M = 1 U=Cl U — G ty-TT 


and from Problem II (a) we have 


dz __ an - 1 4- x /(« 3 - 1) </(u 2 - 1) 
div u — a 


so that 


~ 1 ± \/( fl3 — 1) \A a 8 — l) 

du (u — b) (it — c) 


Hence, in the pipe, the velocity at <f> = — oo is 


and at (f) = oo is 


+ \Z(a -l) — a v/ (“ 9 “ - 1 )’ 


c — a 


- 1 + v/(n s - 1) v/(c 2 - 1) 


The breadth of the pipe is, theiefore. 


ir(ct + aA 3 - 1) = («• - w) 1 + ^ ~ X > ^ ~ 1 > 


c — a 


Now 


therefore 


W — OT = 7T 


g — a 
c - & 


(c -b)(a+ Va- - 1) = ac - 1 + y^a 3 - l) y(c= .. i). 


This is the relation between u, 5, and c To find the size of the aperture we must 
integrate between n= — 1 and u — 1. Within these limits we have 


ds_ 1 — op 


1 — a& 1 


CfcO — 1 1 


(&—jp) (c — jp) c — 5 5— C —S 


c —p 


/(a? — ll VC 1 


vV -1) /- 

c — b v x 


—„ Pi — ac — 1 
J 5 T- H- 

-*• [_ £> —p c —p 
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and 


x 


x 
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The former gives 

_ 1 — dh i b — p ac — It c — r p 

— - ZTb lo g m - lo § m between V = - 1 and p = b, 

- “* = ~—b log —& ™ 7lT log ^1 between P = h and p = 1 

Also m passing the point u = b, x changes by 

v> 2 _ 1) ^/(l _ 6 3) 

*■ -’ 

therefore, putting p = b — emx — x A , p = b + emx — :c 3 , and proceeding to the 
limit, we get as the breadth of the aperture. 


1- ah. 1 + b . cic - 1 , c + 1 , Jias - 1) */(! - &») 

yry lo g fr-j + Try l0 § yri + --—rfy- 2 


The direction of the jet makes an angle 


cos 


-1 


1 — ab 
a — b 


with the bounding planes. The breadth of the jet is 

a — b 


7 T 


c- b 


To sum up Let d be the breadth of the pipe, h of the aperture, l of the jet. Let, 
further, v x be the velocity at <£ = — oo , v 2 that at <£ = co , v 3 that of the jet. 


and therefore 


V, 


V, 


d 


with 


[a 2 — 1) . . 

* * 

(1) 

- h 

— a 


(2) 

c — & 

a — b 


• (3) 

v S 

— v a 
** 

W + * * 

• {<) 

1 + C i_ _ 

*j(°? -1) s/a - s 1 ) i 

ffs\ 

- 1 + 6^ 

c-i / 

. 

- 1 + \/( aS ~ 


• (6) 
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The equation (6) may be written 

(c — a)- = (cic — 1) + y(a* — 1) y(c 2 — 1). 

V 2 

Now 

(o — «) 2 = (ac — l) 3 — (a 2 ■— 1) (c 2 — 1), 

therefore 

(c — a) l f = (ac — I) — y i a ~ — x ) \/( c2 ~ x )» 


and, by addition and subtiaction. 


From (l) 


Therefore 


or. 



c ( l ’i - vi) K 3 - Vs) = i («i - 'Us ) 2 ®s + i « - ¥j) ! ; . 

so that 

1 + c _ K u i — yg) ys + Os 2 — ^s)] 3 
- 1 + e [—(«!— v s ) tf a + b’ s 2 - ^’o)] 3 


And 

Also 


__ ( l 8 - («3 + ^l) 2 

(*8 + ”>i) 3 



(c - a) ^ = c - 6 from (2), 

therefore 

b — i ’EiLLfi 3 _ L (pj - gg)V + - p t p 3 ) 3 

2 V 2 V S 2 PgPg (P 3 S — ®i»a) 

_ T (Hi! ± gl%) (P S 2 - «!«>) - (gi ~ %) V 
2 ^3 r 8 W - »!%) 
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that 


and 


■I | 7 s _ X fof — l 'l U - — ('+>" l \ V 2 ^ (h 

^ ~ 2 %^3 2 - l l1 2 ) 


_ -L _ 7 ( 2l 3*S — l Y ZZ ^£ 2 ) fa 3 — V l V 2) + ( V \ — ” 2)^8 

V 2 V 3 Oy - »i»a) 


These may be 1 educed to the foim 


Further, 


1+6 


1 (h + ^i) 2 

2 ? 3 2 — 2^3 


2t — 2\ — l 2 


1 _ 5 — 1 fog ~ ^ 2t- 3 -f 2 X + i 2 


2 2 ’g 2 — ^3 


t _ j (VfV« — ^i 3 ) fc 3 2 - H2' 2 ) + (h ~ ^) 3 l ^ l \ 

^ O / o \ ^ 

*Ws fo» — l l V 2) 


— A 
- 2 


fo 3 8 ~ Vfi 

‘h V S ( l o~ “ 


_ 7_jl fry ~t~ yp) fop ~t~ ^1^2)} foy ^1^2} fry + yy) (h ^*2) + 

_ 4 *WY ( l Y — *1*3) 

___ j_ (^1 + ^3) fry v i~y _ 

4 y ? 3 3 (vy - r^’o) 


Whence, finally. 


1 — ctb 

a — 6 


*1 + r 3 


1 + 5 __ fr 3 + y l) 3 2l 3 —h— v 2 
1 — 5 0 3 — ^l) 2 2 ^S + h + l 3 


lAtt 3 -1) y/q - ft 8 ) 
c - 5 


vfr^ 3 — Ox ++j) 2 


So that we get for k/l 


l 1 <h ± h w (h ± hZ 2h-h-'a 

1 77 2 ° ( 1 $ — 2'j) 3 2r s + i 1 + r f 


, El ± li l os fog ~ r a) fra + r i) 
*3 fri — *s) g frs + ^ 3 ) fr’s — p i) 


+ 


4r s 2 — fri + r al 3 l * 


MDGCCXC —A. 
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A n interesting special case is the flow from an aperture m the side of a rectangular 
vessel, of wliicli the bottom is £it a considerable distance from tbe Aperture. 



For this case v 2 = 0, and, therefore, 


d __ % 

l v l ’ 


expressing the equality of inflow and outflow. 
So that 



which is the simplest expression for this case. 

The angle the jet makes with the bounding wall is 


or 



cos -1 


Pi + p 3 
% 


in the general case, while in the particular case it is simply 
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Part II. 

We will now go on to consider problems m which the region of (x, y ) is not simply 
connected, and consequently Schwarz’s transformation does not apply. 

First consider the aiea outside a closed polygon. 

We may state the problem electrically thus — 

Problem III 

To find the potential due to a polygonal prismatic conductor at a given potential 
which we may take to be zero, the field at infinity being at an infinite potential 

Let xp be the potential, <p the lines of force, and let <p increase by 2 1 in going round 
the polygon 

Then the aiea in the co plane is a rectangle bounded by xp = 0, xp = co , <£ = — Z, 

4> = l. 


<fi— — Z i 0 — z 

I 

Aj ' A, 

-X-x" 

Yr = 0 

The conditions which the transformation function Y satisfy are 

z, dV , A 

(а) y— = 0 over xp = 0 

x 1 d-fr 

(б) Y finite and continuous at all points within a finite distance in the rectangle. 

(c) Y periodic in <f> so that 

y (* + 2i) = v (# 

(d) Y infinite at points A x . . along xp = 0. 

We can deter min e Y from these specifications by means of W. Thomson’s method 
of images For if we repeat the points A l ... at equal distances 2Z along xp = 0, and 
make Y the potential of these points, the conditions will clearly be satisfied. 

Hence 

Y = AXr log n {(<£ ~ j>r - 2 111) 2 + 1^}-, 

— CO 

and 

— = An r + n* {to — 4>r — 2 nl}* 

dw -as 

= Bn, |sin (w — <j> f ) > 

3 I 2 



428 


ME J H MICHELL OR THE THEORY OP PREE STREAM HIRES 


and exactly as in the tieatment of Sohwabz’s formula we have m = a,/77- —- 1, where 
a r is the exterior angle of the polygon conespondmg to <f> r 
So that, finally," 

(h f , , \ 7T 1 ar/ir — 1 

- = Bn jsm (w - <M 

As an example, take the case of a rectangle 
The four singular points may be taken to be 

<f> = — a, (f> — a, <f> = l — ct, <f) = l -f* a, 

and we have taking for simplicity l — \tt, 

w — a) sm (iv + a) cos (w — a) cos (w + a), 

= \ A ^/(sm 2 2a — sm 2 2 w) 

Hence 

z = A A j* ^/(sin 2 2a — sm 2 2w) cfoy -f B, 
and z is an elliptic integral of w 


dz 

dw 


= A \/ — sm ( 


Pboblem IV. 


Suppose now there are two polygonal piismatic conductors, one at potential 
ip — — h, the othei at if/ = k, and at first (A) suppose that one of the conductors is 
within the other 

Let <f> increase by 2 1 m going round either polygon 

The aiea m the to plane is now a finite rectangle bounded b y <f> = — l, <f> = l, 
xft= — l, if/ = k. 


0 =- 



= Z 




In order to satisfy the condition dV /chjj = 0 over xfr = — k and t jj =z k w© must 
have a double system of images of the singular points, viz., at 

<j> Q + 2 ml, ip Q 4 - ink, 

<t>o ~h 2mZ, xf/ Q + (2n -f - 1) 2 A 


* Mr Brill has already given tins formula (‘Messenger of Math August, 1889), aud I only insert 
it here for the sate of completeness. 

Hoti. April 29. Since the above paper was read, Mr. Brill has given the next transformation m 
the same journal. 
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Thus each singular point gives a factor 

■4-00 4-co 

II II {iv — w 0 — 2 ml — 4 nk}^{w — w Q — 2 ml — (2 n + l) 2l} M , 

— CO — CO 

or, what is the same thing, 

© [a (tv — %)] M H [a (w — tv 0 )] M , 
where ®, H are Jacobi’s functions so indicated, and, therefore, 


dz 


^ = n {«[«(»- »„)] H [a (» - «> 0 )]5 M , 


where 


al = K 
2 ak = K' 


K, K.' hemg the complete elliptic integrals usually so denoted 

If ol 0 be the internal angle of the figure corresponding to iv Q , we have, as before, 


M = — — 1, 

7T 


so that, finally, 


dz 


— = II, {© \a (iv — w r )~\ H [a (iv — wv)]} ar ,r 1 


(B) Suppose now that one conductor is outside the other, and that the potential at 
infinity is zero, that of the conductois being — k and + k. We suppose equal and 
opposite quantities of electricity on the conductors, 2l bemg the cyclic constant, as 
before. 

The terms corresponding to angles of the polygon will be the same as in (A). 

But there is now in addition a singular pomt in the field which we proceed to 


determine. 

At a great distance from the prisms the potential will be the same as for two line 
distributions at the centres of mass, say at % = c&, z = — a. 

So that 


w = M log 


Z — Cl 

z + a 



ultimately, and 


dw 

dz 


2Ma2“ 2 = 


vr 

2Ma 


or 


dz _ 2Ma 

dw id 1 3 


and, therefore, there is a point of order — 2 at the point in the w rectangle 
corresponding to the potential at infinity. 
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Let this point be <f> 0 , xp Q . Then we have 

d~ n r {© [a (to — Wr)] H [a (w — w r )"\ } ar ^~ 1 

dvj {© [« (w — w 0 )] H [a jw — Wq) i] } 3 

as the genera] expression for the potential of two polygonal prismatic conductors 
exterior to each other 

Hollow Vortices 

In conclusion 1 shall show how the methods of this paper may be applied to find 
the foim of hollow vortices. 

Inside a vessel bounded by plane walls, let there be a hollow vortex m steady 
motion 

Let xp = 0 be the free steam line of the vortex, xp = 2k the rigid boundary. 

In the w plane the area is bounded hy xp = 0, xp = 2l, <p = — l, <p = l, 2l being the 
circulation round the vortex. 

j xy = 2A- 


y = 0 

The function Y satisfies the following conditions — 

(a.) Y = 0 over xp = 0, if the velocity along the free steam line be unity. 

(b ) dVJdxp = 0 over xp = 21. 

(c.) Y is periodic with respect to <p, so that Y (</> + 2l) = Y (</>). 

These conditions are to be satisfied by taking equal singular points at distances 2 1 
along xp = 2k, and then continually reflectmg these pomts in the two planes xp = 0, 
xp = 2k, but in reflecting in xp = 0 the image is of opposite sign to the object 
Corresponding, then, to a point Id at (<£ 0 , 2 L) we have positive images at 

<£o -f- 2 ml, 2k -f 2m . 4&, 

and negative images at 

<p Q + 2ml, — 2k 4- 2m . 4&. 

Therefore, corresponding to this point M, we have a factor 

H M g (to — <jb 0 — 2'ik) . dz 

- <p 0 ~2ik) m Iho ’ 

where 

al = K\ 

±ak = ’Kfj 
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and 

M = — — 1 

7 r 

It is quite clear that all but the simplest cases will he of quite unmanageable 
complexity 

One of the very simplest cases may be taken as an example 



Example —Hollow vortex between two parallel planes 
Here for the two singular points a = 0 

If for simplicity we put a — 1, and, therefore, 4 k = K', the singular points are at 

<f> = 0, <fi = K. 

Hence 

»(-f )»(--■■¥-*) 

" =(— t) h K ) 


= C' 


l tK'\ ( tK' ' 

sn io -— 1 sn I %o -^-Jv 


2 


= C' 


7 ( zK 

dn ( id - 


f iK'\ ( iK? 
sn id — -5T-) cn\w — 


This integrates at once, giving 

rv > i sn ~ . rv> 

2 = O log —.-+ U 

° cn (w — ) 

== O v log tn ( iv — ) -f- C 


The equation to the vortex is, therefore, 


2 = C" log tn (<f> - iiK') + C'". 
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VI On the Extension and Flexure of Cylindrical and Spherical Thin Elastic Shells 

By A & Basset, 21 A, FES 


.Receixed Decembei 9,—Read December 19, 1889 


1 The various theones of thm elastic shells which have hitheito been pioposed have 
been discussed by Mr Love"* m a lecent memoir, and it appears that most, if not all of 
them, depend upon the assumption that the three sti esses which are usually denoted 
by It, S, T are zero but, as I ha\e recently pointed out,t a veiy cursoiy examination 
of the subject is sufficient to show that this assumption cannot be rigorously tiue It 
can, however, be proved that, when the external surfaces of a plane plate aie not sub¬ 
jected to pressure or tangential stress, these stresses depend upon cjuantities propor¬ 
tional to the square of the thickness, and whenever this is the case they may be tieated 
as zero m calculating the expiession for the potential energy due to strain, because 
they give rise to terms proportional to the fifth powei of the thickness, which may be 
neglected, since it is usually unnecessary to retain poweis of the thickness higher 
than the cube It will also, m the piesent paper, be shown by an indirect method 
that a similar proposition is true m the case of cylindrical and spherical shells, and, 
therefore, the fundamental hypothesis upon which Mr Love has based his theory, 
although unsatisfactory as an assumption, leads to coriect results. A geneial expiession 
for the potential energy due to strain m curvilinear coordinates has also been obtained 
by Mi Love, and the equations of motion and the boundary conditions have been 
deduced therefrom by means ot the Pimciple of Vntual Work, and if this expiession 
and the equations to which it leads were coireet, it would be unnecessary to propose 
a fresh theory of thm shells , but although those portions of Mr. Love’s results which 
depend upon the thickness of the shell are undoubtedly correct, yet, for reasons which 
will be more fully stated hereafter, I am of opinion that the teims which depend upon 
the cube of thickness aie not strictly accurate, inasmuch as he has omitted to take 
into account se\eral terms of this order, both m the expression for the potential 
energy and elsewheie His preliminary analysis is also of an exceedingly complicated 
character 

2 Throughout the present paper the notation of Thomson and Tait’s “ Natural 
Philosophy ” will be employed for stresses and elastic constants, but, for the purpose 

* * Plnl Trans A, 1888, p 491 

-j* ‘ London Math. Soc Proc vol 21, p 33 

3 K 
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of facilitating comparison, Mr Love’s notation will be employed for strains and 
directions It will also be convenient to denote the values of the various quantities 
involved, at a point P on the middle surface of the shell by unaccented letters, and 
the values of the same quantities at a point P' on the normal at P, whose distance 
from P is h\ by accented letters The radius of the shell will also be denoted by a, 
and its thickness by 2 h 

The theoiy which it is proposed to develop for cylindrical and spherical shells 
is identical except in matters of detad, with the theory of plane plates which I 
recently communicated to the London Mathematical Society,* but tor the sake of 
completeness a short outline will he given 



In the figure let O AL B be a small curvilinear rectangle described on the middle 
surface of the shell, of which the sides are lines of curvature ; and let us consider 
a small element of the shell bounded by the external suifaces, and the four planes 
passing through the sides of this rectangle, which are perpendicular to the middle 
surface 

The resultant stresses per unit of length which act upon the element, and which are 
due to the action of contiguous portions of the shell, are completely specified by the 
following quantities ; viz , across the section AD, 

Tj = a tension across AD parallel to OA, 

M 3 = a tangential shearing stress along AD, 

N 2 = a normal shearing stress parallel to OC, 

G 2 = a flexural couple fiom C to A, whose axis is parallel to AD, 

Hj = a torsional couple from B to C, whose axis is parallel to OA 

Similarly the resultant stresses per unit of length which act across the section BD are, 

T 2 = a tension across BD parallel to OB, 

M 1 = a tangential shearing stress along BD, 

N x = a normal shearing stress parallel to OC, 

Gj = a flexural couple from B to C, whose axis is parallel to BD, 
ff 2 = a torsional couple from C to A, whose axis is parallel to OB. 


* f London Math Soc Proc vol 21, p 33 
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If the edges AD, BD were of finite length, theie would also be a couple whose axis 
is parallel to the normal, hut since this couple is proportional to the cube of the edge, 
it vanishes m companson with the other stresses when the rectangle OADB is 
indefinitely diminished 

"We shall denote the components of the boddy forces per unit of mass m the 
directions OA, OB, OC by X, Y, Z , hut for reasons which wnll be more fully explained 
hereafter, we shall suppose that these forces anse solely from external causes, such as 
gravity and the like All foices arising from pressuies 01 tangential stres&es apphed 
to the surface of the shell will be expressly excluded 

The first step is to write down the equations of motion of an element of the shell 
in terms of the sectional stresses,* which can be done bv the usual methods , we shall 
thus obtain six equations, three of which are foimed by resolving the forces parallel 
to OA, OB, OC, and three moie by taking moments about these lines 

These equations will not, however, enable us to solve any statical or dynamical 
problems , m order to do this we requne the equations of motion m terms of the dis¬ 
placement of a point on the middle suiface and them space variations with respect to 
the cooidmates of that point 

3. The values at P' of all the quantities with which we aie concerned are functions 
of the position of P', and are, therefoie, functions of (r, z, <f >) or (;, 8 } cj>), according 
as the shell is cylindrical or spherical If, therefore, (St' be the value of any such 
quantity at P', and (St the value of the same quantity at the pomt P, which is the 
piojection of P' on the middle surface, it follows that 

<*Et' = F (r) = F (a + h') 



by Taylor’s theorem, where the brackets are emplojed, as will be done throughout 
this paper, to denote the values of the differential coefficients at the middle surface 
wffiei e r — a 

Objections have been raised by Saint-Yen ant and endorsed by Mi Love, to the 
supposition that the first few terms of the expansion by Taylors theorem of the 
quantities involved may be taken as a sufficient approximation If, however, this 
objection were valid, it would appear to me to upset the gieatei part of most physical 
investigations , mismuch as it is always assumed as a geneial principle, that when a 
quantity is known to be a function of the position of a point P its value at a neigh¬ 
bouring point P' may be obtained by Taylor’s theorem, unless some physical 
discontinuity exists in passing from P to P'. If, therefoie, we put = It, we may 
write 

It' = A + Ajh' + iAA'- + - - (2) 

where the A’s are functions of the position of P and also of the thickness of the shell. 
* tSee Bezant “ On the Eqmhbiium of a Bent Lamina,” ‘ Quart Jo urn Math vul I, p 12. 

3 K 2 
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A question which is of fundamental impoitance m the theoiy now arises, as to the 
way m which the A’s depend upon h 

If HZ’ were of the order of the square of the thickness, it is evident that A and A x 
could not contain any powets of h lower than the second and first respectively, whilst 
A^ could not contain any negative power of h The A’s are entirely unknown 
quantities, and as there appears to be no possibility of determining them by an a 
pnon method, it seems hopeless to attempt to constiuct any theory of thin shells 
without the aid of some assumption which will enable us to get rid of them If how¬ 
ever, we assume, as has been ’practically done by pi evwus writers, that, when the 
surfaces of the shell are not subjected to any surface forces such as pressures or 
tangential stresses, It' and also* S' and T', so far as they depend on h and li, are 
capable of being expressed m the form 

v 2 + + . . u n + 

where u u is a homogeneous n-tic function of h and hf, the problem can be completely 
solved without attempting to determine by any a priori method the values of any 
unknown quantities, and upon this fundamental hypothesis the theory of the present 
paper will be based 

Theie is some chrect evidence of the truth of this hypothesis In the case of a 
plane plate of infinite extent, it can be proved to be true by means of the general 
equations of motion of an elastic solid f and for the pm pose of testing the hypothesis 
in the case of a curved shell, I have recently investigated to a second approximation, 
so as to obtain the term in Ir, the period of the radial vibrations of an indefinitely 
long eylindncal shell, by means of the general equations, and also by means of the 
theory of thin shells, and both results agree t But far the most conclusive evidence 
in favour of the truth of the hypothesis is furnished by the results to which it leads , 
and I have, theiefore, conducted the following investigation m such a manner as to 
furnish a test of the correctness of the final results, and consequently of the funda¬ 
mental hypothesis by means of which they are deduced. 

Having obtained the equations of motion of a cylindrical and a spherical shell m 
terms of the sectional stresses, all these stiesses are then calculated by a dneet method, 
with the exception of the tensions T ls T-,, which cannot be calculated dmectly, 
since they involve the unknown quantities A and A 2 After that the potential eneigv 
and the other constituents of the variational equation are calculated, and the variation 
worked out by the usual methods The final result, as is always the case in such 
investigations, consists of a line integral and a surface integral, the foimer of which 
determines the values of the sectional stresses in terms of the displacements, and the 
latter of which determines in the same form the three equations of motion. How, if 
the work and the fundamental hypothesis upon "which the theory is based are correct, 

* hard Rayleigh, * London Math Soe Proe vol *20, p 225 , see also vol 21, p 33 
t ‘London 3Lnh. Si c Proe, \oi 21, p 51, 



CYLINDRICAL AND SPHERICAL THIN ELASTIC SHELLS 


437 


the variational equation will give tlie correct values of the tensions T l5 T : , which are 
unknown, and will also repioduce the values of the other stiesses which have been 
obtained directly. This is the first test The second test is furnished by the 
consideration that, if w r e substitute the values of the sectional sti esses which we have 
obtained from the variational equation, m the fiist thiee of our original equations of 
motion in terms of these stresses, "we ought to reproduce the equations of motion in 
terms of the displacements, which have been obtained from the variational equation. 
This is found to be the case both when the shell is cylindrical and when it is spheiical; 
and I therefore think that the fundamental hypothesis is sufficiently established 
Having obtained the values of the sectional stresses, the* boundaiy conditions can be 
deduced by means of Stokes’ theorem, which enables us to piove that it is possible 
to apply a certain distribution of stress to the edge of a thin shell, without producing 
any alteration m the potential eneigy due to sti am 

The fundamental hypothesis that IT, S', T' may be tieated as zero is not true when 
the surfaces of the shell are subjected to external piessures or tangential stresses , for 
if the convex and concave surfaces of the shell weie subjected to pressures lb, EL, the 
value of It' as we pass through the substance of the shell from its exterior to its 
interior surface, must vary fiom — Eh to — II 2 , and consequently (excepting m very 
special cases) It will contain a term independent of the thickness Hence the theoiy 
developed m the present paper is not applicable to problems relating to the collapse 
of boiler flues, or to the communication of the vibrations of a vibrating body to the 
atmosphere In order to obtain a theory which v ould enable such questions to be 
mathematically investigated, it wonld be necessary to lind the values of the additional 
terms m the vanational equation of motion, which depend upon the external 
pressures, and this is a problem which awaits solution. 

It will be convenient briefly to state the notation employed 

In the case of a cylmdncal shell, OA is measured along a geneiating line, and OB 
along a circular section In the case of a spherical shell, OA is measured along a 
- meridian, and OB along a paiallel of latitude 

The three extensional strams along OA, OB, OC are denoted by oq, oq, cr 3 , and the 
three shearing strains about those lines by cq, tbs, rrr 3 TTe shall also use the letters 
X, (a, p , X', j/, p to denote the first and second differential coefficients of oq, oq, tnq 
with respect to r, when r — ct We shall also write 


E = (m — ri)/(m + n), 
= oq + E (oq + oq), 
^ = X + E(X + 1 m), 

&= V + E (V -f /0, 


K = oq -f~ cr 2 , 

3$ = oq -b E (oq -f- oq), 
= P- + E (X fi- /i), 
■T =/*'+ E (*'-4-*0 
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4 Before we can obtain the equations of motion or the potential eneigy, it will be 
necessary to ascertain the values of the fiist and second differential coefficients of the 

a 

displacements with lespect to r when r — a We shall, therefore, proceed to calculate 
these quantities 

Putting X, jx , X', y,' for the values of ( dcrjdr ), (dcr^Jdr) ; ( drcrjdy 2 ), (d?cr 2 jdv 2 ) 
when r = a, we have 


B — (lit ~b 72) O" 3 -j- [lYl — '/l ) (o' 2 "p O’ i) 

= (wi + u) cr 3 + (?n — u) (o - 2 + (T : ) 


+ |('“ + n) (^~j + (m — «) (X + /i)| K 
+ i {(» + >0 (f~r) + (rn - n) (V + Z)}/^ + 

But from (2), 

TV = A + AJi + ±AJi' 2 + 

wffience 

A = (m -j- n) <r 3 + (m — ?i) (oq + 0 - 2 ) ^ 

A 1 = + n ) xj^) + ( m - n ) ^ , 

I 

A, = (m, + n) [~J + (m — n) (V + /)! 


• (3) 

• (4), 

(5), 


where A, A t do not contain any lower powers of A than k~ and h respectively, and 
Aa does not contain any negative povrers of h 

If u , v, w be the component displacements of any point of the substance of the 
shell m the direction z, <£, t } the equations connecting the displacements and strains 
are 


whence if 


cr 


cr *> = 


<To = 


m 


t 

t!T > 


TUT - 


dz 

rU + tt, y 

did 

dr 


dv f v' 1 dw' 

” r dtp 




fib 

tfa/ 


r 


fifo dr 

\du_ dd 
r dtp dz 



E = 


m — n 

~- 3 

m "4^ /t 


K = 0*2 cr 2 
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we obtain 


and 



*\ _ , r 

T, ]- OTl +« 


1 clw (dv , A 

a dp \ dt J m 4- a 


f cPu_ ' 
i dz di 


(?) - 
1 dX 


m ^- ti dz dz [ 


, vr x i cia. 1 E dK 

—j— — — —j— — 

ft a(m + ti) dtp a dtp 




— E (X 4- p) 


J 


EK (3), 



5 We can now obtain the equations of motion m terms of the sectional stresses 
Let cl S be an element of the middle surface whose coordinates aie (a, z, <p), and 
d S' an element of a layer of the shell w'hose coordinates aie (a + z , <i>) > then 
cZS' = (l + h'ja ) ctS If we consider a small element of volume bounded by the two 
external surfaces of the shell, and the foui planes passing through the sides of dS, 
which are peipendicular to the middle suiface, we obtain by resolving parallel 
to OA, 

(T,a 8<f>) Sz + j- (Mj St) S $ = p dS f ^ {if - X) (1 + If a) dlf (10) 

But 

«*=* + v ©+* ;i ' : ©) ■ 


accordingly if we substitute the values of (du/clr) and ( cPu/dr 2 ) from (8) and (9) and 
recollect that all terms which vanish with h may be omitted when multiplied by 1l z , 
the right hand side of (10) becomes 


7C , f -.7 / V \ i i 7 »-rpdK 2 h" chr] 

p <fS|2A (u — X) + -§■ h° E — — -, a ffe | 


Besolvmg parallel to OB, OC, and then taking moments about OA, OB, OC, we 
shall obtain m a similar way five other equations, which, together vith (10) may be 
written 


dT x 1 f/Mj 
dz a dtp 

1 rfT s Kj dU 2 

a dtp ‘ a dz 

dNz 1 dNj 
dz a dtp 

1 dG x , tfHj 


a d$ + Ik + Nl 


dG 3 1 dH 3 _ "XT 
dz * a dtp 2 


f . . . . d K 2P du ] 

= p |2A(.t - X) + ji s Ey, - 

P { 2A d ~ D + 3^ E tf£ + 3«-(" ,1 j} 

f, { z, - Zj - - -^ekJ 

S(|- 2i ' + T ) 


% 

a 


k 


(n) 






440 


HR A B BASSET OX THE EXTENSION AND FLEXURE OF 


These equations "will not enable us to solve the problem m hand, m order to do 
this we requne the equations of motion m terms of the displacements, and also the 
values of the sectional stiesses m terms of the same quantities 

6 The values of the couples, and also the values of M L , M 2 , can be obtained by 
direct calculation , but the values of T 1? T 2 cannot be so obtained, since they involve 
the quantities AJi and A 2 /i 3 , which aie unknown, and winch cannot be neglected We 
shall, theiefoie, be compelled to find the expression for the potential energy, and 
employ the Calculus of Variations 

The following results will, however, be necessary hereafter If P', Q', R', S', T', 
U', be the sti esses at the point a + A', z, <j >, we have 


whence 


Tj« 80 = r P' (o + ;»') 80 dh' 

= L{ p +*' (f)+*(f)}(* + z) a ^ dh - 


T 1 = 2/iP + -j-A 3 


T, = 2hQ + i A 3 t— 


WP' 
„d, 2 , 

urn 

d H 


+ 


2 Jd /dP\ 
oa \fZ?’ / 




2 7 ild /dxsT^ 


Ml = 2+ § nV (^ 

G i = — I ** (f) 

L \dr J a) 

H,= - f »A S iY +- 3 1 

1 d \ \ dr ) 1 a, j 


H, = 4 nh? 


f r/cc A 

\dT) 


( 12 ) 


From the third, fourth, and last of these we see that (Mi — M 2 ) a — H 2 , as ought 
to be the case. 

Let 

— CTi + E, {cr^ ~b &%)> 3$ = er 2 4- E (oq -4- tr 2 ) 

tc = k + E (X + /.), $ = p -f E (A + 

Then, in the terms multiplied by A 3 , we may put 

P = Q = 2 


(f) = {f) = ^. 


(13). 
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whence, if p — (dzs s /dr), the last four of (12) become 



Since the couples are proportional to the cube of the thickness, it follows from the 
fourth and fifth of (11), that the noimal shearing stiesses jST 19 N 2 are also proportional 
to the cube of the thickness, and therefoie the teims of lowest order m the expies- 
sions for the shearing stiains nr/, tbs' aie quadratic functions of h and li, since such 
functions when mtegiated thiough a section of the shell, give rise to quantities 
proportional to the cube of the thickness This is consistent with the fundamental 
hypothesis. 

The next thing is to calculate the values of the quantities X, p, p 
Fiom the first and fifth of (6) we obtain 


X = 



dho 




3 


and, since the terms m X are all multiplied by h 3 , we may put 



dz- 


(15) 


Similarly from the second and fourth of (6) we obtain 


Lastly, 


or 



( 16 ) 


(17). 


XVe have, therefore, completely determined the values of the couples m terms of 
known quantities 

We shall also require the values of (d 2 cr l /d? ,z ), (< drcrJdr ), (<Fm 3 fdr'') 7 the first two of 
which we have denoted by p ; and the last of which we shall denote by p. The 
values of these quantities can, by a similar process, he shown to be 


X' 




2^ EiPK_E , 

a ^ « 3 d $ 2 " ^ ^ M 




or 


a 

<PK 


£_L_^_Lr5_ 

a' a 2 ‘ a dzdc{> 


3 L 


(IS). 


MDCCCXC.—A. 
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Equation (17) and the last of (18), combined with the third and fourth of ( 12 ), 
determine the values of M 1? Mo 

It will he desirable to point out at this stage of the investigation, that we have 
obtained matenals for the complete solution of any problem m which T x and u are 
zero, and none of the quantities are functions of z The boundary conditions at a 
free edge will be discussed in § 11 , and the reader who does not wish to be tioubled 
with the long analytical process of finding the potential energy and working out the 
variational equation of motion, may pass at once to § 10 , and the following sections 
where certain problems of a fairly simple kind are discussed 

7 We must now find the potential energy due to strain. 

By the ordinary foimula, the potential energy of a portion of the shell is 

W = +»)&'» 

+ n {ct / 3 + OT 3' 3 + ct / 2 — 4 (cr ycr 2 4- cr/og' + CTg'oq')}] (l + h'/a) dh'dS (19), 


where the integration with respect to z and cf> extends over the middle surface of 
the portion considered In evaluatmg this expression we may at once omit ct 2 ', 
for since they are quadratic functions of h and h\ they will give nse to terms which 
are proportional to h 5 , which are to be neglected. 

Since 


it follows that 


A 7 


— A h 



+ W 2 



4- - - 


A 

2 


(m+ »)jVA' 2 (l +AW 

=(«+«){**+* w (f )*+i * a (f)+f a (f ); 


from which it is seen that W is expressible in a series of odd powders of h 
From (5) we obtain 

A = (l — E) (cr^ 4“ 2 ) 4 - j 

x /vii u m + n 


(^) = 0-=)(x + f)+^A-. 


\dr} 
[& A 


V^r 3 ) ~~ ^ + P') + 


m + n 
A a 


m + n 


and, therefore, the portion of W per unit of area of the middle surface, which depends 
upon A', is 
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Am? f 

~{ h (o-i + 0-2 + ±/2nf + i V (X + /* + Aj/2:i)= 

97,3 

4 i^ 3 (o-i 4 cr 2 4 A/2n) (V + /x' + A 2 /2/i) + ^-(ctj -f cr, 4 A/2/i)(X4 /x 4 A^a) j (20) 

m which in the last three terms we may omit the A’s since they are multiplied by h J 
Again 

o" i'cr 2 (1 4 A/«) = CTjtr^ + Xfih' 2 -f- -|(X'cr 2 4 jjfcr^h'" -{- (X(r 2 4 /xcrj) /A/'Y 4 
whence 

2?iJ o■ 1 , t^ 2 , (1 4 /y/«) dh' = 4‘?iAcr 1 cr 3 4 A nJt?\jjL 4 -j ?Ji 3 (X'cr, 4 ft'o-j) 

+ ( Xcr 2 + ( 21 ) 

Also 


(o-/ 4* °V (1 4 ^AO = (<Ll 4 cr 2 ) cr 3 + 7A (X 4 /x) ^ 4- \h' 2 (X 4 /x') cr 3 

+ 2 h'* (o’! 4- 0- 2 ) 4 — |(X 4- H) CTs 4- (<Ll 4 °*2) i|: 


whence 


2n \_ A (°V + °V) ^ (! + A7«) dh' = 4 ?i/i (o-! 4- o- 2 ) ~ i - E (o-j 4 02) j 


— f?ift s E(X4/x) 3 — (cr j 4" o" o) (X 7 4 ft) 


8 /A 5 

3a 


E(X 4 -^)(a'i 4 cr 2 ) ( 22 ) 


Lastly 


k n \ W 2 (1 + ^7«) dh' — nhzs£ 4 -J ?iA 3 _p 3 4 i 4- nt~ w s p (23) 

J —A 


Substituting from (20), (21), (22), (23) m (19), it will be found that the teim Ah , 
which is (or at any rate may be) proportional to 7i 3 , disappears; and thus the value 
of the potential energy per unit of the area of the middle surface is 

W = 2 nil {oy 3 4 a} 4 E (oy 4- cr 2 ) 2 + i sr 2 } 

4 %nlP {X 4 p 2 4 E (X 4 4 4 p 2 } 

4!^(^'+^4^/) 

+ f- a («* + »/* + W) • ■ • ( 21 ), 

in which ct is written for cr 3 , the suffix being no longer required. 

This is the expression for the potential energy as far as the term involving h & . The 
first term depends solely upon the extension of the middle surface; the second term 
depends principally upon the quantities by which the bending is specified, and the 

3 h 2 
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third and fourth consist of the pioducts of the extensions and the quantities which 
principally depend upon the bending 

8, Having obtained the value of the potential energy, we must m the next place 
form the vanational equation of motion This equation may symbolically be written 

SW + SC =. SU + SH (25), 

wheie SC is the term which depends upon the time variations of the displacements, 
SU is the woik done by the bodily forces, and SfL represents the work done upon the 
edges of the poition of the shell considered, m producing the displacements, Sw, Sw, Sw, 
by the forces arising from the action of contiguous portions of the shell It, therefore, 
follows that SfL is a lme integral taken round the edge of the portion of the shell 
which is bemg considered, and as one of our objects is to calcidate the values of the 
sectional stresses m terms of the displacements by means of (25), it will be convenient 
to apply the variational equation to a curvilinear rectangle bounded by four lines of 
curvature. 

We must now calculate SC We have 


SC = p j'j'j" {v! Su' v' 8v + w ' 8m/) (1 4- h'/a) dh' dS 


How 
r* 


W (1 + m dh' = 2hu Su + f h* | 0 + i » (u ^ + 08b) 

2h z ( dhu du 

+ ^{ u lF + ~ 


^ + ^8 u) 
dr ) 


= 2 hub 8u + f A 3 


dw d&w . , T / cZSK . c7K 


dz dz 




Y * +^ s “ 


U 


2W { dSiv 

— u 




3a V dz 

by (8) and (9 b Treating the other terms in a similar way, we shall find that the 
value of SC is 


SC = 2 ph j|(w Sw + ^ Sw w S iv) d$ 

q_ 1 tdw *4 fdho 


1 (dw 

dz dz a? \d<p V J 


d<t> 


Sw) + E-K Sk| dS, 


+ l \J \u ® + - a ^ _ w (SX. + 8*0 + ~ Su + \ ^ Si- - (i + h) Sw} 


%ptf 

8 w 


4 -E(wSH4-f 8w)jdS , . (26). 
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We must, m the next place, calculate SH We have 

sa = IJ* k (F Su' + U' Si/) {d + h')dk' d<j> + |p ; (Q' Sr' + U' Su') dh' dz 

+ |n,Sic/cs d<j> + | N x S:e> . . . . . . ( 27 ) 

From the way m which StE has been calculated, we see from (3), (9), and (J2), that 

I^P' s«' (1 + h'/a) dh' - Tj Sit + G,+ i /i 3 P 

= T l Su — G, v -f I nh 3 — 

O v Cl z 


Treating the other terms m a similar way, we find 

Sa = |{T 1 S« + M 3 S«+N, Sin - G s ^ f (f= - si.) 


+ i nh*m ^ + 


d&K . «7? s Era dSK ] 


+ [ {m, Su + T 3 St; + N x Sia + f (j~ - 8») - H, 


oa 

dhio 


d(f) 


d<f> 


2 /i)v 


dSK 


+ ^ ^ + + ntfE*r 


3a 


S<£ 


//.se: i 

* ] 




(28). 


Lastly, since the shell is supposed to be so thin that X, Y , Z, may be treated as 
constants during the integration with respect to Ji, 


SU = 


P HI (X S u’ + Y Su' + Z Sic') (1 + h'/a) clh' dS 
= 2pkff(X Su + YSv + Z Sic )dS 

+ ||{x + | ^ - Z (SX + s^)} dS 

_ 2p^ s j-r r x fffiic r /asw _ g \ +ZEgK l 

da JJ l dz a \d<j> f j 


(29). 


9. We have now obtained all the materials for the complete solution of the problem, 
and we shall pioceed to work out the variation in the ordinary way. 

Let us denote the four terms of the expression for W given in (24), when 
integrated over a curvilinear rectangle bounded by four lines of curvature, by W lf W 2 , 
W s , W 4 . Then 

SWj = ink + 3$So- 2 + ^ TrrSrrr) GO dz d<j> 
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Substituting the values of er l5 cr 2 , ra- from the first, second, and. sixth of (6), and 
integrating by parts we shall obtain 


SW 2 = 4?iA (ffcSw -f- 2 tt$v) a d<fc + Anh otSw -+- $$8v) dz 




+ 


am 

\a d<j) 


+ 2 Bv ~ — Sw\a dz dcf> (30) 

CL£ J CL J 


Now SW 2 , SW s , SW 4 depend upon A s , if therefore we substitute m (25) the value 
of 8W X from (30), and the portions of STJ, and 8%, which depend upon A, we shall 
obtain the approximate equations 


and 


T x = 4 nh ft, T a = 4 nh 33 

M x = M s = 2 nhm 


[d& 1 dvj\ 

pu = 2 n + 2a —j + pX 

/I C^33 T dvs\ , r 

2n (a!t+^) + P Y 


( 31 ), 


pv 

pw 


= — 2 nl&/a, -f pZ 


(32) 


These equations are the same as those obtained by Mr Love,* and which aie 

employed by him in discussing the vibrations of a cylindrical shell The complete 

* * * 

equations giving pu, pv, pw in terms of the displacements and them space variations 
contain certain additional terms involving A 3 (since the common factor A disappears) 
which it is our object to determine, but, since we do not retain terms higher than A 3 , 
we may, if convenient, substitute the above approximate values m all terms of (25) 
which are multiplied by A 3 . 

Again 

SW 3 = f nW j'j"(IE SA -|- $ 8p -j- \p hp) a dz d<j> 


Substituting the values of X, p, p from (15), (16), and (17), we obtain 
SX dz d<f, = — fjlE ~ dz d<f, 

also 


(33), 


* Fiil- Trans, A,, 1888, pp 538 and 540. Equations (32) correspond, to Love’s equations (86), 
(87), and (8S) $ and (31) to (101). 
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Jjdf Sji dz d^> - - aS jjxfP | ^ + Siu + E (a ^ + ~ + 8»)} cfc ety 

= - f - f£ 8» + 

+ MH Ea f S “ + E ^ Sv - (^ + ^ + E ^) 8 "’}* d * 

and 


J | p §p dz d(j) = 




a 


fP&O , 7 , 

?Mi d * d +- 


(34). 


The last integral can be evaluated m two different ways, according as we integrate, 
first, with respect to <f>, and secondly, with respect to z; or first with respect to z, 
and secondly with respect to <f> The proper way to deal with such a teim is, to 
evaluate the integral m both ways, and then multiply the two values by j3 and 1 — J3 } 
and add, where j8 is a quantity which must be determined fiom the conditions of the 
problem m hand "We shall thus find that the value of ft is J , we therefore obtain 

i j]p Sj> dz dfi = T ^(p Sv + 8w - p d4 

-b\(? 8u - a d £* w + a p‘iii) dz 

+ b\\{Z Su ~ a fj v - 2a £k Sw ) d3d,l> (35) 


Collecting all the terms together from (33), (34), and (35), we finally obtain 


SW» = 


»-■!{-**+(f +i%y —«w - 

+ ?*!=({- ^ 3 . - ° ^ + , E> ^ 3 " + 




+^S s “+(!“-*S) s ' 


(Be). 
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Let 

m = X' + E (V + A dT = /*' + E (V 4-g) (37), 

then 

SW 3 = f Wi^fl&'Soq + d^So® + i P 'Sbt fi- gtSA' 4- 4- i wSp') cZS, 

from this result, together with (24), it is seen that 8W 3 and 8W 4 each consist 
of two parts, which may be denoted by SW 3 ', 8W 3 " and SW 4 ', SW 4 " respectively The 
values of SW 3 ' and SW 4 ' may at once be written down from (30), by changing ft, 33, 
ct into 12', dF, p' and 15, dF p lespectively, and by altering the coefficients from A.nh 
into and 4i?/i 3 /3« respectively. With legard to SW 3 // we have 

sw 3 " = sx + as v + £ P ')rfs. 

Substituting the value of A' from (18) and integrating once by parts, we obtain 

j[asx'ds = jjE&^grdS 

= E ad<j> - E ^ dS 

Treating the other terms in a similar way, we shall finally obtain 


SW 3 " 


: |(, + fz,eP)ad t .+\(^m‘B + i 


+ I 


23$8/a 4" y~ (8w — aSp) IdS , . 


• (38) 


If in the first surface integral in this equation, we substitute the approximate values 
of the coefficients of dSK/ds, &c , from (32). which we may do, since this integral is 
multiplied by h\ and then substitute the values of SWF, 8®, SU, and SU in (25), it 
will be found that all the terms involving dSK/dz, d$K./d(j>, and SA -J- 8 /a cut out; we 
are, therefore, no longer concerned with them, and the value of B'Wq" reduces to the 
last line. On this understanding we may, therefore, write 
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We are now m a position to test the conectness of some of our work foi picking 
out the terms involving dSw/d<f> — Sv, clBic/clz in the line integrals m (36) and (39), 
and equating them to the corresponding teims m the value of S?L which is given by 
(28), we see that we have lepioduced the values of the couples, which we have 
already obtained m equation (14). We may therefore leave the couple terms out 
henceforth 

Collecting all our results from (2b), (28), (29), and (39) the vauational equation 
becomes 


SWl + sw s + s'wy +sw; + ^{} jf ^ ± % (§ - Sv)}*s 

+ 2 ph j" | (uSu -f- vSu + w8w) dS 

2v )(t - 

+ (j S« + l ^ ~ ( x + fO SjfJcB 

- 2 -im 

= 2pAj](XS« + Y8® + Z8w)dS - + 7, “ Sv ) + ZE SK } ds 

+ f (T, Su + M,Sv + N 2 Sto) od</> +j (Mj 8 u + T„ Sv + Nj Si«) dz . (40) 


where the values of SW 1 , SW 3 are given by (30) and (36), and the values ot cW 3 
SW/ are obtained from (30) by changing certain letters as we have explained abo\e 
We have now got nd of all the terms involving the second differential coefficients 
of Suj Sv, 8 w, and all that now remains to be done is to integrate by parts the terms 
which involve the first differential coefficients Putting 


2?t dM . dio v X 
pa dz dz a a 





n dm 1 fdw 
pa dz a \d<j) 




y = E (EK - ir /a + Z/a) ... (41), 

we have 


3 M 


MDCCCCX —A. 
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i &%**-£ + * If-t-v**)** 

= SM + aSie) a d<j> + % ph 3 |(y So + P bio) dz 

-1 <*■ IIIs ! “ + \ % >'+(S + i I -;) *•}« 


(42) 


Substituting the values of SW ]3 SW 2 , SWs', SW/, and the right hand side of (42) 
m (40), and picking out the line integral terms, we obtain the following equations 
foi the sectional stresses, viz , 


inh'A - —E# + f ahW + ^ E («EK - iff + Z) 

OCl 


oCt 


T, 

M, 

N, 

G, = f nlv (15 + 

H, 


OCt 


2nhrz + i nhy + p 

4 ,«/<*£ , 1 d>>\ , 4 ah" im , 9 z , 

3 + 2", 4) + ^^7+3 ph 


3 I dIV u X N i 

rL « r /) 


i 

!> 


a" 


Of 


I»v(p+=) 


which give the values of the sectional stresses across a circular section , and 


— 2uhvs 4-1 nh 3 p 
T, 


*■> 


4nft33 - ^ Ed? + t nh*& + ^ E (aEK - iff + Z) 


N, 

Gi 

H, 


»-ei+*f)+ 

— | »/r 3 dF 

§ nlv’p 


3 a 

2 nh'i* 2 ph'/in • y' 

3a dz 3ft j 


i 

> 


(13) 


( 44 ) 


which give the values of the sectional stresses across a meridian 

If we compare these equations with the third and fourth of (12). with (14), and with 
the fourth and fifth of (11), we see that we have reproduced (i) the values of M l3 M s 
given by (12); (n.) the values of the couples given by (14); (hi) the values of the normal 
shearing stresses which are obtained from the fourth and fifth of (11), by substituting 
the values of the couples from (14) We have thus subjected our fundamental 
hypothesis to a fairly searching test. It is, however, in our power to subject it to a 
still further test; for if we equate the coefficients of Su, S-y, S w in the surface integrals 
in (40) and (42), we shall obtain the equations of motion in terms of the displacements, 
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and on substituting the values of the sectional stiesses from (43) and (44), in the first 
three of (11), we ought to lepioduce the equations of motion in terms of the displace¬ 
ments which we have obtained from the variational equation 

From (30), (36), (40), and (42) it follows that these equations aie 


p 1 2 (ll — X) + \lr 


: E 
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ch 


2If (ht 
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rf 3 /? ' 
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2nh~ 4/i/i 3 rZ /<Z^ 1 fZcrX 0 ,, d /dw v 

“ "IT ^ 4 dz\fc + U 0$) + 3 dz \Tz ~ a + aj 

+ —' tAjL - 2® + y) - ^E(„EK - 'w + Z) 
oct M dtp \d<p ) oa~ v ' 


(46). 


O') 


If we compare these equations with the equations obtained by substituting 
the values of the sectional stresses in the first line of (11), it will be found that 
they agree m every respect 

10, It will hereafter be necessary to consider certain problems in which the middle 
surface is supposed to experience no extension or contraction throughout the motion ; 
and it will, therefore, he necessary to obtain the requisite equations when this is 
supposed to be the case. 

The conditions of inextensibility are 


or 


dit 

dz 


0, 


otj = 0, o* 2 = 0, to = 0 , 

dv 


chj> 


4- w — o, 
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du , dv 

y, 4- « 7 — 0 
a<f> dz 


(48), 



452 


MR A. B BASSET OJST THE EXTENSION" AND FLEXURE OF 


which lequne that 

u = U a, v = 


a<p 


rf-U clY 




clef) 2 clef) 


(«). 


where U and Y are functions of <f> alone 

In this case the potential energy reduces to the second line alone, and from (15), 
(16) and (17) we obtain 


k 

P 


= 0 


1 


1 [d?w , 

— ( TUT “1” w 
a- \dcp~ 

2 / d?w dv 

a \dzd<f> dz 


(50) 


and from (24) 
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___ -InlP r 
— 3a 2 [a 3 


9/1 


(m -f n) \d(f) 


cPw V 
2 + W) + 


J 




(51), 


which agrees with the expression obtained by Lord Rayleigh 
Also from (14) 




The values of the stresses M 1} M 2 may be obtained either from (43) and (14), or 
from (12) combined with (15), (16), (17), and (18) by introducing the conditions of 
inextensibility , and the values of T-,, T 3 might be calculated by taking the variation 
subject to the conditions of ^extensibility, and using indeterminate multipliers 
This process would not, however, be of much assistance, masmuch as it would intro¬ 
duce two undetermined quantities into the values of T x , T 2 , which depend upon the 
boundary conditions, whereas m this case the values of T x , T 2 can be obtained directly 
from the first and third of (31) combined with (49). The values of N 1} N 2 are given 
by the fourth and fifth of (11) combined with (50) and (52). 

11 We must lastly consider the boundary conditions. 

Equations (43) and (44) determine the stresses on the line elements ad<f> and dz 
respectively, which are produced by the action of contiguous portions of the shell; 
and it might at first sight appear, as was supposed by Poisson ,t that when a shell 


* ‘ Roy. Soc Proe.,’ vol 45, p 116 

f 1 Pans, Acad des Sciences, Meraoires , 3 1829, vol. 8, p. 357 
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of finite dimensions is under the influence of forces and couples applied to its edges, 
these equations would give the values of such forces 01 couples, and that the 
conditions to be satisfied at a fiee edge would requne that each of the above five 
stresses should vanish at a free edge Ejrchhoff ' has, however, shown that this is 
not the case, but that the boundaiy conditions are only four m number, and the 
reason of this is, that it is possible to apply a ceitam distubution of stie^s to the edge 
of a shell, without producing any alteiation in the potential energy. 

By Stokes’ theorem, 



dW 

dz 


Sir + H' 




the integration extending round any curvilinear rectangle hounded by foni lines of 
curvature OA, AT), DB, BA If, therefore, we apply to the side AD the stiesses 


M; = H'/ct, 



1 dll’ 
a dcf) ’ 



to the side DB the stresses 




and to the sides BO, OA, corresponding and opposite stresses respectively, the 
preceding integral becomes 


C|m 3 ' Sj’ 4 Sw + 


H/ fdSw 
a \ dcf) 




which shows that the work done by these stresses is zero. Such a system of stresses 
may, therefoie, be applied or removed without interfering with the equilibrium or 

motion of the shell 

Let us now suppose that the rectangle OADB, instead of being undei the action of 
the remainder of the shell, is isolated, and that its state of strain is maintained by 
means of constiainmg stresses applied to its edges, then it follows that if, instead of 
the torsional couples H l5 H,, due to the action of contiguous portions of the shell, we 
apply toisional couples "where 

mi = Hi + H' 

% = H 3 - H' 


* ‘ ObelIiE,’ vol 40, p. 51, 1850, and Collected Works, p 237 


(53), 
. (54), 
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the state of strain will remain unchanged, provided we apply in addition the stresses 

= Ml -J- jCL 

gt, = N, + 1 fr f (55: 

x - - a d<fi 

and r 

■ft = N, + f- (56) : 

whence, eliminating W between (53), (55), and (54), (56) i espectively, we obtain 


2« — Sh — M s ct — Hi 

,3 * _ XT 1 


± _ jq- _j: 

tv dty ^ a city 


^ 1 + ® = N 1 + f* 


(57). 


(58). 


In these equations the Roman letters denote the stresses due to the action of 
contiguous portions of the shell, whose values are given by (43) and (44), whilst 
the Old English letters denote the values of the actual stresses applied to the 
boundary If, therefore, the shell consists of a portion of a cylinder which is bounded 
by four lines of curvature and whose edges are free, the boundary conditions along 
the circular edges are obtained by equating the right hand sides of the first and 
fourth of (43), and the right hand sides of (57) to zero, the first two of which express 
the condition that the tension perpendiculai to, and the flexural couple about, a line 
element of the circular edge must vanish when the edge is free; and the boundary 
conditions along the straight edge are similarly obtained by equating the right hand 
sides of the first, second, and fourth of (44), and the light hand side of (58) to zero, 
the first three of which express the conditions that the tangential shearing stress, the 
tension and the flexural couple must vanish when the free edge is a generatmg line. 
We may also, if we do not wish to introduce the time and the bodily forces into these 
equations, substitute for u — X, v — Y, w — Z their approximate values from (32) 

12. We have now obtained all the materials we require, for a perfectly accuiate 
approximate solution of any problem relating to the vibrations of a thin cylindrical 
shell as far as the terms involving the cube of the thickness, hut before proceeding 
to discuss any problems, it will be necessary to make some remarks respecting 
Mr. Love’s paper. The first line of my expression for the potential energy which is 
given in (24), and which involves h and not A 3 , agrees with the expression obtained by 
Mr. Love and other writers; also the approximate equations of motion (32) agree, as 
has been already pointed out, with the corresponding equations obtained by him, and 
by means of which he has discussed the extensional vibrations of a cylinder. It will 
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also hereafter appear, that observations of a precisely similar character apply to the 
corresponding equations which deteimme to a fiist approximation the extensional 
vibrations of a sphencal shell This portion of his papei therefoie appeals to be pei- 
fectly satisfactory , but that portion which involves the terms depending upon the 
cube of the thickness is open to criticism. 

In the first place, he appears to have employed a system of rectangular axes, con¬ 
sisting of the normal at a point on the middle surface, and the tangents to the two 
lines of curvature through that point Now, although it is immaterial, so long as 
we confine our attention to infinitesimals of the fii&t order, whether a quantity is 
measured along the tangents to thiee orthogonal curves or along the curves them¬ 
selves, yet when it is necessary to take into consideration infinitesimals of higher 
orders, which is always the case whenever an investigation involves changes of 
curvature, a method m which eveiything is referred to rectangular axes requires care , 
and on comparing the teims in /i 3 m (24) with the corresponding terms in Mr Love's 
expression for the potential energy, it will be seen that he has omitted seveial terms 
which involve the extensions of the middle surface, which partly, although not 
entirely, arises from his having omitted the factor 1 -f- h'/a It is not improbable 
that these terms may be small, but at the same time we are not at liberty to neglect 
them altogether , for it is quite evident that a term such as S in the variational 
equation, will give rise to terms m the equations of motion and the equations giving 
the values of the sectional stresses, which do not involve the extension of the middle 
surface 

In the second place, on comparing Mr Love’s variational equation of motion" with 
my equations (25), (26), (28), and (29), it will be seen that he has omitted several 
terms m the expressions for SC, SU, and SfL 

In the third place he states (p. 521) that the extensional quantities oq, cr-^, uf may 
not, m general, be regarded as of a higher order of small quantities than Xj, «q, 
which are the quantities upon which the bending depends The argument of Lord 
Rayleigh! appears to me to show, that at points whose distance from the edge is large 
in comparison with the thickness, the extensional terms are usually small m comparison 
with the teims upon which the bending depends It must be obvious to every one, 
that a thin plate of metal or a steel spring can be bent with the greatest ease by means 
of the fingeis, whereas the production of any extension of the middle suiface which 
would be capable of measurement, would involve consideiable muscular effort. These 
considerations indicate that when a thin shell is vibratmg, the change of curvature is 
so greatly in excess of the extension of the middle surface, that notwithstanding the 
amslWaa of A® compared with, h, the product h 3 (S p- 1 ) 2 is large} compared with 

* ‘Phil Trans ,’ A , 1888, p 514, equation (19). 

t £ Roy Soc Proc ,* yoL 45, p 105 

X The problem discussed in § 14 shows that the product ha* may beol the order A 5 (<7 ~ t )*j except mthe 
neighbourhood of a free edge, but in the equations of motion we hare to deal with the quantities ha and 

h 3 
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the pioduct her. At the same time, inasmuch as the pioduction of change of 
curvature involves some extension or contraction of all but the central layers, and 
consequently of those portions of the shell which aie near its external surface, it does 
not seem umeasonable to suppose that in the neighbourhood of a fiee edge, an exten¬ 
sion or contraction of the middle surface may take place, which is comparable with the 
change of curvature 

In the fourth place, Mr Love appears to have argued as if the equations of 
motion of a shell, whose middle surface undergoes no extension or contiaction 
tkiougkout the motion, might be obtained from his general equations (30), (31), (32), 
by putting cr 1 = cr 2 = — 0 , but it has already been pointed out, that the correct 

equations foi this kind of motion must be obtained by taking the variation subject 
to the conditions of mextensibility, and introducing indeterminate multipliers It 
will be shown m the next section, that m the case of the flexural vibrations of an 
indefinitely long complete cylindiical shell consideied by Hoppe and Lord Ray¬ 
leigh,'* the differential equation foi the tangential displacement v is of the sixth 
degiee, and that when the cioss section of the shell consists of a circular arc, this 
equation contains sufficient constants to enable all the conditions of the problem to be 
satisfied 

13 The first pioblem which we shall consider will be that of the flexural vibrations 
of an indefinitely long cylinder, m which the displacement of every element lies m a 
plane perpendicular to the axis of the cylinder, and which has been discussed by 
Hoppe and Lord Rayleigh 

In this problem the middle surface is supposed to undergo no extension or contrac¬ 
tion throughout the motion, and the solution is most easily obtained by means of the 
general equations (11). In these equations we must omit all the terms on the right 
hand sides which involve A 3 , for they would, if retained, give rise to a term involving 
h* m the period equation, which must be rejected, since we do not carry the approxi¬ 
mation further than h 2 in determining the period 

We evidently havet Mj = N 3 = TL = 0; also none of the quantities are functions 
of z. The equations of motion are thus 


clT, 
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+ = 2 phciv. 
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* ‘Theory of Sound, 5 vol 1, p 324, 1 Boy. Soc. Prcic vol 43, p 120 Equation (51) 
if W© shftll presently Bee th&t tliese conditions imply a constraint at infinity 
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also the condition of inextensibility gives 


dv 


- f - vj == 


0 


Eliminating N 1? T 2 , and w, and substituting the value of G 2 fiom the fiist of (52), 
we obtain 


whence, putting 
we obtain 


4 mnh? 

Spa 1 (ni + n) 


d?_ , d Y , d\ 

def> s + defy) V + defy 2 



y — + lS ^ 


4 mnhPs 2 (s 2 — l) 2 
3 pad (m + n) (s 2 + 1) 


(59), 


. (60), 


which is the required result. 

If the cylinder is complete, 5 is any integer, unity excluded, but if the cross-section 
of the cyhnder consists of a circular arc of length 2aa, s will not be an integer Its 
values m terms of y? are the six roots of (60), but in order to obtain the frequency 
equation, the value of s in terms of the dimensions and elastic constants is requned 
The additional equations are obtained from the boundary conditions, which have to be 
satisfied along the straight edges of the shell, and these require that the tension T 2 , 
the normal shearing stress N 1} and the flexural couple G 2 should vanish at the edges 
where <£ = i «• 

Since 

„ Snmh 3 

1 3 (m + n) 

wheie 

1 fd?i dv\ 

^ ~ a? \dfi d$) ’ 


the boundary conditions aie obviously 


4 mnh? 


= 0, 

= o 

defy ' 
d 2 p, cPv 

“i "j 


3pa? (m + 71 .) defy 1 d(f> di" 


0. 


These conditions have to be satisfied at each of the edges of the shell where 
= dz and there are, therefore, six equations of condition; hence the six constants 
MDCCCXC - A, 3 N 
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which appear in the solution of (59) can be eliminated and the resulting determinants! 
equation, combined with (60), will give the frequency " 

If a complete cylinder of finrfe length weie vibrating m this manner, it would be 
necessary to satisfy the conditions at the cucular ends, and this would require that 
T-. = 0, G, = o at the ends for all values of , and from the first and fouith of (43) 
we see that this leqmres that /x = 0, or 


whence 


tP’C 


d<jr 


- + W — 0 . 


it — A cos 4) -f- B sm <f> 


foi all values of 4> Since it is impossible to satisfy this condition foi the kmd of motion 
consideied, it follows that when the cylinder is of finite length it would be necessary 
to apply at eveiy point of the circular boundaiy a tension T| and a couple G 2 of the 
requisite amount 

This is the question upon which Lord Rayleigh and Mr Love are at issue, and 
the preceding investigation shows that Mr Love is light m supposing that it is 
impossible to satisfy the boundary conditions along the curved edges of a cylindrical 
shell when these edges are free, although he does not appear to have noticed that it 
is possible to satisfy these conditions when the free edges are generatmg lmes In 
order to obtain a complete mathematical solution of this question, it would be 
necessary to work out the problem of the free vibrations of a complete cylindrical 
shell of given length 2/, which is deformed in such a manner that dvjd<f> -J- iv = 0, 
where v and ic are functions of <f> alone, and is then let go, without assuming that 
the middle surface remains unextended during the subsequent motion. 

Owing unfortunately to the extremely complicated nature of the general 
equations, a rigorous solution of this problem would be exceedingly difficult. We 
shall, however, be able to throw some light upon this question, by solving and 
discussing the following much simpler statical problem 

14. Let us consider a heavy cylindrical shell, whose cross section is a semicircle, 
and which is suspended by means of vertical bands attached to its straight edges, so 
that its axis is horizontal; and let us investigate the state of strain produced by its 
own weight. 

In order to simplify the problem as much as possible, we shall suppose that the 
displacement of every point of the middle surface lies in a plane perpendicular to the 
axis, and we shall afterwards investigate the stresses which must be applied to the 
circular ed^ps, in order to maintain this state of things. 

* [Tins problem is of a similar character to that of a bar, whose natural form is circular, and which 
has been discussed by Lamb. * London Math. See. Proe vol 19, p 365 —June, 1890,] 
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We have 


Y = — g sm (f>, Z = g cos </>, 
whence, if W = 2 gpah, the equations of eqmhbimm are 


l + N^Wsm <£, 
fJ-T 3 =-Weos*, 
5+N lfl = -|wsn^, 

from which we obtain 

'jr? + T 2 = 2W cos <j>, 

the mtegial of which is 

To = A cos <j> + B sin <£ -j- W<£ sm , 


and, therefoi e, 


= A sm </> — B cos — W<£ cos <£ 


Since Nj = 0 when <f> = \ tt, A = 0 , also smce T 2 = \ ttW when — \ 
whence 

T 2 = W <j> sm cf), N 2 = — W<£ cos $ . . 

and, therefore, 

A-S = W« (4> cos $ - A sm 4 .), 

whence 

7r 

Gi = W a (<b sm <f> -j- cos + nh cos <j>) + O. 

* 

Since G, = 0 when $ = $ ir, G = — $Vf ira , accordingly 

G, = Was | <j> sm $ + cos <k ~ 4”-} • 

3 N 2 


, B = 0 , 
• (SO. 


(62) 
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But 

whence 


Gj = — | nh z & — — i nh z (1 4- E) fi 


nJl^fX = — 


^ <f> sin. <f> 4* (l 4" cos & 


1 + E 


a ^ 


Again, if Pt denote the change of curvature along a circular section, so that 


1 fd?w \ 

a = - 5 U? + “7 


we have 

Also by (18) 

and, theiefore, 

dT 




— P, — EcTi/a . 
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(63) , 

(64) . 


(65) 


whence, by the second of (44), 

T, = ink (1 + E) «r, - ~ (1 + E)(8 + SB) /x + |£ (1 + E) B + £ EW oos *. 


tZ^) 2 1 oa 2 


Substituting the values of T 2 and /x from (61) and (64), we obtain 
2nh (1 -b E) |2 <t 3 -p -^r j + i ( 2 + 3E) j<£ sm ^4^1 + cos <j> — i rr j 


4* wir W cos (j) — W<f> sm <f> = 0. 


This equation might, if necessary, be solved by successive approximation, but a 
first approximation will be sufficient. Omitting the terms in h 2 , and recollecting 
that W involves h as a factor, we obtain 


4 nh (1 fi- E) 4- W (cos tf> — i ?r) 4-1 EW (<£ sin <£ 4* cos <£ —- 4 v) — 0 (66), 

whence from (64), (65), and (66), we obtain 


5. —— i 

w- 1 —« 1 

erg a 


_ 3a G w — sin <j> cos 

A 3 {§ *3r — cos ^ E (| 7r —• <ji sin £ — cos £)} 


• • (6?) 
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Since the numerator of this fraction is an even function of <f>, it does not change 
sign with (f> , also the numerator is always positive between the limits ^ tt and — 4 rr, 
and its maximum value occurs when <fr = 0 and is equal to ^ 7r — 1, and its minimum 
value occuis when <j> = \ tt and is equal to zero. We, therefore, see that when = 0, 


and when <j> = ^tt, 


R 

os 


E . 3 cl 

7c~t~ T? ’ 


R E 



Smce the thickness of the shell is supposed to be small compared with its radius, it 
follows that the change of cuivature is large compaied with the extension of the 
middle surface, except when c (i tt — </>) is compaiable with h, i e , m the neighbour¬ 
hood of the straight edges of the shell, and therefore at all points of the shell whose 
distances fiom the edges are large m comparison with its thickness, the teims 
depending upon the product of the change of curvature and the cube of the thickness, 
i e., the ter ms upon which the bending depends, are of the same order as the terms 
depending upon the product of the extension of the middle suiface and the thickness, 
but at points whose distances from the edge are comparable with the thickness of the 
shell, the extension of the middle surface is of the same order as the change of 
curvature, and therefore the terms depending upon the product of the change of 
curvature and the cube of the thickness aie small in comparison with the terms 
depending upon the product of the extension and the thickness 

We shall now calculate the stresses which must be applied to the circular edges in 
order to maintain this particular kind of strain. From (43) we have 

G- 2 = f nh? E (fx + crja) 

Substituting the values of p and o- 2 from (62), (63), and (64), we see that the terms 
m cr 2 may be omitted, and we obtain 

G 2 = — cos (f>) . • • (68), 


which shows that G 2 is positive. 
Also 


2 nh s 


T x = 4 nh E cr 3 - yY E (2 -f 3B) ft 


EW 
1 + E 


<f> sm c p 


■ (69), 


which shows that T, is positive. 

Comparing (68) and (69) with (61) and (62) we see that ratios of the tension 
T, and the couple G,, to T„ and G x are numerically equal to E/(l + E) ; we further 
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see that G 2 is negative, and, therefore, the strain tends to increase the curvature of 
the circular sections. Now when a cylindrical shell is bent about a generating line in 
such a manner that its curvature is increased, all lines parallel to the axis which he 
on the convex side of the middle surface will be contiacted, whilst all such lines 
which he on the concave side will be extended, and this contiaction and extension 
will give rise to a couple about the circular sections which tends to produce anticlastic 
curvature of the generating lines In order to prevent this taking place it is necessary 
to apply at every point of the circular edges a couple G 2 tending to produce synclastic 
curvature, and a tension parallel to the axis, whose values are given by (68) and 
(69) If this couple and tension were lemoved, the middle surface would bend about 
its circular sections, and anticlastic curvature of the generating lines would be pro¬ 
duced, and this would necessarily involve extension or contraction parallel to the axis, 
so that the problem could no longei be treated as one of two dimensions 

It must, however, be within the expenence of everyone that when a thm cylindrical 
shell of finite length, whose cioss section is the aic of a circle, is bent about its 
generating lines, the shell does not assume a saddle-back form, and consequently the 
anticlastic cuivature of the generating lines must he so small as to be inappreciable. 
This cmcumstance furnishes an additional argument m favoui of the supposition that 
the extension of the middle surface is only sensible m the neighbourhood of the free 
edges 

"W"e therefore conclude that if the circular edges were free, some extension oi con¬ 
traction of the middle surface must necessarily take place, but that this extension or 
contraction is small compared with the change of curvature along a cneular section, 
except just m the neighbomhood of the edges From these considerations the infer¬ 
ence is, that if by means of proper constraints applied to the cncular edges, a 
cylindrical shell were enabled to execute the non-extensional vibrations discussed in 
§18, the vibrations would cease to be non-extensiona! if the constraints were 
removed ; but that the amplitudes of those portions of the displacements upon which 
the extension depends, would he very small compared with the amplitudes of those 
portions upon which the change of curvature along a circular section depends, except 
just in the neighbourhood of the edges. Moreover, the theory of plane plates shows, 
that the frequency of the extensional vibrations is expressible* by means of a series of 
even powers of h, commencing with a term independent of h , whilst the frequency of 
the flexural vibrations is expressible by means of a similar series commencing with h 2 . 
It therefore follows, that the pitch of the notes arising from the former class of vibra¬ 
tions, is high compared with the pitch of those arising from the latter class. And. 
although, except under special circumstances, it is not possible in the case of curved 
s hflfis whose edges are free, for these two classes of vibrations to coexist independently, 
as In the case of a plane plate • yet recent investigations show, that the pitch of 

* Lord Ratlxigh, * London MatE Soc. Proc.,’ vol. 20, p. 225 See especially equations (88), (45), 
and (53). 
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notes which mainly depend upon the extension is usually high m comparison with 
the pitch of notes which mainly depend upon bending, and consequently the 
notes arising fiom the former cause, both on account of the smallness of their 
amplitudes and the highness of then pitch, would probably be so feeble m companson 
with those which arise from the latter cause, as to be scarcely capable of producing 
any appreciable effect upon the ear Judging fiom the usual course of such 
investigations, the probable foim of the exact solution of the pioblems suggested 
at the end of § 13 would be that of an infinite senes, the periods of the difteient 
components of which would satisfy a transcendental equation having an infinite 
number of roots , but the preceding considerations point to the conclusion that the 
frequency of the gravest" note given by (60), viz, p 2 — -iSnrnh 2 , opa 4 (m + n), 
although perhaps not ngoiously accurate, is a close approximation to the truth 


Spherical Shells 


15 The fundamental equations for a spherical shell can be investigated m precisely 
the same manner as m the case of a cylindrical shell 

If u', v , id' be the component displacements at any point of the substance of the 
shell in the directions, 0, <f>, r, the equations connecting the displacements and strains 
aie 



o-i = :b + ® 


cr = 


cr q — 


I (did 
r \ d0 

II 1 
7 


vSin 


_ dd 
0 dtj> 


+ u cot 6 + w ^ 


dw 

ch 


7t7 


777 o 


777 


3 - 


r sin $ 

dut ___ 

di 

1 (tie 
7 {dd 


die' dd v 1 

d<f> dr 7 


t 


u 1 dv/ 
r * ? dd 


(i)» 


* [The experiments of Lord Rayleigh, 'Phil MagIan., 1890, show that the effective pitch of a 
bell is usually not the same as that of its gravest tone, and, in the bells which he examined, the fifth 
tone in order was the one which agreed, with the nominal pitch of the bell —June, 1890 j 
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whence 
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fdu 

\dr 

fdv 

\Jr 

r du 

Jr 


v 1 dio 
" a cl dd 


LIU \ U 

— ) = VT 1 +- 


clw 


m + n 


a a sin 6 d(p 

- EK 






also 


/d~v\ 

\d?) 

(£) 
/ driv\ 
\d?) 


!d UJ 2 1 

\dr J a a (ni + n) d$ 


clA. ^ E dK 
a ~dd 


' dmA ^_ 1 elk E dK , 

K dr J ' a a (m + n) sm <£ d<j> a sm 0 clef) > 


_ M 


m + n 


— E (X -f* p) 


t 

j 


(3). 


16 We can now obtain the equations of motion in terms of the sectional stresses. 
If cZS he an element of the middle surface whose coordmates are (a, 9, <£), and 
c?S' an element of a layer of the shell whose coordinates are (a -j- h', 0, <f>), then 
cZS' — (1 + h'la) 2 cZS , whence, if in the figure OA, OB respectively coincide with the 
meridians and circular sections, we obtain by resolving parallel to OA, 

~ (Tj« sin. 0 S</>) 80 - T 2 a cos 0 80 80 + jg 80) 80 + N a a sm 0 80 80 

= p dS I*.(«' - X) (1 + W/af dK (4) 

But 

-■=*+*(?)+**'©)• 

accordingly if we substitute the values of (du/dr) and { d 2 ujdr 2 ) from (2) and (3), and 
recollect that all quantities which vanish with h may be omitted when multiplied by 
h\ the right hand side of (4) becomes 




u 4- 


HE dK 
3 a dd 


4Jd dw 
3a? ~d§ 



Resolving parallel to OB, 00, and then taking moments about OA, OB, OC we 
shall obtain in a similar way five other equations, which, together with (4), may be 
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JO ( T i sm e ) — T 2 cos 6 + ^ + N 3 sm 6 

W - h 2 \ 7t 3 E dK 4A 3 dio ( 

1 + a?) “ + 3^ Te ~ UI= 15 “ 2A ( x + Ta 

( ] r v r ] 

4- jo sm 0) + Mi cos 0 -j- N 2 sm 0 


2h f 1 4- — ] X 1 sin 9, 


-Wi + SW^.4? 


3(7 sm 6 dip 3rr sm 0 dip 


47C rfw / , 7i 2 \ _ T ] . 

W) 3 T - 2 A (l + 5 -,) \ Uff sm 0 , 


|(N,sm^) + 5-( T I + T ,)s l nS 


= { 27 » ( x + 5 ?) ® - i* 3 E (x + ,.) - EK - 2 A (l + £) z }pa sm 0, f 

+ NjC< sm 0 + ^ (H l sm 0) — H 3 cos 0 

= » ^ ( s tb f* - 3b + 2Y ) sm 9 ’ 

— (G 3 sm (9) -f- Gj cos (9 — N 2 a sm 0 + 

= -«(I - 3 " + 2X )* 

(Mi - M,)« - Hj - H 3 = 0 



17 We shall now (as m the case of a cylindrical shell) proceed to obtain the 
values of the couples and the stresses M l3 M 2 by dnect calculation 
We have 

T 2 a sin 6 = [ P' (a h') sin 9 clh '; 

J — h 

whence 



3 o 


MDCCCXC.—A, 
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The third and sixth of these equations satisfy the last of (5) as ought to be the ease 
Also, employing our previous notation, we see that 



Since the couples are proportional to the cube of the thickness, it follows from the 
fouith and fifth of (5) that the normal shearing stresses N x , N 3 aie also pioportional 
to the cube of the thickness, and, therefore, that the sheaung strains are 

quadratic functions of h and h'. 

Employing our previous notation, the next thing is to calculate the quantities 
X, jXy p, X', p\ p\ We have 



„_/AA ___ 2 f cot e — — ^ 

P \ dr j a? sm 8 \ d<j> d6d$) 


in -which equations we have omitted all quantities which vanish with h, because 
X, p, p occur in expressions which are multiplied by h 3 . Similarly 


X' = 




ip 


a 

2p 

a 


+ + 

“ 0 s - + A 1 ) + 


E cPK 
a? 




de- 


E / 1 cP E , . dK\ 

Td^ + cote Te) 1 


a- \sm' 


2E 

a 2 sm 8 



<PK \ 
a10 deb) 


i 




18. The variational equation may be written 

SW + S® = SU + S& 


( 10 ), 


and we must now calculate the values of the four terms m it, and we shall begin 
with W. 

Since we may onnt m\, 7s\, and may, therefore, write vr for ct 3 , the potential energy 
of any portion of the shell is 

W=--if([\[(w+n)A'*+n { ra ' J - 4(<rV' 3 +<rV 3 + °-V.)}](l +h'/a.ydh'dS (11) 
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where the integration with lespect to S extends ovei the middle suiface of the portion 
considered. Since 


we obtain 


A == A h 



+ • • 


^ (m + n) | 7 ‘ A'- (1 + h'/af dh ' 


also 


and 


- (m + n) \h (1 + A) A- + i h 3 (~) + } P±(j4) + A A 


oa 


d, 


An 2 


m + n 


(o"i + <r 2 4 A/2 n) 2 4 7 ^ (X + p) 2 


4Ji 


+ 7^° (o"i 4 cr.) (V -|- p') + — (o-i 4 0's) + p) r * • • • • (1 2 )> 




2n f <r\(i\ (l 4 h'/a) 2 did = Anh (1 4 -g- Jr/ct 2 ) cr l <r 2 4 -f nldhfx 

i —h 


4- f nh 3 (Vo -2 + p'o-j) 4 (Xor 3 + po-J 

Otlr 


(13), 


2?1 [ (ay + cr' 2 ) cr« (1 4 h'/Ct) 2 dll 

J —h 

= Anh (1 4 7 A 3 /® 2 ) j m 4 - — E (o'! 4 or 2 )| (o-j 4 <r 2 )— i ?^ S E (X 4 p ) 3 

- |« (<t, + <r,) (X' + /) - 4 E ( X + i“) + ff -’) • • • • < 14 )’ 

lastly 

rA Ay? 7? ^ 

Jwf ct 2 (1 4 h'/a) 2 dhf = nh (1 4 7 h 2 ja 2 ) sr 4 -J nldp 2 4 ^nW-csp 4 yy- vrp (1 5) 

Substituting from (12), (13), (Id) and (15) in (11), the value of W per unit of area 
of the middle surface is. 


W = 2 nh (l + /d) ( °Y + or / + ® (°i + "A + 4^1 

+ f nh? {X 2 + ^ + E (X + y-f + ii> 2 } 

+ J- «X 3 (m' + 3S/i' + 4 Tzp) 

+ (&X + + i srp). 

occ 

a o s 


(16) 
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We must now obtain SUu We have 


= p I" 7 * (u 8u' -\- v' Si/ + w Sii/) (1 h’jaf dh dS ; 

J —- it 


also 


r \ / h?\ „ o.o dii dSio , t 7 q / , drw S(w ' 

| Sv f (1 + h'/af dll' = 2h (1 + 7^) M Sw + f /iS ( 77 ^7 + ¥ h \ u ~d^ + dd 8w 


4A ( dSu dv ~ x 

+ — u — -h T - ou 

1 3a ' f?/ ar > 


7r ' 


27t 5 (dii 


= 2/i(l +3 ^) wSw + ^V^” m 


3a 2 W0 




— Su 


7/E / rfSEL 
+ 3a" l “ W 


, t7K ? \ 47i 3 f /dSw s \ , /*» 

+^ Su )-^M^ _s v + U>~ 


■if j Szt 


by (2) and (3), Treating the other terms m a similar way, we obtain 




2 ph (1 + ih-/a 2 ) f f (it Sit + vSv + w S w) (IS 

+»-*’ IHMg - “) (t - «■)+M=s 2 - 8 ‘) (-»# 


1 dSw 


— Sv 


+ 


WH; 


4- E^EK 

u fZSK 


2 it 


8K\dS 
a j J 


+ 


dSK 


1 dK 


d6 1 a sm Q d<f> 

— (A. -j- p) S<r| dS 


- w( 8X + S/t) + - 


1 cZK 


d<f> 


8v 


- ¥ IH;(I - “)>•+-") & + EK *”} is 


• (1?)- 


We must next find 8%. 
We have 


S£ = jj* (F Sw + U' Sr) (a -f- h') sin 8 dh r d<j> + | j* ^ (Q' Sr + U' Sn') {a + h') dh' dd 

+ j l$F 2 a sin 0 S?f? c?<£ 4 - jNjaSird# ...... ( 18 ), 
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S% = f {t, S« + M, Sr 4 N, S w - (~% - ) 4- - l i ^ - Sr ' 


_L 5l ' 1 ‘Jew 

1 tt \*in 6 d<t> 


4 


2/i^E3tf3K , tt/CEsr tfSKl 


t vV r - l_v J- X. /t/t iJUl MU JLV. I /l 7 I 

7— -r + 7-7 ~r~ \a sm ddeb 

V* (10 V pm 6 d<f> j 

+ [{MjSw 4- T,Sr + N, 8* + | CA _ Sl .) - ^ - Sr) 


Lastly, 


\5in 0 rf<f) 

, 2/*A 3 E23 fl'SK , /i7dE®r <73K1 

- + 


I'/ # d<f) 


3a 


SU = P (X 8k' 4- Y Sr' 4- Z Sir') (1 + Ji'/nf cih’il S 


* — h 


= 2/jA C 4- | ; i) [{(X Sw + Y Sr 4- Z Sir) f 7S 

■ i ,0^ rr rx c 7 sk , y tzsx , 0 ., 

+ ^ E J. \a He + ^ -3T - Z ^ \ dii 


4=ph* 

jCI 


[a d9 a sm 6 d<j> 

- Sm) 4- - (—. ~ - Sr) + ZE Sk} c7S 

) a \sin 6 d(f> j J 


'X/dSw 
a \ cl6 


19 We shall, as m the case of a cylindrical shell, denote the four hnes of W 
W 2 , W 3 , W 4 . Whence 

SW, = inh (1 + i A 2 /<x 2 ) jj(as^ 4- 33S<r, + i CT Ssr) rfS 

= inh (l 4- ^) j (StSit 4- ^ Sr) a sm 6 d<f> 4-1(33 Sr 4 1 57 Sm) a dff ) 

- 4mA (l + A){| [{f g (a sm 6) - U cos 0 + £ f?| 8« 

4 |“^4 i fgi 7 * sm + i cos 0 j-Su — 4 33) sm 6 Bw a d9 d(j> 

fiom which we obtain the approximate equations 


pu 

* * 
pv 


Tj = 4 hh^L, T : = 4 nhM 

M x = Mo = 2nhzz> 


sm 0) — 13 cos 6 4 | ^ 


sm 0 I dd 

2ii- 


4-#>X 


1 


« sm 0 

2?i 


{^ + i^(ra-sm0)4-i®oos0} +pY j> 

i * r 7 


( 20 ) 
by W 1; 


( 21 ), 

• ( 22 ). 


(23) 
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These aie the equations which have been obtained, by Mi Tote, and which have 
been, employed by him m discussing the extensional vibiations of a spherical shell 
Again 


8W, = i nV (IESX + + i pSp) 


Substituting the values of X, /x, from (8) ve obtain 


ffl=SX^S = - [f C + Sw + E f| + + cot * + 28w)} sm ddSd^ 

— — ||e?c sin ~ (IE sm #) Sw + sm j dcj> — \ ~E3c§vd6 

+ IjT £sm *f s “+ E f s ” 


also 


- (IE sm #) + (! + 2E) IE sm 0 [■ Siv dd d<f> (24), 


W ** dB =- JI * + cos e + 8wsm e 


~b E sm 6 -f Szt cos # + 2Sw sm ^| c?0 d<f> 


— — [ (EdF sm #Su + dt cos 0Sit>) 

+ (|[Es m ^ S(t + E«S u 


~ Jq i& cos 0) + (1 + 2E) df sin 0 j Siy d6 d<j> (25) 

In the last termy> Sp, we must treat the integral which involves d 2 SioJd6 dcj> exactly 
in the same way as m the corresponding case of a cylindrical shell, and we shall thus 
obtain 


^IjpSpdS: 


; * f (*' 8,0 -P $)‘<**-+ [ {(*> 00t e + i %) Sw 

~l\{ cote % + ^) &wded ^ • • 


, dBw 

4 7V _ 


(26). 


* * Pidl Trans,* A1888, p 527. Equation (23) corresponds to Love’s equations (46), (47), and (48) 
and (22) to (72), 
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sw 


Adding (24), (25), and (26), we finally obtain 
4 nld 


3 a J 


{15 + E(15 + d?)> S'/ — Sy -f (15 sm 6) — $ cos 0 


+ Si0 - 52 (w - s '( 


1 r<? ,(£ 

1 e75w 


i/> 


+ IV f [- - & +E(J2+d?)} 3, + s A g + ^ cos 0 +i sm 0 $) 8» 


-d? 


1 /Z&o 


AfSw 


.,m 6^~ SL ')-i [~W ~ Sl ‘, 
+ f *A 3 J][Esm 9^(15 + df) S» + E A ( E + S[ , 

- | S gi (IS sin 6) + (1 + 2E) (is + d?) sm 6 + A^ 'LA _ ± (g cos g) 




+ 2 (1 + E) dF Sin e + cot e A + Sw 


cZ0 d<f> (27) 


The expressions for W 3 , W 4 may, as m the case of a cylindrical shell, be divided into 
two parts W 3 ', W 3 ", W/, W 4 7 The values of 8 WV, SW 4 , may at once be wiitten 
down from (21) by changing £1, 13, sr into 15', p' and 15, p lespectiveiy, and 

by altering the coefficient into -J aid and 8nh 3 /Sa respectively. With legald to W 3 " 
we have 

sw 3 " = | nv f f(& sv + as s/ + i ^ s/> as 

Substituting the value of X' from (9) and mtegiating once by paits, we shall obtain 

cl 8 K 


[[« SX' d S = E f ^sm 6 d<j> 

- [f [e f e (a sm 6) sm e [2 SX + E (SX + Sfi)? 

Treating the other terms m a similar mannei, we shall finally obtain 

orTT „ fr2nX»E&tf8E: , nh*Ew dBK] n 7J 

8W S = 4 —r-yr + y--rT f a sm * 

J [ 3 « dd 3 (t sm 0 tf</> J 

f J2n7i 3 E13 dSK ?iA s Eot rfSK ] 

‘ J (_ 3 a sm 6 dfy 3 a d 0 J 


dQ defy 


2 n f[f 


3# 


E f d //?v m ^ dw] fZSK 

(^ sm 0) — 13 cos 0 + ^ — V 


sm 0 I eZ0 




+ db(|? + sm 6 + OTC0S W + Ea ^ + s ffi 

- ^ jj (a sx + as + * « »i>) (is. 


\ d8K 


dS 
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If in. the first surface integialm this equation we substitute the approximate values 
of the coefficients of d SK/dO &c fiom (23), which we may do since this mtegial is 
multiplied by A 3 , and then substitute the values of SW 3 , S'ST, SIL, and SU m (10), it 
will be found that all the teims involving cl &K-Jdd, d $YL/d<f> } and SX. -j- S/i cut out, 
we aie therefore no longer concerned with them, and the value of SW/ reduces to 
the last Lne , on this undeistanding we may write 

8 W 3 " + SWj" = ff(a S\ + + i Sp) dS (28) 


The variation of the right-hand side of (28) might at once be written down from 
(27) by substituting gt, 93, and m for 15, and p , but it will be more convenient 
to present the results m another form Taking the fiist term, and mtegiatmg the 
second difieiential coefficients once by paits, we obtain 

|]aSX(7S= - sm0d<f>+-msmdSw 

— ESto sm 6 SIC| d6 d<j> 


Treating the other teims in a similar way, and adding to the result from (21) that 
portion of SW L which depends upon h\ and finally replacing the coefficients of 
d Bw t dd — Su, &c , by their approximate values fiom (23), the final result will be 




d6 

V X 

4 nld f f / 1 d&ic 
\sm 9 d<f> 


8 “) + i (sitd 


dSiu 


? J 




Sr) + -Jot 


6 d<f> 
dSic 


d$ 


— Sv 

> 

\ 

— S u 


"» - M+<* 


a sm 0d<f> 
acW 

dSic 


*> (Jr, w - *) 

+ E a (w- Z) 8 k! d$ 


(29) 


This result enables us to test the accuracy of a portion of our work, and the funda¬ 
mental hypothesis on which the theory is based; for if we substitute m (10) the 
expression (29), and also the value of S!L from (19), it will he seen that we have 
reproduced the values of the couples which are given by (7) , also comparing with SUL, 
the line integral parts of SW 2 , given by (27), the line integral parts of SW 3 y and SW 4 ', 
which, as we have explained above, are obtained from (21) by changing certain letters, 
we see that we have also reproduced the values of M l3 M 2 , given by the third of (6). 
We may, therefore, omit the couple terms, and also the terms m M; also, since we 
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have disposed of the terms m SW l5 which involve h\ we shall write SW/ foi the 
lemainmg portion which depends upon k , and the vanational equation finally 
becomes 


SW/ + SW/ -f- SW 3 ' + SW/ + 2 pit ( 1+3 k 2 /ar) j (u Su + v Sv + w Sw?) dS 




9 \ f d&U o \ , 1 / I f(W ' 

U )\tW U ) a 2 \^m6 d(f) d$> , 


1 / 1 dw 


1 d Siv 


bv') 


u\ 


+ E (EK — SKjdS 


+ iP™ I! \ l a f S “ + .1 Ai Sv ~ ^+ P) S + S 


J 


M! 

3« 


1 A?jt> 


« sm # f?<£ 

1 1 1 tf " ' - - -- s^l 


- I — - u)Su + - —- a yr — v)Sv + EKSuAdS 
a\dd j (i\smdd(]> J J 


= 2p7j (l + A)[f(xS m + YSl + Z Si o) dS 


-Sff( 


X 


Ulhiu 


Su) + Y 


1 dBa 


8iA + ZEttSK|dS 


flQ / t - \^g m Q tffjy 

+ f<T ! Su + Ni Sw ) a sm 6 d<f> + f (T 2 Sr + N x Sw) a dQ 


(30). 


We have now got nd of all the terms involving the second differential coefficients 
of Sw, Sv, Sw ; and all that remains to be done is to integrate by parts the terms which 
involve the first differential coefficients. Putting 


dw 1 dw 

a = — — 2u + X, /3 =-2)777 

aff *,mo d<f> 


2r + y, y = E(«EK - H' + Z) ^31), 


we have 


an- 


dSiv fi USia * ] JCj 

+^T;T +ciySK\db 


sm 6 d<f) 1 — j 

= (ySit + aSic) a sm ddcj> + r ^~J (ybv + /8Sw) add 


2 ph* 




l[{il?(>' sin ^ -r e °s^} S “+^ S5 >+ {^(“ sin ^)+^ - aysinej-Sw]^ (32). 


Substituting the values of SW/, SW/, SW/, SW/, and the right hand side of (32) 
in (30), and picking out the line integral terms, we obtain the following equations 
for the sectional stresses, viz , 

mdcccxc.—a. 3 p 
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Ti 

M 2 

n 2 

GrT 

H, 


= ^ {12 - E (3a + dP)} +1 mm +^E («EK -w + z) 


oct 


lab; 


2 vim + p + inh*p' 
4:7ih 3 f d { ~~ 


3a sin 6 \dd 

= I )i/i 5 (£ + a/w) 
= — S nh s (j> + w/a) 


72 (E sm 6) - dFcos 6 + \ ^ j + P 3a 2lt + X ) 



which, give the values of the sectional stresses across a parallel of latitude , and 


Mx = 

T 3 = 

N,: 

Gi = 


2nA® + ^’i> + i« ft V 




4nA 33 + {if - E (3E + dP)} + f nV dP' + ^ E (aEK - «>+ Z) 

(ff + *> 003 9 + 4 8m 9 m ) + fcb S - 2v + J ) 


AaW 




(34) 


3 a sm 6 

— f nh 2 (dF + 3$/«) 
§ ??A 3 (p + sr/a) 


J 


■^■hich give the values of the sections! stresses acioss a nisridiSiD# 

In these equations we may, if we please, substitute the approximate values of 

u, i, w from (23), and by means of these values it can be shown that the values of 
N N 2 agree with the values which are obtained by substituting the values of the 
couples in the fourth and hfth of (5) 

Picking out the coefficients of S u, Bv, Bw, in the surface integLals, we obtain the 
equations of motion, which are 


{*(*+$• 


u + 


WE dK 
3a dO 


4A 3 dw 
3a 3 dQ 


- 2 (* + £} x } p* sm 9 


4 n (gfc sm 0) — 3$ cos B •+ 

E sin B — (^ + &) + t \j~ d sin 6) — dP' cos 0 4 i 


-fr 


4n£? 

3a a 

8»k 2 f d 

IkT \d$ 


mn$) — dP cos^ + {asm $ +J|sm 6 —y costfj- (35), 
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M i+ 5)’ 


+ 


h 2 E dK 


4Ji 2 dw f h 2 \ V 1 a 

~ 2 i 1 + 3?) ^ 1 P° Sm $ 


3 a sm 6 dcjj 3a- sm 6 d<f> 

= in + 4 Ze (® FSin e ) + 4 cos #} 

"f E £ (® + *) + * + i Je <*' ™ *) + IS » s *} 

+ W {if + *3S (*> sm 6 ) + * p eos *} + aT sm + S) 


(36) 


{2(1 + £) («, - Z) - * ME (X + )*) - ^ Ek} pa sm 0 

4->?A- f rf 2 

= - 4?i (H + 3$) sin 0 + (IS sin 0) + (1 + 2E) (12 + d?) sm 0 

+ ~~A ww — w; (d? cos 6) + cot 0 Jy + ;f ^. 1 

sm 0 dcf)~ d6 v / dcj) dO d(j> j 


R?7 T) 2 

- f nh 2 (W + dT) sin 0 — (5S + d?) sin 0 


+ 


2pfr 2 

3a 


{^(asm^ + ^-Sysm^j 


(37) 


The correctness of these equations may he tested by substituting the Talues of the 
sectional stresses from (33) and (34) in the first three of (5), when it will he found 
that we shall reproduce (35), (36), and (37) 

20 The boundary conditions for a spherical shell may be investigated m exactly 
the same manner as in the case of a cylindrical shell, by means of Stokes' theorem , 
for in the present case the theorem may be written 

f^ 8 * + H 'f?) + f(f ^+ H ' f) dd = 0 ■ 

the integration extending round any curvilinear rectangle bounded by two meridians 
and two parallels of latitude If, therefore, in the figure we apply to the side AD 
the stresses, 

MV = H7<t, N,' = —L- , Hj' = H', 

to the side BD the stresses 

M l '=H7fl s N,'*—. HV = - H'; ' 

and to the sides OB, OA, corresponding and opposite stresses respectively, the 
preceding integral becomes 


3 p 2 
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f{W St + nv 8.r + (-H - St’)} «Bin ed$ 

+ f | M,' 8 m + N/ Sw - ^ (~ - 8u) } a dd = 0 , 

which shows that the work done by this system of stresses is zero 

If, theiefore, we suppose that the rectangle OADB, mstead of bemg under the 
action of the remainder of the shell, is isolated, and that its state of stram is 
maintained by stresses applied to its edges, then it follows that if instead of the 
torsional couples H ls H 2 , due to the action of contiguous portions of the shell, we 
apply torsional couples where 

»i = H i + H' (38), 

= R 2 — IT . (39), 

the state of strain will remain unchanged, provided we apply m addition the stresses 

M2 = M s + W/a 

M - N . 

+ d<f> 

and 

Mi = Mj + R'fa 

XT I f dR' 




whence eliminating H' between (38) and (40), and between (39) and (41) respectively, 
we obtain 

JW 3 a = M 2 a - R 1 
jjl,« amfl-® = N„« sm«-^ 

d<{> dcf> 

and 



-J^i a 4- H- H 2 ] 

^+n} 


(43) 


in which we are to remember that = — pf| 2l and H a = — H 2 . 

In these equations the Homan letters denote the stresses due to the action of 
contiguous portions of the shell, whilst the Old English letters denote the values of 
the actual stresses applied to the boundary. If, therefoie, the shell consists of a 
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portion of a splieie bounded by two meridians and two paiallels of latitude, and 
whose edges are free, the boundaiy conditions along a parallel of latitude are obtained 
by equating the right hand sides of the first and fourth of (33) and of (42) to zero , 
whilst the boundary conditions along a meridian are similarly obtamed by equating 
the light hand sides of the first and fouith of (34) and of (43) to zeio 

21 If the shell is supposed to vibrate m such a manner, that its middle surface 
does not expenence any extension or contiaction thi oughout the motion, the equations 
of motion can be obtamed by taking the vanation subject to the conditions of 
mextensibility, and introducing mdeteiminate multiplieis 

22 It will now be convenient to make a short digression foi the purpose of con¬ 
sidering some of the quantities involved 

Let P be any point on the defoimed middle surface whose undisplaced cooidmates 
are (a, 6, <f>) The coordinates of P after deformation are 

P = a + w, © = 0 + n/a, <t> = 4- v/a sm 6 . (44), 

and since u, v, tv are functions of 6 and <j>, the elimination of the latter quantities from 
(44) will give a relation between P, ©, 4>, -which is the equation of the defoimed 
middle surface 

If p Y be the radius of curvature at any poult of a meridian section after deformation, 
and P the perpendicular hom the centre on to the tangent at that point to the 
deformed section, 

JL _ 1 dP 
p x E. cTR 

Now 

i + f— 

T \ Me 

_ if, , 1*W f 

— E-l " r R-(l + ,IuImW)-]’ 
and therefore, neglectmg cubes of displacements, 


Also 

whence 





which gives the change of curvature along a meridian. 
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We shall new find an expiession for the change of curvature along any great circle 
which makes an angle y with a meridian. 

In the figure on p 463 join OD, and let the angle OED = x> and the angle 
DOA = y , then by (45) the change of curvature along OD is 


1 Id? v 


cd \d^ 


- -f w 


If w 4- Sw be the normal displacement at D, it follows hy equating the two values 
of S w that 


a ib 

d X 


S X + i 


dx? b)C ~ dd 




d<p 


From the spherical triangle ODP we have 

cos PD — cos 0 cos Sy 

— cos y = - ~ Q -^- - > 

' sm 0 sm o% 

whence 

sin 0 80 — cos y sin 6 i cos 9 Sx 2 — i cos 9 §6* 

= cos y sin 0 Sx 4" i cos 6 sm 2 y Sx 2 

Agam 

sm 8<p _ sm <y 

sm Sx sm ( 6 + 80) ’ 

whence 

H — w ~ cot e cos y s x 2 ) 

Substituting these values of 80, S<f> in (46) and equating coefficients of Sx 2 , we 
obtain 

d?w _ sm 2 y d?w , sin 2 y d?w , 0 d?w sin 2y cos 8 dw . n „dw , .. 

dtf~^d* t+ ~^edea$ + cos Y Te S- ^e~ ^ +sm y° ote M ( 47 >- 

Whence it follows* that if p l3 p 2 are the principal radii of curvature along and 
perpendicular to a meridian 

JL _ 1 

Pi & 

J. __1 

Pi * 


I fd?w ^ 




(Pw D dw > 

• sTaTTs + COt V — + W 
sm* 8 cUfd 1 dd 1 , 


1 


(48). 
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23. When the middle surface is mextensible, it has been shown by Loid Rayleigh^ 
that the displacements are given by the equations 


u = — tA s e* sin 6 tan 5 J 9 
v = A, e 1 ^ sin 6 tan* 4- 9 ; 

<1 f 

w — %A, (s -f- cos 9) tan 1 ^ 9 \ 


( 49) 


where s = 2, 3, 4 and A, is a complex function of the time From these equations 
it can easily be shown by means of (48) that 


1 1 ^ As (V — s) e^ tan g £0 _ / 1 1\ 

Pi cl w a sm 2 9 \p 2 a) 


(50) 


The value of the potential energy is given by the second line of (16) , also by the 
first two ol (8) and by (48) 

X = - /*=--- (51), 

Pi « ' 

and by the last of (8) 

_ A, (s- 5 — s) tan* 4 9 

p — — 2 iS- rz -— 3 

1 a sm- 6 

whence 


4 nh 


W = —TZ [££ A, (t? — s) cos scf> tan* 6} 2 + A, (.s 3 — s) sm s<£ tan* A 0} 3 ] (52), 

oct^ sir U ~ 1 “ 4 


which agrees with Lord Rayleigh’s result. 

Let us now suppose that a bell which consists of a spherical shell, bounded by a 
small circle ivhose latitude is i,7r — a, is vibrating in such a manner that its middle 
surface does not undergo any extension or contraction throughout the motion. One 
of the boundary conditions requires that the flexural couple G 2 should vanish along 
the circle of latitude which constitutes the free edge of the bell By (7) and (51) 


G 3 = t nh? 3c = | nh? {\ 4- E(X + /*)] 



From (50) we see that G a cannot vanish for any value of 9 except 9 = 0, that is, 
at the pole, provided s > 2. It, therefore, follows that a spherical bell whose edge is 
free cannot vibrate m this manner if the middle surface is supposed to remain 
absolutely mextensible throughout the motion. If, however, extension or contraction 


* ‘ London Math. Soc. Proevol 13, p 4 (1881) 
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weie to take place m the neighbourhood of the edge, it -would he possible for G 2 to 
vanish there and also to satisfy the other boundary conditions 

Theie seems no leason to doubt that the aigument which has been employed m the 
case of a cylindrical shell, would apply equally to the case of a spherical shell, and 
piobably also to a shell of any shape, m which case, the portions of the displace¬ 
ments upon which extension principally depends, would be small compared with rhe 
portions upon which bending principally depends, except at points whose distances 
fiom a free edge are comparable with the thickness. At the same time it would 
be veiy desnable to obtain the solution of some problem relating to the vibrations 
of a shell whose edges are free, m which no supposition is made as to the relative 
magnitudes of the extensional and flexural terms 
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§ 1 Prelim i na ry Idea s. 

1 The theory of the symmetrical functions of a single system of quantities has 
been investigated m a large number of memoirs, but so far, only a few attempts have 
been made to develop an analogous theory with regard to several systems of 
quantities The chief authois aie Schlafli * and Cayley, t both of whom have 
however, restricted themselves to the outlines of the commencement of such a theory 
In the theory of the single system it is found convenient to regard the quantities as 
the roots of an equation, since the coefficients of such an equation are themselves 
those particular symmetric functions of the quantities which have been variously 
termed fundamental, elementary, and unitary, they are fundamental because all 
other rational integral functions are expressible by their products of the same or 
lower degree , elementary because they are those which, first of all, naturally arise , 
unitary because their partitions are composed wholly of units The left hand side of 
the equation referred to is a product of binomial linear functions of a single vaiiahle 
x, so that, cq, a : , . . a, t being the quantities which compose the system, the funda¬ 

mental relation may be wutten 

(1 + cqsc) (1 -f a 2 x) (1 -f ct H x) = 1 + aye + a 2 x 2 + + aye” , 

= 1 -b (l) a -j- (l 2 ) xr -f- -+■ (1'') 3? , 

in the ordinary partition notation 

In a general disoussion it is convenient and advantageous to suppose the number of 
quantities infinite, so that the relation becomes 

(1 + a x x) (1 -b ot 2 x ). . . = (1 + ayr -f aye 2 + . ) = 1 + (l) x -b (!') tf 2 + * • 

* u Ueber die Resultante eines Systemcs mehrerer algebraiseben Gleiclmngen.” * Vienna Academy 
Denlschriften-h vol 4,1852 

t “ On tbe Symmetric Functions of the Roots of certain Systems of Two Equations * Pb.il 
Trans vol. 147 (1857). 
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2 Instead of taking a product of binomial linear functions of one variable, as 
above, we can, for m systems of quantities, take a pioduct of non-homogeneous linear 
functions of m variables, and each such linear function may be taken of the form 


1 —{- CL S j X j —}— Ct s jCV) j“ | M’sm't'm 

As indicative of this geneial case it is sufficient to considei merely the case of two 
systems of quantities Complexity of formulas is thereby avoided, but it must be 
distinctly borne m mind that all the succeeding theoiems can be at once extended to 
the geneial case of m systems by an easy enlargement of the nomenclature and 
notation. 

I considei, then, two systems of quantities 

ai, , 

£l> 2 > A 3 

as connected with two non-homogeneous equations, in two variables, m such wise that 
the values ct S) of the variables respectively constitute one solution of the two simul¬ 
taneous equations In older to avoid identical relations between fundamental forms, 
as well as for other reasons which will appear, 1 take the number of quantities n in 
each system to he infinite. 

By analogy the fundamental relation is written 

(1 d~ a i x + A 2/) (l + a 2 x d~ A?/) (1 + a / c d~ & s y) 

— 1 + d~ «oiy d- a 2 Q x ~ + c h\ x y d- ci 02 y 2 + . . + a Pq xP y q d" • . 

As shown by Schlafli this equation may be directly formed and exhibited as the 
resultant of the two given equations, and an arbitrary, linear, non-homogeneous 
equation in two variables Beyond the preliminary idea this investigation has little 
to do with the original equations or with the theory of resultants It starts with the 
fundamental equation just written, the right-hand side of which may be put into 
the form 

1 -h Scqx + Xfty + 2 a i x 2 + ScqA xy 4- y 3 4- 

The most general symmetric function to be considered is 

A* &*«**&* • 

which 1 represent symbolically by 


(PihMMi )- 
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Observe that the summation is m i eg aid to the expressions obtained by permuting; 
the n suffices 

1, 2, 3, //. 

The weight of the function must be consideied as bipartite, it consists of the two 
numbers 

Ih + Ih + Pz + = ^P, 

2i + 9.2 + 

and I speak of the brweight tp, *Zq 

The sum + 2# may be called the whole w eight, or simply the weight Asso¬ 
ciated with any number w there will be a weight w and a biweight conespondmg to 
every composition of iv by means of two numbeis, including zero as a nurnbei By 
composition is meant partition, m which legald is paid to the order of the parts , for 
instance, 21 and 12 are different bmaiy compositions of 3, and 30, 21, 12, 03 
constitute the system 

3 It is necessary to mtioduce the notion of the partition of the bipartite number 
which denotes the brweight 

Thus of the biweight the expression 

(EffiEifeEft -) 

may be termed a partition 

The dual symbols 2 J 2 c h » 1^2sj 8X6 the P ar ts of this partition ; the parts 

are themselves bipartite and may be termed biparts 

We have thus a brweight denoted bv a bipartite number partitioned mto a numbei 
of bipartite numbers termed biparts. 

It is convenient to arrange tbe biparts so that the sums of the symbols which 
compose them are in descending order of magnitude fiom left to right 

According to usual practice repetitions of biparts are denoted by power symbols , 
thus 

(ihSf) = ( Pitti PiP i) 

4 In the notation just explained the fundamental relation is written 
(1 -f ape -f fiqy) (1 -f ape -f fi 2 y) . 

= 1 -f fib) x + (01) y + (TO 2 ) a* + (To 01) xy 4- (03?) / 

4- (To 3 ) k 3 4- (Tb-ol) a-y 4- (To 0I 2 ) xy 2 4- (0T 3 ) f 4- ... 

where (10 01 2 } denotes 2} cq /S 3 and in general a M = (1G* 7 Gl ? ) 

Observe that here the number of quantities m each system is considered to be 
infinite, and that the right hand side of the equation is taken with unit and not 

3 q 2 
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multinomial coefficients [of. Cayley, loo. cit ) -This is done because it is the universal 
practice m tlie theory of tlie single system, and because otherwise it appears to 
possess undoubted advantages 

The symmetric functions which appear in the relation are fundamental since, as will 
appeal, they serve to express all other rational integral symmetric functions, and they 
may be fuither termed single-unitary, m that, not only is each composed entirely of 
units, but also each bipart comprises but a single unit 

It is obvious that the number of biweights connected with the weight w is 
w -j- 1 

5 It may be asked m how many ways it is possible to partition a biweight into 
biparts 

In the or dina ry theory of partitions the number of partitions of a number w is the 
coefficient of x K in the ascending expansion of 

_1_ 

1—a, 1— a 3 \ — j? 1 — a? 

In the present case, the number of partitions of the biweight pq into biparts is the 
coefficient of x^yv m the ascendmg expansion of 

_1_ 

1 — x 1 — y 1 — a? 1 — xy 1 — y 2 1 — a? 1 — x a y 1 — cay 2 1 — y 3 

or, putting y equal to x, we see that the whole number of partitions of the weight 
P + q into biparts is the coefficient of x p+q in the ascendmg expansion of 

1 

(1 — v ) 2 (1 — a, 2 ) 3 (1 - x>y 

Further, it is clear that the number of partitions of the biweight pq into exactly 
/r biparts is the coefficient of a^xPif 1 in the expansion of 

1 

1 — ax l — ay I — as ?. 1 — axy. 1 — ay 2 . 1 — as? 1 — ax 2 y 1 — axy 2 1 — ay 2 

6. It is convenient now to have before us a list of the symmetric functions up to 
weight 4 inclusive. 

The expanded generating function is 

1 4 - x -f- y 4 * + 2 xy -f- 2 y 2 4 - 3a ? 3 4 - 45 c 3 y -f- 4ccy 3 4 - Si / 3 

4 - 5x 4 4 - 7x?y 4 " 9 xYy % 4 * 7x1^ 4 - 5 y 4 4 * • * 

and we have 
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Weight 1, 

Biweight 10, Biweight 01, 

( 10 ) ; ( 01 ) , 

Weight 2, 

Biweight, 20, Biweight 11, Biweight 02, 

(20) (IT) (02) 

(To 3 ); (To oi), (ol*), 


Weight 3, 


Biweight 30, 

Biweight 21, 

Bi weight 12, 

Biweight 03 

O 

(30) 

(2T) 

(IT) 

(03) 

(20 To) 

(20 oT) 

(TO 02) 

(01 02) 

(To 3 ), 

(IT To) 

(oi n) 

(Oi 3 ). 


(To- oT); 

(To oi-), 



Weight 4, 


Biweight 40, 

Biweight 31, 

Biweight 22, 

Bi weight 13, 

Biweight 

(40) 

(31) 

(22) 

(13) 

(04) 

(30 To) 

(21 To) 

(2i oi) 

(i2 oi) 

(03 oT) 

(20 s ) 

(30 oi) 

(12 To) 

(03 To) 

(02 2 ) 

(20 To 9 ) 

(20 TT) 

(20 02) 

(02 TT) 

(oToP) 

(To*), 

(20 To oi) 

m 

(02 To 01) 

(dl 4 ) 


(TTTo 2 ) 

(20 01 2 ) 

(TIoT 2 ) 



(To 3 oi), 

(02 To 2 ) 

(To oi 3 ), 



(11 10 01 ) 

(To 2 oi-); 

| % Preliminary Algebraic Theory . 

7. The partitions with one bipart correspond to the sums of the powers in the 
single system, or umpartite theory. They are easily expressed in terms of the 
fundamental symmetric functions. 
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The right hand side of the relation 

(i 4 - a pc 4 Ay) (i 4 a 2 x + Ay) — 1 4 + ^y + 4- a P<f cP y q + • » 


may be written. _ 

esp (a w x + a Ql y), 

or, since it is convenient to wnte the symmetric function (pq) m the form s pp this is 

exp (s 1Q x 4 - s 01 y), 


where the bar over exp mdicates a symbolism by which 
Hence the relation 


S 10 P %L ? 

p ] ff' 


denotes (10^ 01?) = a pq 


1 4 a 10 x 4- «oiy + • + Upr&y' 1 + = exp (s 10 x 4 s m y), 


which is important m connection with the collateial theory of operations to be 
presently brought into view. 

8 Takmg logarithms of both sides of the relation 

(i 4- ctpc 4 - Ay) (i 4 <* 2 ® 4 A y) = 1 + <*i 0 ® 4- « 0 i y 4- 4 a n^y* 4 

there results 


*io® + s oiy “ i(* 2 o® 3 4 2 s n xy 4 s i]2 y~) 4 -J (s^ 3 4 3s 21 x 2 y 4 3 s u xy 2 4 s 03 y 3 ) - 

— (1 4 <*io® 4 <*oi V 4* • 4~ a pq xP U q *+■ • •) 

Hence 

1 4 a 1( pc 4 a Q1 y 4 . . a M xPy* 4 . = exp (s 10 x 4 s 01 y) 

— exp {s±qX 4 %y 2 (* 20 ^ 4 2^j pcy 4 * 02 V“) 

+ i (Sso® 3 + 3s 21 xHj 4 3 s lz xy 2 4 s Q p/) — . 

Also we have the series of relations — 

*io = <*105 


■ 55 - 


*01 — <* 
*20 — «10 


on 


2 a 


20 > 


*11 — <*io<*oi — ®U> 

? 02 = «oi 3 — 2 *%, 

*30 ~ tt lQ 3 30?3Qa 10 4 SftgQ, 

*21 == «nf <*01 <*2o<*oi <*n<*io 4 “ <*2i> 

*12 “ <*01 3 <*10 <*G2<*10 <*11 G '01 4” <*125 

*03 = <*01 3 ^<*02 a 01 4 ^<*08» 


• Yu •- -P SqM = 2 {a l3 s + fay) ; ***** + 2s n (ty 4- = 2 (njfl t + fay)*- , &c 
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and m general 


_ \p+q -1 {£ + l l — W 


•-1 (rf 7 ! ~~ ~^) 


( ) F +! 7 1 p t s m~ )~" * 7J rY 7J T7~— * * 


9 Moreover, the fundamental symmetric functions aie expiessed m the terms of the 
forms Spq by the formula 


(_—Y f (th + A ~ 1 ) ' 1 [ (£3 + f i: ~ l) 1 !""' 




f 


Pi c h 


P 2 I 2 


(—) s " - 1 r i 

S Pi°i '-ps. 


7T, ' 77, 


as will be evident by simply applying the multinomial theorem to one of the above 
written general identities of Ait 8 

10 The smgle-bipart functions having been actually expressed m teims of the 
fundamental symmetiic functions, it remains to show that all other rational algebraic 
symmetric functions are also so expiessible Schlafli (Joe eit ) has established this 
by induction, and it is not necessary to further discuss the theorem heie. In Ait 43 
of the piesent memoir, will be found the actual expression of a given symmetric 
function by means of smgle-bipart forms, a foimula which, combined with one given 
above. Art 8 serves to establish the theorem conclusively 


11 Write 


The Symmetric Fuaction h 


■pi 


(1 + ctyc + fiyj) (1 -f otyc -f fi 2 y) . = 1 + o 10 x + a 01 y + -f a pq xPy? + 

___1_ 

~ 1 - k 10 i — h 0l y + . + (—)?■*■« h M x»yi + 


as the definition of the function h 


:Pi 


Writing — x , — y for x, y, we have 

1 + h 1Q x + h m y + -f h p jxPif = 


(I CLyll [3^/ ) (1 Cly.0 fipf) 


and expanding the right hand m ascending powers of x and y 

h _ x (h Ob + gal 1 IFF FIT 'I 

yJqT “ i^ 3 ***^ 

the summation being for all partitions of the biweight. Changing the signs of x and 
y in the relation first written down, we obtain 


1 + ^ + h n y + ■ • + W + ' • ' = 1 - v _ oo.y Z .. + WiW + 
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an identity wbicb arises from tlie former by mtei changing the letter h with the 
lettei a 

Hence, if / and 4> be any two functions, such that 


then also 


f ( a vr «ou • * a pr 

) — ^ (^10> ^013 

* • • )? 

(f) (n 10 j ^oi’ * * 

) ^ f (J l 10 s ^013 • 

hpqi * 0 3 


and, m general, m any relation connecting the functions a with the functions an 
identity will still remain if the letters a and h be transposed. 

V 

By the multinomial theorem 

= M-f ' _1 z^rr~ <C.<C 


From a previous lesult m this article, by taking logarithms and expanding 


(p + g — 1 )’ ^ ^ ^_ ^Sir — 1 QTL 1H h* 1 






7T, 1 7T n 1 


hp 1 qj l p i q 2 * 


which is to be compared with the foimula 

y r „!«• */* — ***. 1 


$ 


*1 *2 
Ci Pv?h 


and it will be noticed that s pq remains unchanged when h is written for a , except for 
a change of sign, when the weight p + q is even. 


§ 3. The Differential Operations 

12 The beautiful properties of these symmetric functions are most easily established 
by means of the differential operations whose theory I proceed to establish. 

Consider the identity 

(1 d- ape + Ay) (1 + ape + Ay) . . . (1 + ape + &y) 

= 1 + a J( pc + a Ql y + a 20 ar + a n xy + a 02 y 3 + . , 

where n may be as large as we please. 

Multiply each side by (1 + fur + vy). 

The right hand side becomes 


1 + C^io + p) * + (% + v) y 4- (a 2Q + pa 10 ) xr -f (a n + pa Q1 -f va l0 ) xy 

+ {%* + va oi) 2Z 3 + * * » 
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and, in geneial, a jHJ becomes conveited into 

a H 4 P°p- l? 4 vr> T , i _ 1 

Hence any lational mtegial function of the coefficients 

c 'iq> "un r Q 0 , c' n f' u2 . 

VIZ , 

J ( c,r iu5 "ui a 2 o> ' J n • • ) =/j 

is converted into 

/ 4 (m/7h i 4 **7uO/4 u (m/7iu 4 V( JoiYf 4 y. (m/7iu 4 H/uOV'4 

wheie 

/7lO ^ (f p— \,q Ctp, } /7ul = —1 U|., > 

and the multiplication of operatois is symbolic T 
The new value of /’ is 

exp (m/7io 4- H/ui)/ 

wheie the bar is placed over exp to denote that the multiplication of opeiatois is 
symbolic (vide Art 7) 

13. White 

1 -- 

ill*/ / 701 7 > 

the bar denoting symbolic multiplication, then 

e^P (mPio 4 *7ui)/ 

= (l 4 M^io 4 *G 01 + M ‘^20 4" M^n 4 ^"^02 4 * * 4 ^ p ^O pq ■+ ♦ )/* 

(Compare Art 7 ) 

Now suppose the symmetric function f expressed in terms of 

fil> fin 

to be _ 

( Pl ( l\ Pl^.2 2b?3 •)* 

The introduction of the new quantities fi } v results m the addition to 

(S ibSiVis • ) 

of the terms 

M 1 ^ 1 (PdhPtfh * * *) 4 M^' 4 (Mi M3 • * •) J ~ M** 1 ' 5 ’ (ih2i M 2 * * -) 4 * * * ; 

* By “symbolic” is to be understood " lion-operational,’’ as in v.but is commonly known as the 
“ symbolic ” foi’m of TaalobY Theorem 

11DCCCXC.—A 3 It 
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and hence 

/+ (PPli P&’h ) + lh ( h ) + P^v u (Pi<li PPh • ) + 

= (1 + pG ltJ 4 4* jx 2 G 2{ j + fivG u + v 2 Go2 + )f> 

and equating coefficients of like pioducts we find 

G m, (Mi Mi M* •) = (Mi Ms • )» 

Pm. (Mi MiWh )- (Mi M • )» 

Pm* (i^i^i PPh PPLz • ) = (P\ c l\ PiQi • )j 

^ r Mi(i ) l < ?l) == 

PAPAS’* • (ppll PlPl ’ • P»Qtl) = lj 

and Q u f=z o, unless the hipart rs is involved m the expression of f 

Fioin the above we gather the veiy important fact that the effect of the operation 
Pp? upon a partition is to obliterate one bipart qjg when such bipart is present, and to 
annihilate the partition if it contains no bipart pq. 

14, I return to the lesult 


1 + P&iq + pGqi + • • + P Pvq Gpq + = exp (fxg w + vg ol ), 

v herein be it lemembeied the multiplication of operators in the right hand expression 
is symbolic. I seek to replace exp (pp 10 fi- vg Ql ) by an expression containing pioducts 
of linear partial diffeiential operations hi which the multiplication is not symbolic 
We have by definition 

9vj ~ + a m d ( , M fi- «oi 4 • , 

#01 — + a 01 ^ ■+■ a 10 S «u + * • ’ 

let further 

9 n = \ + «io + «oi 3 ap S+1 + • * + a„ d ap+F q+i + . , 

a definition which includes the foimer, 

15 I will establish the relation 


exp (?n 10 p i0 -f- + ... + + . .) 

= exp iM 10 gr 10 -j- M 01 y ul 4- • * - + ^-mPpu ~k * * ) 5 

"where on the left and right hand sides the multiplications of operators aie respectively 

symbolic and not symbolic, and 
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exp (M l0 £ + M 01 ^ -j- * • 4" ^jj^ Pr j q -4- ) 

== 1 + r "h()£ + ™ 01 T) + 4* Mj &vf + • 

wheie £ rj are the undetermined algebraic quantities 

For the multiplication of two opeiatois g /Vh , g nq , we have the formula 

9jh'h 9pjh = 9jh'ti 9p/h 4- 9t‘i'i\ 'j - 9ihi 

wherein the symbol 4" denotes explicit opeiation upon the opeiand, legardmg the 

latter as a function of symbols of quantity only, and not of the diffeiential inverses 
Also 

9jh r h “j~ 9Pill — 9pi J tPi>q l +'h 

Put 

u Y = m 10 g l0 + m {}l g Vjl -f . + m^g^ + 

which may be written 

u i = ( w io 4- 4- 4“ m pj 4- ) 9, 

in which '>n pri g m is symbolically written m M g 
But 

u 2 = u x -j- a i = (m lQ + ?/? ul + + ?n t>u + ) 2 g, 

where, after expansion of the right hand side, is to be wntten 

m pph qa Pi r <s9j>i +/>i, <h+q.' 

Then, with a similai convention, 

Va — u i -j- u s -1 = ( ??l io 4~ Wl ai 4* • • 4- 1,l pq 4- - -Yg 

Fuither, it is easy to prove the relation 

v s -j- v t — ll^t 

But for a series of hnear partial differential opeiators enjoying this pioperty, it is a 
well known and easily established theorem of Sylvester’s that 

exp = exp (u 1 — i u 2 + J u z — . - )• 

Hence, substituting, w r e easily reach the relation 

exp (M 10 £ + M 01 t 7 -b . . + + .} = 1 4- who? 4* m oiV 4* * • 4- '"'gfirf 4- • • • j 

wherein £ and rj are undetermined algebraic quantities. 

This establishes the theorem. 


3 r 2 



492 


MAJOR MACMAHON ON SYMMETRIC FUNCTIONS 


16. To apply it to the case m hand, put 


Then 


m lu = g, ?n ol — v, — 0 m other cases 

M 1(J £ -f M o1 t? + -f M+ . = log (1 + p£ + VI}) 


and the result is 




exp (pPio + Wai) = exp [/xy, 0 + vg ul — J (^ 0 -f 2 fivg n + v"g u2 ) 

"f i (^ 3 P30 4" 3/l 2 ^21 + + ^fyos) — • } • 

Combining with a former result 

P!7io + *tfoi — J (il\j 2 o + 2/t*^ n + ^y 03 ) + i (/^ 30 + 3 grvg n + 3 fiv~g u v*g m ) — . 

= l°g (1 + P-Cio -f- + . . . 4* l^V^G M + - •)• 

(Compare Art. 8.) 

17 By expanding the right hand side we can express each linear operator of the 
form g M m teims of products of the obliterating operators which have the form G^ 
The law is identical with that -which expresses the functions containing one bipart 
in terms of the fundamental symmetric functions We find 


Shu 
ffoi 

ffo 
<{ 9u 

l?02 

9so 

(hi 
( hi 


r 






G w 

G ul 

Giq- 2G 30 

GiAi 

Gqi 2G 03 

G 10 3 — 3G 2u G 10 + 3G 30 

G l0 2 G, jl — G« g G 01 — G n G 10 + G :1 

G (l f C4i 0 — G 01 G W — G n G 0l + G 13 

C ul " — 3 G u 3 G 01 + 1G u3 


and in general 






while 


P‘ <1 


ir,' ~‘ Ml G «* ’ ' 


<-Y+*-iG m = x f (Pi+Jh - G’ V 1 ! (Pi + <1, 1 - ay (-)»*- 1 "■ 

\ r A '\ Aift' l t J • 9m ‘ 


(Compare Art. 8.) 
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18 By comparison of these lelations with the corresponding algebiaic ones to 
which refeience has been made, it is manifest that g j , and G,, y are respectively m co- 
relation with s PJ and a pq In otliei words these operations lespectively correspond to 
the partitions (pg) and (W 01?) It is necessary to find the operations which 
correspond to the remaining partitions which symbolize symmetric functions 
We have the easily derivable results in opeiations 


9psi i 9 p/h — 9jhii 9 pp. 4~ 9j'i~ fh+ v 

t __ " d . 

9 pPh — 9pPl9 4" 92]>it 2ip 

9fi<ii9ih f h.9p/h = 9ih r> \9p/h9pph “h 9ppi9p.+p, f >i-r ( 3 + 9p/<9Jj^'h. <■/„-<-"i 

+ 9Ms 9 ' ; i tj'j Qi + f j2 1 9Pi +J J j r /i + Qz ~r '’p 

9ivh 9Pi'll = 9pph 9ih<h 4~ < ^9p i ."i9pi+i u+s* 4" 9zp i ,yn9ps / z 4“ 9zpi+p 2<h+ r ip 

9pJ = + 3r/2A, 2'ji 9jh'ji I 9opii S'/i 3 

where as usual the bar denotes symbolic multiplication , and comparing these with 
the algebiaic formula! 


(Pdfi) (i¥p) = (Mi Mp) + (Pi + P* <h + Qs) 

(M) 2 = 2 (Pi<P 2 ) + ( 2 Pn 2( h) 

(pi<7i) (Paffj) = (Mi P^Pslte) 4~ (Pi'iiPi + P3 9 2 + ( h) + (l J 2<l2p3 +Pi= 5 g+ f Ii) 

+ (i¥/s Pi + P + <p) + (Pi +P 2 +P 3 3 + *h *+* ( h) * 

(Mi) 2 (M 2 ) = 2 ffi S) + 2 (Mi Pi + P 2 3 4- 1 / 2 ) + ( 2 Pi» 2( Il P2(/2> 

4- ( 2 pT^^ 2 (P +%) 

Qh'ii) 3 = 6 (ppil 3 ) 4- S (-Pi, 2ip 2h ( h) 4- (3pn 3<ii) 

t 

it is evident that the opeiations 

l hh r i\ 9j¥h 9jh<te . 9p£i , 

~TT 5 " 2 r 3' 

are produced according to the same law as the symmetric functions 

(Pi ( Ii")> ilh ( KP2 ( h)> (Pitfi') ’* 

further the law is perfectly general and indicates that the operation 
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is in co-ielation with the symmetric function 


19 There is thus complete correspondence between quantity and operation, and 
any foimula of quantity may be at once tianslated into a formula of operation. 
Observe that a product of symmetric functions 

( 2 h<h Tl MP ) ('W 3 ' ) 


is in correspondence with the operation 


JL J_ 

7T l ' 77-j 1 




_i L 

pi ’ p°' 


the notation indicating that the two operations 




, • 9.j9.« n ■■ and ~ 

are to be successively perfoimed * 

For an example take the algebraic formula 

(31 ol) = - 4 (21 To) ( 01 ) + i (31 ol) (To) + i (Tool) (aT) -1 ( 2 TT 0 oT), 

which is translated mto the operatoi formula 


#31*701 9 [hi 9 io * #01 + 2 9 n 9 oi 9 iq 4 * 2 #io#oi • 9 21 2 # 2 i#io#or 

20. It is now necessary to enquire into the laws which appertain to the performance 
of these operations upon symmetric functions We have seen, ante Art 13, the law 
by which the obliterator Gp ? is performed upon a monomial symmetric function. 

Since 

(—Yp-t-g—1 0 J A £ ~~ Cf — y /_ Wtt-i C^* 77 ~~ -0 ' pT 1 p 71 ” 2 

V J 2^' q' ~**\ ) rr.lirJ MPifc * ’ 


7T, 1 77V 


we can operate with g M upon a monomial form by operating independently with the 
successive G products on the light, and adding the results together. As a particular 
result, observe that a term on the right is G^, and hence 

(pj) = i. 


or 




Pi' 


(p + q — i)* * 
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and g M causes eveiy otliei single bipart function to vanish, it mu&t, indeed, cause 
any monomial function to vanish which does not compiise one of the paititions ut 
the biv eight pq amongst its bipaits 

21. The lelation just obtained yields the equivalence 


•Jn = (~y +l 


-1 


/' r l 


(p v 9 — 1)’ 


5 


and fiuther tesults of the natuie 


5W* 9p. r h 


(— yh+Jii + fn + eji 


Pi Ql Pz <h 


.(.Pi + <h - 1 ) ’ (Pz + <h - r )' 


, c 

l 1 t ~ ■- 


+ 


(pi + Pz} [ [Ui + '] J [ 
(pi + p 2 + </i + <h — 1)' 


c 

°Jl » n 



which are of use m connexion with the theoiy of function with single biparts 

Since every symmetric function is expressible in teims of the fundamental symmetnc 
functions, every opeiation g>, ,P 2 is necessarily expressible as a sum of G products 
and can be performed upon a monomial symmetric function 
22. The solutions of the partial differential equation 

9m = 

are the single bipart foims omitting* (Art 21), while the solution of the paitial 
differential equation 

G /Wy = 0, 

are those monomial symmetric functions m which the bipait pq is absent (Art. 13). 
23 The operation o ( , p3 is expressible by means of the operations g M . 

fteveismg the formula 


9m — + a io \ +hq + “oi + • • + + * ■ > 


we obtain 


^ a M — h ia9j>+lM K\9m1 + 1 d” • “h ( ) S ^ l r>9ji + r,q + s~\~ 


where as before (Art 11), 


P V P ^ 
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§ 4 The Theoiy of Three Identities . 

24 Tiie cornse of the investigation at this point necessitates the mtioduetion of 
two identities similar to, and m addition to, the fundamental identity 
Let 


1 ~b a vj x ~b a aiV ~b 

+ «M xP y flJ r 

= ( 1 ~b a i x "b fidj) (l ~b ot 2 x “b @2y) 

a) 

1 “b ^lo^’ + fyni/ -b 

• + b ptl dJ J \f -f- 

= (1 +a 1 Wx+p 1 My) (1 + a 2 Wx + pVy) 

(in 

1 -f- c^x -f- c^y + 

. -j- G p -{- 

= (1+ af'x + fifhj) (l-fi ct 2 Woc + fif)y) ... 

(HD 


wherein x and y may be regarded as undeteimined quantities and the identities as 
merely expressing* the lelations between the coefficients on the left and quantities 
a, /3 on the right. 

Assume the coefficients and quantities m the first two identities to be given and 
the coefficients m the third identity to be then detei mined by the relations — 

1 + ~b ^ui 1 ? + • • ~b c p(f p rf l -b 

= n, (1 + + • • + + ), 

£ and t] being undetermined quantities 

Multiplying out the right-hand side of this relation, it is found to be equivalent to 
the series of relations .— 

c io = (10) h l0 , 
c ui — (0l) & oi , 

= (20) *b (10 3 ) & 10 2 , 

% = (II) h n + (10 Ol) ZqAi, 

= (02) -b* (01 2 ) b ul - , 

c m = (30) h m + (20 10) h 0 b 10 + (To 3 ) 6 10 3 , 

= (21) hi + (*o ol) bj> 0L -f (U TO) b n b 1Q + (Id* ol) bfb Ql , 
c i3 — (12) 6 a2 ~b (02 10) b {j J> w + (ll 01) b u b 01 -f- (10 Ol 2 ) b 1Q b Q1 z , 
c ua = (03) b m -f (02 0l) b ir2 b Ql -f (OP) 5 01 3 , 
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and geneially m the expiesbion of c jU eveiv symmetric function of biweight jmj of the 
quantities m the fnst identity occuis, each attached to the coiiespondmg pnuduct of 
coefficients fiom the second identity 

25 Repiesent the symmetuc functions of the quantities occurring m the second 
and thud identities by partitions m biackets ( ) l5 ( ), lespectivelv 

Now 

H s (1 + a J-> iuf + ft&ort + + « '’A b, &r)' -f- ) 


is fiom the identity II equal to 


which is 


n , K 1 4- «<*i a f + AA a y) (i + «■ rj -i 1 f + AA 1 y) ( ) 

n s n t (l 4 - a 3 a/h£ + /3 /5p 1 77 ) 


26 Hence the assumed ielation becomes on taking logarithms 

A log (1 + clJ 2) £ -f A 12 ^) = AA log (1 + a a a.' 1 f + AA 1 >?) , 

and expanding and equating coefficients of Q'rp 

(Mh = (i*/) iP2)i; 

an important relation which shows that the assumed i elation is unaltered when the 
set of quantities a is interchanged with the set a 1 ', m such wise that a a and aA aie 
transposed It is indeed of fundamental importance, and will be brought prominently 
forward in the sequel Its consideration must be postponed until a further step has 
been taken m the theoiy of the opeiators 

27 Let the opeiators 

9p<2' A 1* 

9m 3 Ao 3 

n pt " 

Uj q ? * 

xefer to identities I, 3 II, III., respectively 
Writing the 1 elation 

1 ~b c hj£ + CuiV ~k • * ~k c i«£ r y q + 

= n, (I -f + pjbuiO -f • • + a-J&h &y’ + ...), 


in the abbreviated form 


U = v aiS u aA u aJh 

a s 


' * > 


MDCCCXC-A 
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and peifoiming the opeiation 

dm = \ L + K + hi \ q ^ + * + h > s db f+r q + s + 

^ve have 

I/u/U — iS>) U a 2 oJ l a^ • ~h { ( 1p ? “h 2 8>) U «J! S "f" 

Moieo\ er, 

dpi 11 an. = *J i fc i £ f y r/ UaA > 

hence 

&/U = (pSW 


and replacing U by its value, we have 

Sto'ow = (PS) ■ 

while in geneial 

Oiu ^rs = (P?) 

Now legarding the coefficients bpq as functions of the coefficients c j)f j only, we have 

dpi — (' 1m C M) h f2 + • • • + (<Jm C i) °<-, 3 + * • • 

= ( M) (% + C 10 + c ui hj, 2+1 + + c <-ih*-i d Crs + • ) 

Thus _ 

9A = (M) 9m - 

But the assumed i elation is symmetrical as regaids the quantities in the fiist two 
identities; hence also 

9m = (P0)i 9m > 


and thence, since (p<y) 2 = (py) (p</)n we have 

{P l l)2 9 m = (P9.)i9m = iP9.) 9 pi 

If we then repaid the assumed relation as defining a transfoimation of the 
quantities occurring m the identity III into eitliei of the sets of quantities 
associated with I. or II, the operation 

{j?9)2 9 m 

is an invariant 
28 Since g M ' = (jpg) g M " 


f&io "hWoi" — i (fVao ffi %&}9ii J r T&nO ~h 3 {^ao + &£~V92\ 


’ra&n/u -rimi 


= f (To) < 7 10 " + * (ol) flr 0 " - i ( 20 ) < 7 20 " + 2 ft (l l) < 7 U " + ( 02 ) flr ro "} 


+ 1 (30)#*/' + 3fft (23) ' + 3 ft 2 (12) (/ 12 " + r? (03) - . 
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The left hand side of this equation is 

log (1 + fG 10 ' -h t?G (J / + . -f £‘rj G / + ) (tu/e Ait I 6j, 

while if the opeiators </' he replaced bv their expie^sions in teim-5 of the opemtois 
G", it is easily seen that the right side is 

2* log (1 + a Gio't + P G >a ' V + • +« s , ftG /7 ^+ ) 

29 Hence the operator i elation 

1 + G 1( /£ 4- G 01 Vy 4 + Qjsj'&y' 1 4~ 

= n s (i + a G 10 7, £ + &G U1 ‘ "v 4- 4- a //3 "G, ,/ 4- ) 

This result must be compared with the ielation (Ait 24) 

1 + C 10 £ + C g1 T) + + Cj £*7)9 + 

= n s (1 + a & 10 £ + frh 01 T 7 + .+a + . .) 

30 I say that such a companscn yields the following theoiem — 

“In any relation connecting the quantities c,, with the quantities b l3 we aie at 
liberty to substitute 

Gt j>2 ' foi ty p and G>/' for b n , 

and we in this manner obtam a relation between operatois m correspondence ” 

To explain this further, obseive that £, r) being undetei mined quantities in the 
assumed lelation which connects the quantities of the three identities I, II, III, tie 
are able to express any pioduct whatever of the coefficients c lu , c L(]3 . c Uj> . m 

terms of products of coefficients h ln , b ol , . h }J , and ot symmelucal functions of 
the quantities oq, /3 l3 cq, J3,, . The substitution m question can he made in any 

equation thus formed 

31. With xegaid to the relation of Ait 24, viz. — 

1 + Cid^-h + 4* c j»A rr / J 4" * * 

= n,(H *J>n£ +£ Kv + • - 4- «£ ly ) q 4- I* 

two important facts have been established— 

(i.) That the relation is unalteied when the quantities occurring in the first 

identity 

1 4- 4" a u\V 4~ • 4~ 4" . = (14- a v T 4* Az>) U 4- 4" . . 

3 s 2 
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are exchanged Tenth those occurring m the second identity 

1 -f b ¥ /c -f b^y -f . + b M xPtf + . . . = (1 -f “i' 1 ^ + & (1) y) (1 + + PPy) • • • 

each with each (Ait 26 ) 

(n ) That we can always pioceed to a ielation between the operations by writing 

G,,/ for c pq and Gc p " for b M (Art 30) 

I will refer to these facts as the fast and second propeities of the relation 
i aspect ivel} 


§ 5 The First Law of Symmetry 
32 By means of the equality 

(Mh=(p<l) (pq)i 


which has been established ante (Art. 26), it is clear that any symmetric function 
expressed m a bracket ( ) 2 can he expressed as a hnear function of products of 

symmetric functions of the form ( ) ( ) 1 , it is also clear from the first property 

above defined, that such expression will remain unaltered when the brackets ( ) and 

( )j are interchanged , it must, therefore, be a symmetric function m regaid to these 
biackets. 

We may, therefore, suppose an equation 


(ryy 5 _.</• . . ), 


. . + J (aff «2^ as * * ) {Ti'IFMF • • )i 
+ J {aff <i 2 b 2 a * .) 2 (jhqF p&f* • ) + • • • 



Moreover, we can expiess any product of the coefficients c 10 , c 01 , . . c Mi as a 

linear function of expressions each of which contains a monomial symmetric function 
of the quantities a L , ; a : , fi 2 ; . . and a product of coefficients b 10 , b 0l , . . b M , . . . 

Assume then 


V l v t 

€ Pi"i c Pt<h ♦ * ♦ — 


4- L (aff a 2 bf . .) b^ b* A ...+ 

+ M (MfMF )b * * + . 


(B) 

(C) 


From equation (B) is derived by the second property the operator relation 


G? x Q' * 

^ PlSt W W& * • * 


— . . . -f B (afL 1 aff*. . .) G", A G" rA . . . + • 
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and. perfoimmg each side of tins equation upon the opposite side of the equation (A) 
Me obtain, aftei cancelling of ajj^ \ 

Pi P-2 

T r\** r\ /r 
Ijvjt , , Lt , * 


( r iV 1; A’ • ): — jG-' , W1 G-' ( PMi 1 j )n 


no othei terms suiviving the operations, 01 

L = J, 

since the symmetric function on either side is ieduced to unity by the operation 
Similailv the equation (C) yields the equation of operatois 


a l 0-2 


G f /~i l 

a l 6 l * 


Pi P- 


+ ^ ( pm r pi'h • ) ^ + 


and this when performed on opposite sides of equation (A) gives 


Hence 


M = J 


L = 


M 


9 


and we have the law of symmetry expressed b\ the two lelations 


*1 r - 

C Pi r n C P/h * 

+ L («A ai ci z b{- 

■ -)CC 

• ~f~ - ♦ » 

a l a 2 

+ L {pm? P.'lP 

Pi P* 


* * - 

)Ki h ‘* 

* 4* • » 


viz, if in the first of these lelations the partitions )> (« A** ofif* . .) 

be mtercbanged the numerical coefficient L remains unalteied 

The theorem is a consequence of the two properties that have been established in 
regaid to the thiee identities and the relation assumed to exist between the quantities 
involved m them 

It appears to be the most important theorem in symmetiical algehia 

33 I now pass to certain consequences which flow straight from the theorem. 

It is necessary to make a few definitions. 

Definition, 

“ A partition is separated into separates by writing down a set of partitions, each 
separate partition in its own brackets, so that when all the parts of these partitions 
are assembled in a single bracket, the partition which is separated is reproduced/’ 
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For the pm pose of this portion of the memoir alone it would have been expedient 
to use the word bipart m lieu of the word part m the foregoing definition, but T have 
retamed the word part for the reason that the definition remains valid whatever be 
the order of multiplicity of the paits 

Of a partition (jVii PiQ .2 Pz c h) The product Ptfh) (P2Q2) is a separation composed 
of the sepaiates {pph anc ^ {P 2 P 2 ) 

Definition. 

“A partition qua its separations is termed a sepaiable partition ” 

Definition. 

“If the successive biweights of the sepai ates of a sepaiation be 

, 

the sepaiation is said to have the specification 

u\ u hv 2 ( ^ w^hv^ . )” 

Observe that the biweights of the separation and of its specification are necessarily 
the same, and identical with the biweight of the separable partition, 

Obsei vat ion. 

The separable partition is counted as one amongst its own separations 

34 To take a concrete example of these definitions, consider a separable partition 

(20 Tool) 

We have 


Separations 

Specifications 

(IbidoT) 

(31), 

(20 To) (bi) 

(So ol). 

(20 01) (To) 

(2T10), 

(Tool) (20) 

(U20), 

(20) (To) (01) 

(To To 01). 


35. I will discuss the law of symmetry that has been established in the light of 
these definitions. 

I recall the relations 
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= (10) 

'ill = (^*1) 

t;j = (l0)&,„+ (u?)/'L 

'-'ll = (11) Ai + (i" ui) i'j,A. 

l 

r <)2 — (02) hn + (Old) n ol 


In. the expiession of t pi each partition in biackets ( ) has the 1 >iw eight pq, and 

each partition is attached to a pioduct of quantities b r such that each factor cone- 
sponds to a single bipait in the paitition 
Hence on proceeding to foim a i elation 

~J Pi Pj 

( *i } jl ~ -P ^ 

pi p_ 

wheiem P represents the complete symmetric function cufactor of b, ri b t . it is 
clear that P is a lineal function of symmetnc function pioducts, each of which has a 
specification 

{Pi l Jl L Pz‘1: ' •)> 

and is also a separation of the separable paitition 

(/ y ,/ 1 r 2 s 2 p - .) 

The paititions (pi^i'p^lz 1 .)» ( ; Vr Pl ? 2 s /‘ ), as well as each of the separations 

which present themselves m the linear function P ate of the same biweight 

When the separations in the function P aie all expanded into a sum of monomial 
symmetric functions, each of the latter has the same biw eight. 

Taking the sepaiable paitition (/‘y?/ 1 /yq Pj . ) as fixed, a definite mwibei of 
specifications appertain to the separations Forming then c products in correspond- 
cnce with each of these specifications the law of symmetry indicates that the same 
number of different monomial symmetue functions will appear in the developments of 
the seveial lineal functions P. Further, the paititions of these monomial symmetric 
functions will be, m some order, identical with the several specifications of the 
sepaiations of the fixed sepaiable partition. 

Assume the specifications to be, m any aider 

and write the identity 

Ti Pi Pi 

c Mi € Pi r ii * == - * 4“ P b Tlh h riH 


4* • * 
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in the abbreviated notation 


c e = + Pe^/- “b 


We have then the i el at ions — 


Lg t = . + PflA ~b 

= 1, 2, 3, .4), 

and 


P @1 = A "b m iA ~b 


P# = “b ~b 

+ 

Pei^ 4* + 

-b mu0, s 


the quantities m being numerical 

The determinant of the numbers m is symmetrical, for by the law of symmetry 

w,, = nh,. 

Hence, the coefficient of symmetric function 9 a m the development of the assemblage 
of separations P 9r is identical with the coefficient of symmetric function 0, m the 
development of the assemblage of separations P 0| . 

We may now proceed to express the symmetric functions 6 as linear functions of the 
assemblages of separations P e and by elementaly theoiy of determinants, the detei- 


minant of the system of results is symmetrical 

Hence 

+ PuA. + 

+ P-1 

@2 ~ mV* ~b 1^22^ V, + 

+ p2lPe* 3 

— p"b P^Pe, + 

“b p«P<?« 

wherein 


P,* = P*,» 



36. Prom this are deduced two important theoiems, the one a theorem of expiessi- 
bikty, and the other a theorem of symmetiy Any one of the monomial symmetnc 
functions 6 is expressed by a partition which is a specification of a separation of the 
partition (rpq 1 * 1 jns/ 1 . . .). This implies that the biparts occurring in the partition of 9 
can be so partitioned into biparts that when assembled together they will be 

identical with the biparts of the partition (rpj/ 1 . ) Hence the theorem of 

expressibility:— 

37 . Theorem . 

u The biparts of the partition of a monomial symmetric function 6 are partitioned m 
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any manner into bipaits, winch, when all assembled together m a single biacket, are 
represented by 

{^i Pl Tf 2 p ) 

The symmetnc function 6 is expiessible as a linear function of assemblages of 
sepaiations of the symmetric function / 2 sf- ) ” 

38. The theoiem of symmetiy is as follows — 

Theorem 

‘ When the monomial symmetiic function 6 r is expressed as a linear function of the 
assemblages of separations P 9l , P 6 _. . P SiJ the coefficient of the assemblage P e , is the 

same as the coefficient of the assemblage P 5r when 0, is so expressed ” 

39 This theoiem enables us to form a pair of symmetrical tables m regard to eveiy 
partition of eveiy biweight The number of tables is therefore twice the numbei of 
partitions, the generating function for which has been aheady given. 


§ 6 The Functions composed of One Pent 

40 I will now establish a law by means of which any symmetric function expressed 
by a partition with a single bipart may be at once expiessed in teims of sepaiations 
of any partition of its biweight It is merely necessaiy to interpret a result already 

obtamed 

T recall the foimuhi of Art 26, 

(m)z = (pi) (p ( i)u 


which may also be wntten by Ait 8, 


(_)Sr — 


x 


7T 1 TT 2 


" C Pi'll C P/h 



(—)=--! (At - 1)’ 


7Ti 7T, 




Let us compare the cofactor of h Pl r A m the development of the left hand side 

with its cofactoi on the light hand side. 

the left hand side is multiplied out each symmetric function pioduct 

which multiplies the teim • is necessarily a sepaiation of the symmetric 

function (ptfT 1 p(qp ). The lesult of the comparison vill therefore he the 

expression of the function (pq) m terms of such separations. 

41. Let Spg be the value assumed by when h M and other quantities h are put 

equal to unity. _ 

Further, let s , denote the expression of —— [pq ) by means of separa- 

3 (A3i 1 l’i2a * *J _ _ 

tions of the symmetric function (jiTlPPPlP ■ *) 
mdcccxc.—a. 3 T 
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Then we may write 


s-(-r 


, f2ir - 11 • 

A -—-- o_ __ 

”Tj ' 77 ^ ' UB7’ 1 PJtT" 



(2,77 — 1) f 
7 Tj ! 7T 2 ' 



< 3 * 


where S i>: denotes the sum of all the symmetric functions of biweight pq 

Represent the different separates of the partition {pplf p^qf ) by (J^, (J 3 ), . . 

and any separation by (J\) 72 . , substitute for the quantities S i)2 their values 

m terms of symmetric functions; apply the multmommal theorem and equate corre¬ 
sponding poitions of the two sides and there results the formula 



! OSw-l) 1 

*-—- g 

77 1 1 77 2 1 (7i5i _1 



h'ti 


(Jl )- 71 (Jo )- 72 . . . 


wheie the summation is taken for every separation of the given partition 

42 This important result is a generalisation of the Vandermonde-Waring law 
foi the expression of the sums of the powers of the roots of an equation m terms of 
the coefficients. 

43 The formula may be reversed so as to exhibit any symmetric function whatevei 
in terms of single bipart functions The result easily reached is 


— * ( \2,-l Cjgl — ly&Trg — 1)’ _ f J- 

J h'h' 7T u ' 7T 12 ’ 7T 2 i 7T> 2 ’ '' (]U7n" L1 )^lWin** 1 Paafte* 23 ) 

the summation being for every separation 

QhifZir* Y 1 (Pz&si*Pxffa* • * -Y s 

of the symmetric fuuction 

* ) 


44. The operation 



Second Law of Symmetry . 

* 


~ + a io^+i t s + a oi + . . + 


r.ff+i 


a 


'rs 


a 4- 


may be said to be of biweight pq, since it lowers the weight of a symmetric function 
by the biweight pq. Further, its degree is zero, since it does not in general lower 
the degree of a symmetric function. If, however, g pq operates upon a symmetric 

fanefcieii of its own biweight, it is equivalent to the simple differential operation 0 a „, 
and is of degree unity. 
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Similarly, the operation 




7r i l 77 2 ' 


will be regai (led as being of weight (biweight) pq, wheie (Mi^M: rj • •) 1S a partition 
of the biweight pq , and if, as a particular case, the opeiand be of the same biweight 
pq, it will be equivalent to the operation 


and will be of degiee equal to 


Smce theiefoie 


O a Of, 

p L q i 

7r l' 7r 2 ] 


^l + 7r 2 + 


= Stt 


ir t r 2 



a P^2 

7Tp 7 t 2 ] 


= 1, 

we have the result 





9m? 9*a? - 

7T-J 1 7Tn ! 

*T| 3T, 

“ Cj Wi a A7s 

= 1 , 

assuming then a lesult 




(Pi2f‘ 

II 

+ PC 

7 PJ 


“1" • 

derived fiom the three initial identities of Art. 24 and the relation assumed to exist 
between the quantities involved, we are at once led to the operator relation 


Cl Cl Pi ^\ 

9ra, 9 . . 4 - PG" G 


,t> 


7T-, f 7T 0 1 


JVi r s ti 


+ 


where P consists entirely of symmetric functions of quantities which occur in the first 
identity Further suppose a second result 


0W 1 >Vb Pa )> = • + Q b Ml b 


w JP4h 


4- 


Hence, operating on the left and right of this result with right and left sides of the 
foregoing operator relation, we obtain 


Pi 


.Pi 


( • 4" PCr rs Sa * • 4“ * *) { r i S l Pl } '2 S 2 Pi • *) 


— 9 pii\ 1 9 _m% 


ir 3 


7T 1 7To 1 . 


( 






* 4* * )* 


or fiom theorems established above (Arts. 13, 44) 

P = Q, 

no other terms surviving the operation. 

45. Hence a theorem of symmetry *— 

3 t 2 
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Theoieni . 

“If 

{Ptif'P&P )a= + PMM + 

the cofactoi symmetric function P is unaltered when the partitions {pp[\ l ), 

(i 1 5 i Pl /%<?/-. ), are interchanged/’ 

The function P presents itself m the first place as a linear function of separations of 
the paitition of the b pioduct to which it is attached The theoiem supplies linear 
functions of separations of any two partitions {ppji 1 pp[z~ )> rh Pl ) respec¬ 

tively, of the same biweight, which are equal to one another 

46 To make the mattei clear, foim a table of biweight 21 as follows — 



K 

KK 

Mho 

6^01 

1 

(21);. } 

I 

1 

(2T) 

(20 ol) 

- (20) (01) 

* 

(ii To) 

- (TT) (To) 

(To" oT) 

- (To 3 ) (oT) 

— (To oT) (To) 
+ (To) 2 (ol) 

l 

1 

| 

(20 01 ) 3 I 

1 

-(2T) 

— (20 oT) 

- (20) (01) 

— (IT To) 

1 

l 

+ (TT) (To) 

— (Id 2 dT) 

- (To 3 ) (ol) 

4 - (10 01 )( 10 ) 

(IT To), 

j 

-(21) 

— (20 oT) 

+ (20) (01) 

-(TTTo) 

1 

— (To 3 oT) 

+ (TO 3 ) (ol) 

(To-oT), 

1 “ 1 " 1 - - -'- 

(21) 

(20 ol) 

j 

j (TTTo) 

(To 3 01 ) 

1 


which is to be read by rows * 

Each term m a column is a separation of the partition of the b product at the head 
of the column 

The separations m each line of terms as written possess the same specifications, and 
also the same numerical coefficients In the right hand column the partition 
separated is a fundamental symmetric function, and hence each sepaiate therein 
appearing is so also. Each block of separations in the right hand column is the 
expression by means of fundamental symmetric functions of the monomial symmetric 
function of the same elements whose partition appears to the left of the same line 
The terms of the first three columns may he regarded as being formed accoiding to 
the same law as the right hand column, and therefore according to a law defined by 


* S&eh term in ike left ka aet column is equal in ike aggregate of terms in any block m the same row 
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the monomial function at the left of the same line Foi example, the teims in the 
second column and thud line aie sepaiations of (20 Ol) foimed according to the law 
of the function (11 10) Also the terms m the thud column and second line are 
sepaiations of (11 10) formed accoidmg to the law of the Junction (20 Ol) Now 
obseive that the law of symmetiy establishes that the table enjoys row and column 
symmetiy Hence the assemblage of separations of (20 01) foimed accoidmg to the 
law of (11 10) is equal to the assemblage of sepaiations of (11 10) formed aceordmg to 
the law of (20 01) 

47 Hence m general the theoiem .— 

“The assemblage of separations of (rp^ 1 1 2 s 2 p - ), foimed according to the law of 

{Pi ( li L P 2 ( lz" )> 1S equal to the assemblage of separations of (pp/T 1 ), formed 

according to the law of (r 1 s 1 Pl ? 2 s/- ) ” 

In the particular case considered the equality is 

— (20 ol) + (20) (ol) = — (IT To) + (TT) (To) 

To actually form sepaiations of (j , 1 s 1 p> r 2 s 2 p - ), aceordmg to the law of 
(ihST 1 P 29.2 2 • )> the separations of the former must be written down, and also the 

expiession of the latter, by means of fundamental symmetiic functions. The separa¬ 
tions are then given the same coefficients as the products of fundamental symmetric 
functions which possess the same specifications 

| 8. Third Law of Symmetry 

48. From the relation 

ITi TT* pi p2 

• + L6 lrt • * T 

is derived the operator i elation 

tti Tr 3 Pi Pa 

= • +LG",.,G'2 +• 

and, thence, by the method already employed, 

»v/* • h = - + L (PtFOpy/- --)i+ • 

Tins law of symmetry is of considerable importance and interest, but X do not stop 
to further discuss it.* 

* Vide ‘American Journal of Mathematics * “Third Memoir oa a Hew Theory of Symmetric 
Functions,” now m progress in vols 11, 12, and succeeding volumes. 
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§ 9. The linear Partial Differential Operations of the Theory of Separations. 

49 For purposes of calculation it is necessary to adapt the operations 

9 m ^01 > 9pa • • > 

so that they may be performed on a symmetnc function when the latter is expressed 
m terms of the separations of any given partition 

Of any partition {Piqf'ptflD - ) separates (vide Definitions) are foimed by taking 
all possible combinations of the paits These are piecisely 

(tti -f- 1 ) (tt 2 + 1 ) — 1 , 

distinct separates which must be regarded as independent variables 
Put 

(10 7rin+p, °0 l' r<a+ P« l pfffppiadPpiai ) 


for any separate of a given sepai able partition P 
Then by a known theoiem 


a. = s fc (io- + -oi— m'“ + » 

the summation being in regard to all the separates 
Moreover (Art 17) 

l _ \p+q~l { P-±JLzlf r, — V ( -) Sff “ 1 (tvr - 1) I ^ 

1 7 P'q' 9pq 7T.J 7T,J 


*10 71-01 ‘ 


7r ftSl l 


J> l q ] rr Pl ( h +P Ml )> 


the summation being m regard to all the partitions (10 iriD 0r r ° 1 . p^qpmi , ) of the 
biweight pq; and also (Art 13) 

*10 *« _ _ __ 

Ojo Oqi . . G Wi . (10 tr io + Pi£iQl’ r oi+Poi PiQ-ffrWt +p Pito ) = (10 Plo 01 Po1 . . 1. ). 

50. Hence 


(—.jp+r-i 


(j) + g — l) 1 
i?' g 1 ... 


9m 


v ^ (-)S-l (2 tt- 1)! j— - 


*10 ’ TTqj' 




* i 3 iff 1 A91 • • •) ^l^io+Poiflf m+Poi ^p lffx +Pp l3l 


the summation being in regard to 

(1) Every separate of the given separable partition; 



OF the roots of systems of equations 


511 


(2) Every partition of the biweight pq 

The right hand side of this relation may be broken up into fragments m each 
which all the numbeis 7r 10 , tt o1 , are constant 

In fact we may write 


(_)*+?-• ( jL±. r i^qii rj:t 


of 


— Y 


7T 


(—)--- 1 r^TT-—i), . .— — _ 

■ — (l0 pi0 01 p ^ . p L q p 


10 


7r, 


01 


7T; 


Pu 1 


) 3__ __ 

' i lo 15 1 


Ui 


’ P 1 


i '.l 


i - l 






wheiein, following the summation sign the numbers, -r llt , fr, (1 , tt, i are 
constant, and the operatoi 

t p (Td pl ° 0l PM . . /V7>n ) 3 __ + . __ , __ T . 

p v l ill } { L0 10 + Pio oi U1 +pui t 

is one of the fragments above mentioned 

This opeiation has a biweight pq, and maybe defined also m regard to the partition 
(lO* -10 OP 01 . . ) of the biweight pq 

51 Write then for bievity and convenience 


X p (lb Pl ° 01 Po! • •Pi ( 2i Ml •) 9 


(Jo^ia + Pm 0 F 01 + Pal + PpiJi j P UO _la 01~- lx "i'll ) , 


so that we may write 


<“>' * = 2.—7—r—^-7— 


p' s' 


1 10 " 01 


■Pill 


QQ l ® Eipk ^ 


where the summation is m regard to every partition (lQ^OP 01 . ^ of 

the biweight pq. 

52 In general not every partition of the biweight pq wdl occur in the given 
separable partition, but it is convenient to consider the general lesult just written 
down as inclu d ing every such partition It will be seen later that this result is of 
great importance m the theory 

I remark that on the left-hand side we have a hnear partial diffeiential operation g H 
whose expression by means of the fundamental symmetric functions and their differen¬ 
tial inverses is well known by what has pieceded. Such expression is all that is 
needed so long as we are concerned only with the fundamental foims which, as they 
appear in the expression of a monomial symmetric function of biweight pq, present 
themselves in products which are separations of the symmetric function (HP Ol 2 ). In 
the present broader theory in which the leading idea is the consideration of any 
partition at pleasure of the biweight as the separable partition, we bring into view the 
exhibition of the operation g m as a linear function of operations, each of 'which is in 
correspondence with a partition of the biweight 
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We have, in fact, a biweight operatoi g p(1 decomposed into a full number of bipait 
partition operators 

# J3~™ 01~o> PtiTlhii ) 


Obseive that the whole theory of separations is a generalisation fiom a weight to a 
partition of a weight. Heie we have generalised fiom a weight operation to a 
partition operation, and I henceforward regard the partition operator as the essential 
linear partial differential operator of the theory The biweight operator g pq has been 
expressed ante (Ait 17) m terms of the obliterating operators of the form G M These 
operations G pq are equally available m the theory of the separable partition in general 
The mode of their operation upon a symmetric function product will be subsequently 
explained (m § 11). So far I have merely considered their operation upon monomial 
forms * 

53 I observe that the biweight opeiator g pq is expressed as a linear function of the 
partition opeiators of the same biweight, accoidmg to the same laws as— 

(1) The operator g M is expressed m terms of the operations G pq (Art 17). 

(2) The symmetric functions, containing one part only, are expressed m terms of 
the fundamental or single-unitary forms (Art 8) 

Eg, compare the three results (the first slightly modified) — 


( — )p + q~l (EtJ _Lb’ a —S' (_h 77 1 _ly 

' ' p » q ! 7Tj 1 7T 3 1 «—• 




(. y .,- AP + l-V ', = , ( l 5 ”" 1 (Stt — 1) 1 p g . n 




7T, 7 TV 


1) ! *T ^2 

~— a a 

^MU 


54. For convenience of reference, I write down the particular simplest cases of the 
decomposition. 

#10 — = '■ StI3j j 

#ci — 9i0i)> 

#20 — 9 (To-) 2^20)3 

#n = 9(To on 9(H)* 

#03 = #(5n> — 2g m „ 

#30 — 9 K m) S#{io jo) + 3g^ 

#21 = #{I5* 01, #{25 ISi #(IT loj ~f* 9(Zii 3 

#12 := #<51* TO) #(5§ I5l #{TT 01} ~b #{I3» 

#03 =: 3#{52 oi) ~b S#io3r 

* Tie decomposition of tie obliterating operation into partition obliterating operations is given 

port § 10. 
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55 I also give the developed expressions of a fev of the paitition operators. 
Thus 

9m = c ( To) 4 (10) -f- (01) Sjoojj 4 (20) 4 (10 2 ) c, Kl 

4 (11) CiHTO; 4 (10 01) ctyu ol 4 (02) C l7UQ 4(0]-) CjoOT.j 

4" > 


(fiMOl) - ^20 01/ 4 (10)3^1007) 4 (01) C (J0 UI 2 ; + (20) 3 ( .c- ui) 

+ (To 3 ) 6(20 JO 2 01) 4 (l l) 3,3g ll 61) 4 (lO 01) C| _u lo Ul ) 
+ ( 02 ) 

°120 01 02j + (oi 3 ) C l2U Ol^ 4. . 


The mode of opeiation of the biv eight operators in the separation theory is now 
manifest 
56 Let 

$(w~ 10 or -01 U7; r iVu )> (/(Up™ o! p °i )’ 


he any two partition operatois of the same or different biweights, 
them for brevity by 


we have 


c h*U i/yjE 


Kepi esentmg 


9^9(p) = 4- 9u 4 9*)> 


wheiem the multiplication on the left denotes successive operation, the bar on the 
right denotes symbolical multiplication, and the symbol ~j~ denotes explicit differentia¬ 
tion on the opeiand regarded as a function of symbols of quantity only 
It is easy to establish the result 


9m "j* 9 (?) — £7(.i5 r “ +f>10 oFoi+Pn + ) 

= g^ + P -) for brevity. 

Hence 

9rt 9& — 9^ "j" 9^) = 9i« +P h 

and 


or at full length 


9i*)9(p) 9 k-) 54 4 9^tt+p^} 


g(Yo*u oUm . ) g^o SF® . ) — 9( )S\k*“ <a. pat .> 

4 <7(10*1° + Pl ° oUoi + ^1 ^gp‘A5i + p l»i5i )j 


the fundamental law of multiplication (compare Art. 15)* 
mdccccx.—a. 3 u 
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Also 


or 


U^9KP) —OK p'^t) = 0, 


ff \nr oi" i '' 9'Tq 0 ^ or* 01 ji2i <*pi5i ) 5\io Pw oip®i 


Pjj/Mi ) 5 \To t m OX" 01 ) — 0 } 


shewing that any two partition opeiatois are commutative 

57 The left hand side of the iesn.lt just reached is called by Sophus Lie ' the 
* Zusammensetzung ” or f Combination ” of the opeiators which appeal Sylvester! 
has also called it the c Alternant 5 of the two opeiators 

The whole system of partition operatois forms an infinite gionp m co-relation with 
an infinite group of transfoimations— 

We can state the theorem — 


Theorem 

“ The Combination oi Alternant of any two partition operators vanishes 55 
Considering the partial differential equation 

I/t-j dj 

and (j) any function which is a solution, then must g( p )<j> be also a solution, since 

9 (C 9( P ) <t> 9{p) 9 m <t> = 0 

Theorem 

“If g^ } and g <fi , be any tw r o partition operators, and <f> a solution of the equation 
ffM — 0 l then will g^ be also a solution of the same equation 55 
58. Consider now the paitial differential equation of Art 51, 


i2L± 1 ~ 1 ) ’ 

K 1 p * r/ 


9 m 


*■„ • Pm,’ • 5r '“ 


~Sh<i i rpj2 ‘ 




— 0 


Assume the separable partition to be 

(lO^ 10 Off 01 . 'Ti9.T mi )> 


so that the operand is a linear function of separations of this partition. 

The effect of the partition operator 

9(10*10 op-til mTjWi )> 

is the production of terms each of which is a separation of the partition 

(10°“ “ 01 47 ® 1 ~ .. . PigT* 131 ~ . ), 

* 1 Theorie der Trangformationsgrappen/ Leipzig, 1888. 

t hscferes on the Theory of Reciprocal! ts.’ Q American Journal of Mathematics, 1 and elsewhere ) 
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Observe that sepaiations of this partition cannot be pioduced by any othei of the 
partition operators which present themselves on the left hand side of the diffetential 
equation Hence if the opeiand satisfies the differential equation 

it must also satisfy the differential equation 

9 \ HI (jJ ul 1 * 1*11 1 * 

59 This important theorem mat be enunciated as follows — 

Theorem 

u If a function, expiessed m teims of separations of a given monomial symmetric 
function, be annihilated by a but eight operatoi it must also be annihilated by every 
paitition operator of that biweigbt ” 

As regards the calculation of Tables of Separations of Symmetric Functions, this is 
the cardinal theorem 

As an example of its application I piopose to utilise it foi the purpose of exhibiting 
the function (31 FT) as a linear function of separations of (21 10 01) The law of 
expressibility shows this to be possible, for (21 10) is a partition of the biweight *j! 
[Remarking that the sepaiation (21) (10) (01) cannot oecui m the expiession, since 
it is the only sepaiation which pioduces the monomial ( 32) when multiplied out, I put 

(31 ol) = A (21 To) (ol) + B (TI ol) (TO) + O (To ol) (si) + D ( 2 ! To oT). 

A monomial sy mm etric function is caused to vanish by means ot the opeiation of 
the biweight opeiator g M if no partition of the biweight jpg is comprised amongst its 
parts In consequence of this, the only biweight operators which do not cause it to 
vanish are g m , g 01 , and g Z2 Hence all the partition opeiators oi every other biweight 

operator annih ila te the function (31 01) It suffices to employ as anmbilators the 
two partition opeiatois g^ and g^) 

Hence, retaming only sigmficant terms, 

{ff(15) + (01) 0(15 ol) T" (2l) + ( 21 OlJ^TTiuOp} (d! 01) = 0 , 

{0(51) + (10) 0(2115; + (01) 0i5I6I) + (10 0l) 0,211551)] (^1 01) = 0, 

leading to 

A + C = 0, B + D = 0, 

C + H=0, A + B = 0, 


ot 


D= — C= — B = A. 

3 u 2 
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Hence 

( 3 l oT) = A {( 2 T To) (ol) - (21 oT) (To) - (To oT) (5T) + (IT To UT)}, 

and it is easy to see that A = — for each of the products (21 01) (10), (10 01) (21} 

on multiplication produces a term + (31 Ol), and this monomial is not produced by 
the development of either of the other two products The value of A may, however, 
he instructively obtained by means of the operator g Q1 
For 

9oi (31 Ol) = (31), 

and 

ffoi — 9m) — + (10) 0(TooT) + (21) 3(21 or) + (21 10) 3(21 Tool) (Art 53 ) 

Hence 

(31) = 2A { - (2l) (10) + (21 TO)}, 

and now A is obviously equal to — T 

But we may further employ the operator g bl 
For 

ff 3 i = G 3 i “1“ = ~h ^(2115) ~h • (Aits. 17, 53), 

significant terms only bemg retained, hence — G 31 and #(ttto) = 3 (2 tio) are equivalent 
operations m the present case, and performing them on then own sides — 1 = 2 A or 

A = -i 
Thus 

(JToT) = -i ( 2 TTo)(oT) + i( 2 loI)(To) + i (To oT) ( 2 l) — i( 2 lTo ol) 


§ 10. The Partition obliterating Operators . 

60. In the foregoing a generalisation has been made from a number to the partition 
of a number in the case of the operations g m , g ol , . . g M , . The possibility of the 
like generalisation m respect of the obliterating operators G 10 , G 01 , . . . is 

naturally presented as a subject for enquiry. 

Consider a symmetric function 

f (^10j * * * ®pq> • • • ) = f 

to be the product of m monomial functions, and write 
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Supposing a M changed into a n + \xa p _ 2i 

(1 + /xG h j + z'G'u]. 4* 

= (1 + A*-GS-io + ^^ul + 

X (I + ixG m + vG,,! + 
X 

X (l 4- p>G lu -{- rG 01 -t 


+ , y _ l5 we have fiom previous work 

+ p lJ vG j ,+ ) / 

4-^?vG ? 4- )/t 

4~ fi'VG ;j 4~ 

4“ 4~ •)/>-* 


Expanding the right hand side and equating coefficients of like products of powers 
p and v, we get 


G~io / ~ 

G, 0 / 

Gil/ 

Ga/ 


= ^(G 1 n/l)//‘l /i, 

= - (GbJi) (G 10 f.) ft f, 4- 3 (G 20 fi) r 2 1 \ /,„ 

= 3 (Gio/i) (C4„i/e) / /, + 3 (G n r\) f 2 f A, 

= 3 (G w /;) (G 10 / 3 ) 4 / > 4- 3(G :o / L jiG 1(l / : ) /: / + S(G 3 ,,/*)/> 

= 3 (GJi) (G 10 f 2 ) (G 01 / 3 )/ 4 fa 4- 3 (G n / 1 ) (G ln / : ) f } r 
- 3 (G 2n /r) (G tll /;) f\ f. 4- 3 (G ,f , 


fi 


and so forth, where the summations are, m regald to the diifeient temis obtained bj 
permutation of the hi suffixes of the functions/ l3 f 2 , f, 

In general m the expression for G M f theie will occur a summation corresponding to 
each partition of the biv eight pq It a partition be (ppp p 2 q 2 p/p) the summation is 




fxjhhJ l) (G/j.^/2) 


(Gp,rjJ S )f-l f 


61 Thus, when performed upon a product of functions, the opeiator G PJ breaks up 
into as many distinct operations as the biweight pq possesses partitions It is 
convenient to denote the operation indicated by the summation 



(G Aft f) (G a?2 f 2 ) (G m ,) ff +1 Jr , 


P__ 


and to speak of it as a partition operator 

62 We may now write down an equivalence 

n _ VO__ 

/>l!il Plis 

where the summation is in regard to every partition of the biweight pq. This is, m 
fact, a theorem for operating with G fig upon a product of symmetric functions, and it 
is consistent with the more simple law previously established. 
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In particular 


G 1(1 

_ r< 

— V -" T I10>, 

Gui 

_ f' 

— VTiOll, 

G* 

— G|j02| 

G n 

—— Gflool 

G u: 

= G^or-I 


63. The lelations between the paitition g operators and the partition G operators 
are of gi eat interest 

Rec all ing the equivalence (Arts 53 and 41) 


(-) ar ” 1 (S7 r-iy 


_ * (Stt - 1)' G 


7T i ' 7T 2 


9 , 




7T, ' 7T, ! 


JPl9i ^ PiQi 


which should be compared with the algebraical result 


-1)' 


7Tt ' 7T,' 


i PiA 1 TY 77 - 


^ 7T-, 1 7T 0 1 




there arise the relations 


#uo) — G lu — G ao i } 

9m — Goi = G'(oi), 

#00*) — %i20i = G 10 2 — 2G :u = G(ioi 3 — 2G(i5>) — 2G,ioi, 

#(I6oi) #(Tfi — GjqGqj G^j — G(io t G(.oT! Guool) ^"(U)j 

#tiov ~ S#(5oio) + S#(3o) = G 10 3 — 3G 20 G 10 + 3G 30 , 

— G.jo>° 3Gii 0 2tG(To'i ~h SG (T o3t 3 [G(2oiG^io) — G(ooio)} d - 3 Gqo), 


and so forth. 

64 Now consider the relation last written. 

I say that it may he broken up into three relations, viz. *— 


#(To>) — G(to) 3 — 3G,-ioijG(io) 4* SGfjoi), 
#i!6uri == G^G.io) G^oio), 

9m — > 


for suppose an operand to be composed of separations of a separable partitioi 
(10^* 20 s ® 30 x “. . the performance of the operations on the two sides of the relatioi 
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produces the same result identically This lesult is composed of thiee poitions 
containing separations of the paititions 

(TO -10-3 20 r =» 30" 3 ) (lO'”- 1 2Q--'~ l BO' 1 (1CT 2«T-»3 0~ ~ l ) 

lespectively Hence the opeiations which pioduce the thiee identically equal portions 
of the lesult must be equivalent, and the three relations between the operatois there¬ 
fore follow 

In geneial, we may say that of the biweight jjq theie are as many lelations between 
partition opeiations as theie aie paititions of the biweight pq. 

65 The general law of the coefficients will be now investigated 
In the result of .A it 53 viz , 


* C-) Sr - l (2ir-1 )',, 

*** - 7~ ~ - <J 


7T ^ 7T -j 






( — - 1 / _ 1 \' n 

™-— G G 

x 1 / 


1 1 


7T-, 


we have to substitute for G PlSl , G J}f/ , the sums of the partition G operators of 
weights 2h<h> P 22 z - j lespectively, we have then to collect on the light all the G 
products which are associated with separations of one and the same partition and to 
equate them to the corresponding g opeiatoi on the left It is evident that this 
joiocess does not alter the law of the coefficients, and that lepiesentxng the different 
separates of the given partition by (J 1 ), (JY) , and any separation by (J 1 ) ;i (J 2 )' 2 • j 
we may write 



(£7r - 1)1 

---- q _ _ 

7Tj 1 7T 2 * 7 (.PlSl”’ 1 l’a2j 2 




Ji h 


G 





Observe that this is piecisely the law which gives the expiession of a smgle bipait 

function m teims of separations of the partition (pph~' PiQz' ) I lecall the result 
of Art 41, viz , 


( —\ar-l ^ ~ 1 ' ' , =2 (_ )5-» A- — (J,).. (J,)'- 

'■ > 7Tj' TTt* 1 } W '' K J 


Jl Jl 


which lenders the conespondence between the algebraic and differential theories very 
striking. 

66 Reversing the foimula as m the algebraic theoiy we get the important 
formula — 


(—)~* ) 

(ggi - 1) ’ - 1) l. 


= % (-) 2j 


Jl 


>3 


Ji 


.9TU T W-12 


7T 2 \ 7T 22 


9< 


IhixiT’ 11 Puthi 


*12 


> SWi 


"Sfc- 
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the summation being for every sepaiation 


(Pu 9 n n PrFF* • ) Jl (P2i<l2p l P22P2P" ) J1 

of the partition (ihQPP&P • ) (Compaie Art 43 ) 

Observe that m these foimulse the multiplications of operations are non-symbolic 
and denote successive operations 

67 Remark the results of operations — 

UP' ) S Mi 1 S I>A. “ * T 

1 1 J 1 

. ; 77 5 r (PuSa ri1 PHHOT 13 1 9 (TTlT' 1 Ask* 14 * ) 

3 1 72 

• • )' 1 (Psi <h\*'Pv!kx' lk ‘Y 2 • =1 


§ 11 T/ic Multiplication of Symmeti ic Functions 

68. The partition G opeiatois are of great service in multiplication An example 
will make this clear It is required to find the coefficient of (ll 2 ) m the product 

(Id 2 ) (01) 2 

Put 

(To 2 ) ( 0 I ) 2 ==...+ A (Ti 2 ) + 

2 

O 11 opeiating with G n on the right the result is A, since every other term is 
annihilated, and since 

Gn = G lTT ) + Gflooip 

we have 

Gn (To 2 ) (01 ) a = {Gap 4- op } 2 (To 2 ) (oi) 2 = A, 

therefore 

{Gjp 4~ Guo op} • 2 (10) (oi) = A, 

hence 

A = 2. 

Similarly putting 

(U!5n'“Aidin'" ■ ■ •) {ptfhi* Ms- •••)(•• ) = ... + A TJf- ) + . 

we have merely to operate on the left-hand, side with the partition operators 

Pi Pi 

equivalent to G rA G rA ... in order to find A. 
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§ 12 Symmetric Functions of Differences 

69 In the unipartite theoiy there is a transfoimation "which connects the 
Symmetric Functions of the Differences of the loots of the equation 

x n — ?ici L x u ~ ] 4 - Ji (a — 1) cux H ~ 2 — + (—) n n ’ a ri = 0 

with the non-umtary symmetnc functions of the loots of the equation 

x n — 4- a 2 x? l ~~ — 4- ( —)“ a lt =0. (n = cc ) 

In fact, the annihilating operator is in each case found to be 

ffi — 4~ ci 1 4~ c h "f 

The theory of the Invariants and Covariants of a Binary quantic may he thus 
brought to depend upon non-unitary symmetnc functions (Vide 4 American Journal 
of Mathematics/vol 6, p 131) 

In the present case, theie is also a transformation. For the purpose in hand, write 
the fundamental identity m the foim 

(l 4~ a i^ 4~ fill/) (14 - a 2 x 4“ fill/) (1 4" 4“ finf) 

= 14- na 10 x 4- ttc'utf 4- 4- °n :cln J q + 

An y function of the differences of the quantities on the left remains unaltered, when 
we write for the quantities ct s , fi s> respectively «, 4- h and fi 3 h. Tlie coefficient of 
on the light then becomes 

^ ( a i 4~ h) («3 4- ^) • • • ( a p 4~ {fij> +1 4“ (fif +2 4“ • {fip+z 4“ ^)» 

which is 


(10* OF) 4- (n — q 4-1) {(W 1 01?) 4“ (10* Ol? -1 )}^ 

4 - (iy- P - g + lHn - P - l L± OF) 4- 2 (lU ' 5 ” 1 01?* 1 ) 4- (10* Ol?“ : )]/r 

+ 


But 


(10 * OF) = t—— -r, a PQ . 


Hence a M is transformed into 


7r 


4- (oty-i,? 4- a M ~i) h 4- (c^-2.2 4- + > 1 - 2 ) ^ 4- . — * 


the general term being 


«p-* § -t 7 i* +t 
3 x 


MDCCCXC.-A. 
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Hence any symmetrical function 

/(° 10 > ^Ul» * a M * ) ~«/j 

is tiansformecl into 

/{%) + <% 4 + ( a p -l ? + ?— 1 ) ^ 

* 

or writmg 

*3 = 3 «„, + ®10 3 « f+1 , t + «0l\f +1 + 

this is 

ex P jfcho + y$i) h + (920 + 2y n 4 go 2 ) of + ■ |/ 

the bar over exp denoting that the multiplications of operators, which arise, aie 
symbolic 

How, by the theoiem of Art 15, this is 

exp {M 10 y 10 4 M 01 y 01 4- * + M Pq g M -\- • • }f, 

the multiphcation denoting successive operations, and identically 
exp (M 10 £ + + . 4- M M £ p yf 4 . .) 

= 1 4- £ 4- V + tt, (£ 4 v)~ + ^ (€ 4 t?) 3 4 

= exp (i 4 rj) 

Hence M 10 = M 01 = 1 and the other coefficients M are zeio 
Hence the symmetric function f is converted mto 

ex P (ffio + ? 0 l) ll /. 

and, if /be a function of the differences 

es P foio + 9 m) h.f=f. 

Hence the necessary and sufficient condition, that f may be a function of the 
differences, is the satisfaction of the linear partial differential equation 

9 10 4“ S^oi ~ 0* 

70. These operators g 1Q and g Ql have been previously met with in the discussion of 
the symmetric functions connected with the fundamental identity 

(1 4 apr 4 $$) (1 4 apr 4 &y) ...=14 a 10 a 4 a 01 y 4 . . 4 4 . 

but tben they played a different rdleA 

•Two simple cases of this important transformation, should be verified by the reader For n — 2, (11) 
is transformed into (aj — * 3 ) — /3 2 ) connected with the ternary quadric For n — 3, (21) is trans¬ 

formed into Xff S («! — Oj) {(opj —• ^ 3 ) -f ( 4*3 — atg)} (/Sj — pg) connected with the ternary cubic 
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In that case g lQ and g 01 were shewn to annihilate all functions m which the biparts 
10, 01, respectively, were absent Hence, expressing all such functions in terms of 

a io> a on a i>i> • we have at once a number of s}mmetnc functions of difference of 
the quantities in the identity 

(1 + ape + /Spy) (id- ct-p? + fi 2 y) (l 4 ajc 4 - fi ,y) 

= 1 + nr* 10 x 4 nci ol y 4 . + ~; o^V'yT 

71 The differential equation 

9m + 9oi — 

is, as a particular case, satisfied by the solutions of the simultaneous equations 

9i o ~ Sui = fi 

In correspondence theiewfith we have functions composed of differences ct s — 
fis — fit, but not of differences a s — fi s , a s — fit The functions of differences — a<, 
fi s — fit are represented by the infinite series of monomial symmetnc functions whose 

partitions contain neither of the biparts 10, Ol 

The generatmg function foi the number of biweight pg is 

1 

(1 - ^ (1 - oy) (1 - f) (1 - i ) (1 - o?y) (1 - ./) (1 - 

The remaining functions of differences cone&pond to those solutions of g lu 4* # L( i = 0 
which are not simultaneous solutions of g 1Q = 0 and g 01 = 0 

Denoting by N any aggregate of biparts from which both ] 0 and 01 aie excluded, 
we have the system of solutions 

(To N} — (01 N) 

(To 2 N) — (To 01 N) 4- ( 01 2 Is), 

(lO^N) - (To^+y- 1 oTN) 4-. . 4 (—)2(l0 p dl^N) 4 • 

for on operating with g li} 4 g ul — G 10 4 G 01 the teims destroy each other in pairs. 

Observe that these solutions are of the same weight but not of the same biweight 
in every term. 

The number of solutions of a given weight is given by tbe geneiatmg function 

_ x _ 

(i - x) (i— < i - (i - +1 / 

,i x 2 
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Hence the whole number of asyzygetic functions of differences of a given weight is 
given by 


(1 - v) a - / 3 )’ <1 - v" ) 4 (1 - ref 1 ) 


+1 


§ 13 Spewed Fundamental Identity of Finite Order 

72 By taking the fundamental identity of infinite order syzygetic relations 
between monomial symmetnc functions were avoided. Whenever the fundamental 
identity is taken of a finite order > 1 certain such relations of necessity arise 

Professor Cayley ( c Collected Papers/ vol. 2 , p 454, and ‘ Phil Trans / 1857) 
takes a fundamental identity equivalent to 

(1 + aye -f jBgj) (1 -f a 2 x + (B 2 y) = 1 + 2 hx + 2 cjy 2 + hx 2 + 2 fxy + cy 2 

and finds identically 

he — f 2 — bg 2 — ch 2 -{- 2 fgh = 0 , 

the condition that the expression to the right shall break up into two linear factors 
I take as the fundamental identity 

(1 + aye + (Bgj) (l + aye + (Bry) — 1 + a 10 x + a 01 y -f- a 2Q x 2 + a n xy + a Q2 y Q , 

and observe that the syzygetic relation must connect monomial symmetric functions, 
each ot which is symbolised by a partition contaming more than two biparts. The 
symmetiic functions must be of the same biweight of the form pp smee the quantities 
a must occur symmetrically with the quantities (B Of the biweight 1,1, there exists 
no partition containing more than two biparts Of the biweight 2,2, we have the 
four partitions 

(20 OP), (02 Id 2 ), (ITIdol), (Td 2 oT 2 ), 

and if the corresponding symmetric functions can be linearly connected, so that no 
fundamental symmetric function of weight greater than 2 occurs, the linear function 
must vanish. 

From the tables, post § 14, hi weight 22, partition (10 2 Ol 2 ), we find 
(20 01 a ) — (II 10 01) + (02 Id 2 ) — — 4<%<% -f af + a 20 a Ql 2 + <%a 10 2 — a n a m a 01 ; 
terms involving <%*, and disappearing. 
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73 This is right, and shows (changing sign) that the well-known expression 
(discriminant) 

be —f - — bg 2 — clr -f- 2 fyh , 

is equal to 

- (20 Ol 2 ) + (IT TO 01) - (02 10 2 ), 

a form which, for the ternary quadric, vanishes at sight 
Another form is 

“f“ S ll f/ ll ®o2^20* 

74 The expiession 

4CQoCfQ2 Cl 2i ®20 r/ oT ~" ^u2~^lu~ H“ ^ 11^10-t;l 

satisfies the partial differential equation which appei tarns to the differences of the 
quantities m the relation 

(1 4- oqaj + A y) (1 + a 2 x + /%) == 1 + a 10 x + a Ql y -f a 2Q x 2 + a n xy + a Cj2 y 2 

m 

This equation is 

2 ^h 10 ~h «1 0 Am ~h ^01 °"n ~h 2 C £ffli -f- 0?IQ -f- «yi — 0 , 

It is not, as a fact, expressible as a function of differences of a lt A> a 2 , A* because it 
vanishes altogether for a fundamental identity of the order 2 

In ielation to a fundamental identity of older greater than 2, the expression does 
not satisfy the equation of differences. Although it may be regarded torn the above 
as a vanishing function of the differences, it is eonveitible into a non-vanishing 
function by the transformation before given The transformed expression is 

(20 02) 2 (11~) oi (« 2 o s 03 s n“)> 

which visibly satisfies the differential equation 

9i o + 9m = + 3 -. = 0 

§ 14 The Construction of Symmetrical Tables 

75. From the first law of symmetiy it has been established that it is possible to 
form two symmetrical tables in connexion with every partition of every biweight. As 
illustrations, I give certain of the results as far as weight 4, inclusive. We have 
presented for the weight 4 the biweights 40, 31, 22, 13, 04. The theory of the 
biweights 40 and 04 is precisely the same as that of the weight 4 m the unipartite 
theory.* The one is, m fact, concerned only with the single system of quantities 

* Vide 'American Journal of .Mathematics,’ vol. 11, and succeed ing volumes 
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aj, a 2 > a 3j and the other only with the single system ft, ft, ft,. . We may, 
therefore, suppress altogether the zero elements m the biparts and then proceed to 
form the tables for the several partitions (unipart) of the weight which I have 
aheady set forth m the ‘ Amencan Journal of Mathematics ’ (vol 11) 

Of the remaining biweights 31, 22, 13, it is meiely necessary to calculate the two 
former, smce the tables for the biweight 13 are obviously immediately obtainable from 
those of the biweight 31 by interchanging the elements of each bipart —e g , by 

writing qp for pq. 

There are seven partitions of brweight 31, viz — 

(To 3 bI), (IT To 2 ), (20 To ol), (20 IT), ( 2 IT 0 ), (30 ol), (3l), 

and nine of the biweight 22, viz — 

(Ib 2 dT 3 ), (IT To ol), (TT 2 ), ( 02 To 2 ), ( 2002 ), (12 To), ( 22 ) 

(20 bl 2 ), ( 2 T 0 T), 

Of these the table of (20 Ol 3 ) gives also the table of (02 10 2 ) by transposing the 
elements of the biparts, and similarly the table of (21 01) gives that of (12 10) We 
have thus 28 tables; but of these, the four corresponding to the partitions (31) and 
(22) are mere identities, so that the number is reduced to 24 The earlier tables 
which are necessaiy are those of the partitions (10 01), (20 01), (11 10), (10 3 01) 
These are now given Each table is read accoiding to the lines. 


Biweight 11 
Partition (10 01'* 



( 1001 ) 

(10) (01) 


(11) 

(Idol) 

(11) 

— 1 

1 

1 

dr 1 (10 01) 1 


1 

(lb 01 ) 

i 

1 ! 

“1 

1 

To) (oT) 

1 

1 


(20 dl) 

Br weight 23. 

Partition (20 Olj 

(20) (01) 

(IT) 

(20 oT) 

(IT) 

- 1 

1 

± 1 (2001) 


1 

(20 01) 

j 

! , 1 1 


(20) (OT) 

1 

1 
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Bitteight 21 
Partition (11 01 ) 

(lT To) (IT) (To). ( 21 ) (iTiO) 

( 21 ) 

(lT To) 


— l 


± l 


(11 10 ) 
(IT) (TO) 


Biweight 21 
Pen tition (10~ 01) 

a 21 a 20 a oi «n«io ^in 2 « 0 i (21) (20 OT) (IT To) (l0 : 01) 


(21) 

i 

- i 

— i ! 

i 

1 ±2 

r Q>i ; 



i ; 

i 

(20 Ol) 

— 1 

— 1 

1 

i i 

1 

1 

t 

^01 

1 


1 

i 

i 

i , 

i 

(IT To) 

- 1 

1 

i * 

i 

i 

* 

i 

;±i 

| 

«11«10 1 

l 

j 

1 

I 

1 

O E 

—.--— -- i 

(To 3 ol) 

1 


1 

j 

! 

1 

1 

j 

r< iu~ c U\i ! l 

1 

1 

2 

, 2 j 


Bi^veight 31 
Partition, (30 01 ) 



(30 01 ) 

( 30 ) ( 01 ) 

( 31 ) 

(30 01 ) 

( 31 ) 

— 1 

1 

J 

±1 (30 Ol) 

1 

(30 01 ) ! 

1 

i ( 30 ) (oi): i 

1 



Partition (20 10 ). 



(21 To) 

( 21 ) ( 10 ) 

( 31 ) 

( 2 TT 0 ) 

( 21 ) 

- 1 

1 

±1 ( 2110 ); 

I 

! i 

( 5 T To) 

1 

1 


( 21 ) (TO) 1 

, 1 

£ 



Partition (20 11 ) 



(20 IT) 

( 20 ) ( 11 ) 

( 31 ) 

(20 IT) 

(51) 

— i ! 

1 

i ! 

i 

±i (2o lT) | 

1 

i 1 

(loll) 

1 

1 

i 

1 

i 

( 20 ) (IT); 1 

1 

i l 

i i 
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Partition (20 10 01). 

(20 TO Ol) (20 TO) ( 0 l )(20 Ol) (TO) (TO Ol) ( 20 ) (20) (To) (M) 



(31) 

(30 01) 

(21 10) (20 11) 

(20 10 01) 

(20 To Ol) 

i 

1 

[ 

1 

1 

(20 To) (ol) 


1 1 

1 

(IooT)(To) 

1 

1 

1 

1 

(10 01) (20) 

1 

1 

1 

(20) (To) (01) 1 

: 

1 

1 1 

i 1 

1 


Partition (11 10 2 ) 

(n lo 2 ) (To 2 ) (IT) (IT To) (To) (IT) (lo) 2 



{ 81 } (20 11 ) (21 10 ) (11 10 “) 


(TT To 3 ) 


] 

] 

1 

(To 5 ) (TI) 

- ---- 

1 

1 

1 

1 

(il To) (To) 

: 

1 1 1 ’ 

! j 

2 

(IT) (To f 

1 

1 1 2 i 

t j 

2 
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a 31 

a 30 a ul 

Pai titiou (10 J 0 

c hi a io a 20 r( 11 

1). 

a 2(/'lPol 


c, l<j Sil 01 


(31) 

— 1 

1 

1 

1 

1 1 

i 

— 2 

I 

1 

— 1 , 

] 

l 

1 1 

1 

db 4 

(30 Ol)| 

1 

2 

— 1 

1 

- 1 1 

1 

1 

- 1 ] 

t 

1 

1 

f 

f 


i 

(21 To) 

1 

— 1 

i 

0 

-i ! 

i 

i 

_ 1 i 

1 

! 

1 

± 2 

(20 IT) 

1 

— 1 

— 1 

i i 

i i 

i 

1 

i 

f 

i 

1 

1 

rfc 2 

(20 To ol) 

— 2 

— 1 

1 

! 

i ! 

i 

( 1 


(TT To 2 ) 

— 1 

1 


i 

? 

1 

1 

1 

i 1 

(To 3 ol) 

1 



i 

i 

i 

1 

i 

i 

i 

t 


(31) 

(30 ol) 

( 2 l To) 

(20 IT) 

(20 To ol) 

(IT To 2 ) 

(To s ol) 


«81 


i 


( 


' 

l 


a 30 a 01 






l 

l 


CC 21 a '10 




1 

f 

1 

l 

i 

3 

i 

a 20 Ct U 


l 


1 

l 

2 

3 

i 

i 

1 

Ct 20 a 10 a 01 


1 

1 

1 

1 

1 

1 

l 

3 

3 


«n«io 3 


1 

1 

2 

3 

4 

6 

\ 

«io s «oi 

1 

1 

3 

i 

3 

3 

6 

6 



Bfyeight 22 
Partition (21 01) 

(2T 01) (2l) (Ol) (22) (21 OT) 


(22) j — 1 j 

1 

1 ± 1 

} 

(21 01) j j 1 | 

(21 01) j 1 ! 

l i 


t 

f 

i 

L 

(ST) (oT) | l j l j 


3 T 


MDCC5CXC-A 
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Partition (20 02) 



(20 02 ) 

( 20 ) ( 02 ) 


( 22 ) 

(20 02 ) 

( 22 ) 

— 1 

1 

± 1 (20 02 ) 


1 

(20 02 ) 

1 


( 20 ) ( 02 ) 

1 

1 




Partition (ll 2 ) 




(TP) 

(TT)» 


( 22 ) 

(TP) 

m ' 

1 ~ 2 

1 

( TT 2 ) 


] 

(TP) 

1 


(ny- 

1 

2 


Partition (20 Ol 2 ) 



(20 Ol 2 ) 

(20) (Ol 2 ) 

(20 Ol) (01) 

(20) (Ol) 2 

(22) ! 

1 

— 1 

— 1 

1 

(20 02) 

— 1 

— 1 

' 

1 


(2l Ol) ' 

— 1 

1 



(20 oT 2 ) ! 

1 

i 




(22) 

(20 02) 

(IT ol) 

(20 oT 2 ) 

(20 OT 2 ) J 

1 


1 

(20) (01 3 ) ! 

! 

i 

1 

(20 01) (Of) 


1 

( 

l 

2 

(*20) (Ol) 2 

1 

1 i 

\ x 

2 

2 


±2 

± 1 
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Partition (11 10 01) 


(11 10 01 ) (11 10 ) ( 01 ) (11 01 ) ( 10 ) 2(10 01 ) ( 11 ) ( 11 ) ( 10 ) ( 01 ) 


(32) 

11 _ 1 _ 1 _ I I 

o 1 o o 4 , J- 

(TT ol) ! 

_ 1 ! _ 1 1 l 

2 2 2 4 

(12 To) 

i __ i i , _ i j. 

12 2,2 4 

(TT=) 

I 1 

_ JL 1 I _ i 

4 4 4 is 

(IT To 01 ) 

! i ■ ' : 




I 


zb l 



( 22 ) ( 2101 ) (12 10 ) ( 11 : ) (1110 01 ) 


(11 10 01) | 

1 


: 

1 1 

(TT To) (oT)' 

1 


1 


1 | 

(IT oT) (To) ! 
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§ 15. Property of the Coefficients in the Tables 

76 Theie is m regard to the coefficients a veiv simple and important propeity 
which does not come into view with the umpaitite theoiy so long as the tables are 
restricted to the particular cases m which the separable partitions are composed 
entirely of units The property appears the instant we considei a separable paitition 
composed of parts which are not all similar. The law is the same whether the 
symmetric functions aie unipartite, bipartite, or m geneial 7/i-pai tite It depends 
upon the possibility of grouping the various separations in a particular mannei To 

make this cleai suppose we aie presented with a separable partition (10- Ol 2 ) The 
nine sepaiations may be wntten down m four groups, as follows — 

Gioup 1 Gioup 2 Gioup 3 Gxonp 4 

(Id) 2 (dT) 3 (To of 2 ) (To) (Id 2 dT) (oT) (To 2 oT 3 ) 

(If) (To) (oT) (ol 3 ) (To) 2 (To 3 ) (oT) 2 (To 2 ) (ol 2 ) 

(IT) 3 

In Gioup 2 it wall be seen that the paits (10 2 ) of the separable partition occur in 
the separation (10) 3 , while the parts (Ol 2 ) occur in the separation (Ol 2 ), so that the 
expression {(lO) 3 , (Ol 2 )] may be taken as defining a certain separation property of the 

separations of the group The group m question may be denoted by Gr {(1 Oj 2 , (G1-) j 
and on the same principle the Gioups 1,3, and 4 may be denoted by 

Gr {(Toy, (Ol) 2 ], Qr {(lQ 2 l (Ol) 2 }, Gr {(T0 2 ), (Ol 2 )] 

respectively. In the separable partition (10 2 Ol 2 ) the parts (10) and (01) occur each 
twice, and a group results from every combination of a partition of 2 with a partition 
of 2. If P 2 denote the number of partitions of 2, the number of groups will be 
P 2 2 =4 In general if the different parts of the separable partition occur a, b c, . 

times the number of groups of separations is PJPJh • 

77. The leading property that has been adverted to is that m the expression ot a 
single-bipart function by means of separations of a partition composed ot dissimilar 
parts, the algebraic sum of the coefficients m each group of separations is zero. A 
corollary at once follows which will be given in its piopei place. 

78. Prom the identity of Ait. 24, viz :— 

I + + G oiV 4 * * • + = n, (1 + «Aq£ 4 * • • 4 4* * * *) 

is derived a series of relations which express the quantities c in terms of the 
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quantities b aud symmetnc functions of the quantities a, (3. These aie given m 
Art 24 

To put the group m evidence it is necessary to modify these relations by writing 

Pi 

&-y, for 1> so that foi examples the expressions foi c, 0 and c n become 

(20) J 20 + (To 3 ) b m 
(IT) b n + (TO oT) b lt) b m 

lespectively In any product * the cofactor of the pioduct 

cr i o-j v x v z 

bjpp b~ Pi . bj^r ! bj^rp , 


is composed of symmetric function products each of which appei tains to the gioup 


Gr {(r^'p {rtf-p . , (WY 1 {W') Vt 


} 

J 


The sum of the coefficients attached to the membeis of this gioup is obtained by 
putting each monomial symmetric function equal to unity The sum m question then 
appeals as the numerical coefficient of the b pioduct above written 
Write then 

ffiu 1 = K 

^Ol 1 — &01 

C 2Q’ — by0 “f ^102 

C ll 1 == ^11 + ^10^01 


so that, £ and rj being arbitral y, 

d~ c iu £ Ai 1 V 4" • ~h Cpq' + . . 

= (t + b m £ -f h w p -f b&g 6 -f . ) . .(!-+- bj^P-rf + b-^prf'i + ) 

a factor appearing on the right for each biweight 

To find the sum. of the coefficients m each group in the case of the expression of the 
single-bipart functions we have now merely to take logarith m s when ( A rt 26) 

the functions being s pq or (pq), the sum m each case presents itself multiplied by 

£ p ? (1 jp ! q f) (yi -{- q 1) b Expanding the right hand side after taking logarithms 
we see that only terms of the form 

bjtfi «i 


em appear. Hence the theorem :— 
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<f In the expiession of symmetiic function (pq) by means of sepaiations of any 
partition of the same biweight, the paitition consisting of dissimilar parts, the 
algebraic sum of the coefficients m each group of separations is zeio ” 

As regards the remaining cases where the separable partition does not contain 
dissimilar paits, the group obviously contains hut a single separation and qua g/o»p 
has no existence 

We have m fact the expression of (pq) b\ means of separations of (rs 1 ) where 
l r — p, Is = cp 

The result is cleaily 


(-) 


-1 (p + $ — 1) ' 

V' 2' 


(pq) = 2 (-) 


So- - 1 ( 


- 


D* 


ay 


(? , S i>i ) cr ‘ (ro 0 -)'- 


79 The law of group of separations may be verified from the tables It is a veiy 
satisfactory aid to calculation, particularly m the detection of missing separations 

Moieover the law embraces symmetric functions other than those symbolised by a 
single bipart Suppose the function expressed in teims of smgle-bipart functions. 
The latter may be separately expressed m terms of sepaiations of partitions in such 
wise that the function m question wall be represented by means of separations 
of any given partition of its biweight The law of the gioup will hold for the 
smgle-bipait functions whenever the separable paitition contains dissnnilai parts, and 
moreover, m a product of smgle-bipait functions the law v ill hold if one oi more of 
the factois is expressed m terms of separations of a paitition containing dissimilar 
parts Hence the only exception occurs when we find presented a pioduet of the 
form 

S ~I PM *777?-} 

now if the symmetric function, say (i>i$i n P/lz' )> ^hose expiession we aie 
considering in connection with a given separable paitition, say (cq/q* 1 uJq a - ) itself 
possesses a sepaiation of specification 

(apq, ctJj L ct 2 r, z> a 2^2 > ) 

a product of this form will certainly occur, but not otherwise 
Hence the theorem :— 

80 “In the expression of symmetiic function 

• )> 

by means of separations of 

the algebraic sum of the coefficients in each group of separations is zero if the partition 



536 


MA JOR MACMAHON ON SYMMETRIC FUNCTIONS 


(M" l M2 T '- ) possesses no separations of specification (a 1 a 1 , a^, a 3 a a , a 3 Z> 3 . . ) but 

not otherwise ” 

The law may be verified in the case of the table of separations of (10 3 Ol 2 ), for the 
symmetric functions (22), (2101), (12 10), (lT 3 ), (TITO Ol) for none of these five 
functions can be separated so that the specification is (20 02) On the other hand 
the group law does not hold for (20 Ol 2 ) because the separation (20) (Ol 3 ) has a 
specification (20 02). 


§ 16 Conclusion 

* 

81. All the preceding results can be easily extended to the m-partite theory 
connected with on systems The weights are m-partite as also the parts of the 
partitions As a general rule m suffices appear ui the symbols The laws of symmetry 
and their consequences, the symmetrical tables, the correspondences between the 
algebras of quantity and differential operation, the partition linear and obliterating 
operators, the law of groups of coefficients (and m fact the whole investigation here 
presented) proceed joari-jpcissu with the bipartite theory above set forth The uni- 
partite or ordinary theory of the single system is also absolutely included m every 
respect 

In its applications, the results will be chiefly of use m the theory of elimination in 
the most general case. In tins regard Schlafli’s memoir {Joe at ) may be consulted. 
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"VIII Account of leceat Pendulum Operations foi detti mining the lelotive Force of 

Gravity at the Keir and Greeninch Ob&ervutu/ les 

By General J T Walker, C B , RE , F R S , LL D 

(Communicated at the request of the Kew Committee ) 

Received April 15—Read Jane 5 1890 


The recent pendulum observations for the puipose of determining the giavitv 
connexion between the Koval Obseivatory at Greenwich and the Roval Society’s 
Obseivatory at Kew, weie undertaken m older to improve and strengthen the con¬ 
nexion between the Indian series of pendulum operations and other senes taken m 
other parts of the world 

The Indian senes had been carried out m the } ? ears 1S65 to 1S73, when two 
invariable pendulums, the propeity of the Koyal Society, which had been designed 
by Captam Kateb foi the purpose ot investigating the relative force of gravity in 
different latitudes^ weie swung at the Kew Observatoiy, and at vanous places in and 
on the way to India, m the course of the operations of the Gieat Trigonometncal 
Survey of India The work was originated at the suggestion of the Piesident of the 
Koyal Society, Geneial Sm E Sabine , the greater poitron was performed by Captain 
J P Basevi, K E , who lost his life from exposure while operating on the high table¬ 
lands of the Himalayan Mountains, the lemamder was completed by Captain W. J, 
Heaviside, K E , both officers acted under the personal superintendence of Geneial 
J T Walker, the Superintendent of the Gieat Trigonometrical Survey 

The points at which the pendulums were swung and the number of vibrations they 
made in 24 hours were determined, were mostly stations of the Central Meridional 
Arc of the Suivey which extends from Cape Comorin to the Himalayan Mountains, 
a few stations were added on the East and West Coasts of India, and on neigh¬ 
bouring islands, and also at Aden and Ismailia The base station of the entire senes 
of operations—that is to say, the one at which they were commenced and concluded— 
was the Koyal Society’s Observatory at Kew, near Richmond, Surrey 

With a view to effecting a connexion between the operations in India and similar 
operations recently completed in Russia, and also for other reasons, two reversible 
pendulums, the propeity of the Russian Imperial Academy of Sciences, which had been 
employed m Russia, were sent out to India and swung at some of the Indian stations, 
pan passu, with the pendulums of the Royal Society. 
mdcccxo.—a 3 z 
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For the pm pose of connecting the Indian operations with those taken by Kater, 
Sabine, Foster, and other obseivers m various paits of the globe, it was intended 
to swing the Royal Society’s pendulums, on their return to England, at the Royal 
Obseivatory, Gieenwich, which was a station of various important senes of operations 
But when the time arnved, m 1873, it was found that extensive preparations were 
being made m the Observatoiy for several expeditions which were being outfitted for 
the obseivation of the approaching tiansit of Venus, so that no space w T as left avail¬ 
able for the pendulum operations It was therefore decided to make the desired 
connexion by swinging Kater’s convex table pendulum, for determining the absolute 
length of the seconds 5 pendulum m any latitude, at Kew, as already it had been swung 
by Sabine at Greenwich. This was done by Captam Heaviside, and was the last 
stage of the Indian pendulum operations , the results were published m vol 5 of the 
‘ Account of the Operations of the Great Trigonometrical Survey, 5 Dehra Hun, 1879, 
which gives full details of all the operations, including the swings with the Russian 
pendulums 

The absolute length of the seconds 5 pendulum, m vacuo , at Kew, was found to be 
39 14008 inches of the British standard yard, m 1873, wheieas at Greenwich, Sabine 
had found it to be 89 13734 inches of Sir George Shdokburgh’s standard scale, m 
1831 * Thus it would seem that a seconds 5 pendulum will make about three moie 
vibrations in 24 hours at Kew than at Greenwich But the two Observatones are 
nearly in the same latitude, and differ very little in height, and are only ten miles 
apart; thus this difference is much too large to he accepted as trustwoithy 

In his work on Geodesy, Colonel Clarke, C.B , R E , of the Ordnance Survey of 
Great Biitain, employs a large number of pendulum determinations m various parts 
of the globe to investigate the figure of the earth He remarks that the selection of 
Kew. instead of London or Greenwich, as the base station for the Indian series 
of swings, was unfortunate, and, di&iegardmg the connexion of Kew with Gieenwich 
by the two determinations of the length of the seconds’ pendulum, he employs the 
ratio of Madras to London from the observations of Goldingham and S ab ine, and 
that of Kew to St. Petersburg!!, by Heaviside and Sawitsch. Then he makes foui 
different combinations of his data, from which he obtains as many values of the 
earth s ellipticity ; and for each value he finds the corresponding system of quantities, 
jc, indicating the apparent excess or defect of the observed over the theoretical force 
ot gravity at each station of observation; one combination gives Kew an excess of 
6 06 vibrations over London , another gives it an excess of 5*12 vibrations over 
Greenwich, but reduces the excess over London to 3 10 vibrations These figures 
indicate variations m the vibration numbers such as are usually met with on changes 
of latitude of 1 to 2 degrees, and they show that the actual relation of Greenwich to 

It has recently been ascertained that very little, If any, of the difference can be dne to error of tlie 
suit of tie Shock Briton scale as compared with, the standard yard. See No 288 of the ‘ Proceedings 
of tie Royal Society * (vol. 47, 1890, p 186 ) 
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Kew liad not yet been precisely determined, and that special obseirations weie still 
lequned for the purpose 

In 1881, Colonel Herschel, R E , was deputed by the Secietary of State for India 
to take pendulum observations at the Greenwich and the Hew Qbservatoiies also 
at some places m America, with a view to making a connexion with the pendulum 
operations of the Coast and Geodetic Suivey of the United States He employed the 
two pendulums of the Eoyal Society which had been used m the Indian opeiations, 
and also a thud pendulum of precisely similar construction which had been deposited in 
the Kew Observatory by the Aclmiialty, the expenence ahead} gained in India having 
shown that the employment of a thud pendulum was desnable After completing 
his swings m England and Amenca, he made over the three pendulums to officem of 
the United States’ Survey, who took them lound the woild, and swung them at 
Auckland, Sydney, Singapore, Tokio, San Francisco, and finally at Colonel Herschel s 
station m Washington *' 

When the obsei rations came to be finally reduced, it was found that the results 
between Kew and Gieenwich by the thiee pendulums were largely discoidant, one 
giving Kew an excess of 1 97 vibrations, anothei an excess of 1 39, while the third 
gave a defect of 4 98 vibrations It was obviously necessary that the pendulums 
should be again swung at the two places, m order to obtain a more satisfactory 
determination of the relative vibiation numbers Eiesh swings weie theiefoie made 
at Kew m IS88, and at Gieenwich m the following year The opeiations veie 
performed by members of the Obseivatory staff at each place. Mi Hollis taking the 
lead and lesponsibility at Gieenwich, under the direction of the Astronomer Royal, 
and Mr Constable at Kew, under the Superintendent of the Kew Obseivatory 
The final results give a vibration number for Kew which differs by less than one 
vibration from that at Greenwich, and may be accepted as very fairly piobable 

It is the object of the present paper to give an abiidged account of the above 
operation^, both the primary by Colonel Herschel, and the revisionary by Mes&is 
Hollis and Constable t For this purpose it is necessary, in the first instance, to 
give brief descriptions of the pendulums, and of tlie modus operandi adopted b\ the 
different observers 


Desa iption of the Pendulums 

All three pendulums are of Kater’s Invariable Pattern, they aie made of biass, 
with a steel knife-edge at the head of each pendulum, and they are of very 
nearly the same dimensions One is numbered 4 and another 11 , the third has 

* Fall details of the operations and then results are given in Appendix No 14 of the * Report of the 
United States Coast and Geodetic Survey ’ for 1884 

f Foil details of Colonel Herschel’ s operations, in manuscript, were made over to the Royal Society 
for record, hy the Secretary of State for India, the details of the other operations are recorded in the 
observatories in which they respectively took place 
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no such distinguishing number, but is marked 1821, presumably the year m which it 
was constructed, Colonel Herscbel believes that it is probably No 6 of the senes, 
and has so called it No 4 was employed by Sabine in his operations between the 
parallels of 18° South and 80° North Latitude, m 1822-23 , and No 6 (1821) was used 
by the late Astronomer Royal, Sir George Airy, m experiments m the Harlon 
Colliery Rit, m 1854, to deteimme the earth’s mean density, these two aie the 
pendulums of the Royal Society which weie employed throughout the opeiations in 
India No. 11 was used by Bailey, in London, m 1832, and by Maclear, at the 
Cape of Good Hope, m 1839 , it was afterwards lent for a while to the Admiralty, 
and eventually deposited m the Kew Obseivatory 

Each pendulum is furnished with a pan' of agate planes, on which it is intended to he 
swung. The planes are set on eithei side of a half-inch opening m a solid brass 
frame, which is mounted on a plate at the head of the receiver, and is piovided with 
three levelling screws, outside the frame there is a pair of moveable arms carrying 
Y’s, in which the pendulum rests wdnle not vibiatmg, and on lowering which the knife 
edge comes in contact with the agate planes for vibration The pendulum is placed 
midway between the supporting planes by hand and eye estimate, but it is always 
brought by the Y’s down on to the same hue across the planes, in all positions of the 
pendulum, whether the marked face is pointing towaids the observer or towards the 
clock. 

The length of the pendulum is invariable, excepting from change of temperature for 
which the correction to the vibiation-number is known The shape is that of a 
flexible bar of plate brass, 62 inches long, 1 7 inch broad, and 0 13 inch thick from 
the knife edge downwards for a distance of about 40 inches, where a flat circular bob, 
6 inches in diameter and 1 3 inch thick, with a bevelled edge, is soldered on to 
the bar; the tail piece, below the bob, is i educed to a breadth of 0 7 inch, and is about 
16 inches long The bar is necessarily very flexible, its thickness being less than a 
tenth of its breadth, and this flexibility is greatly m contrast with the rigidity of the 
German and French pendulums Kater is believed to have adopted a flexible form 
of bar in preference to a rigid bar designedly, under the impression that it was less 
likely to become permanently bent by accident} and more likely to acquire exact 
verticality when its knife-edge is resting on the agate planes during the couise of the 
vibrations. 

The Processes of Manipulation. 

When the pendulums were sent out to India, it was intended that they should 
always be swung as nearly as possible in a vacuum. For this purpose a receiver of 
sheet copper, mounted on a substantial and well braced wooden stand, was furnished 
for the pendulums to he swung in , the receiver was closed above by a hemispherical 
glass cap, which could be removed at pleasure for the Inseition or wdthdi awal of a 
pendulum. Two thermometers were fixed in a dummy pendulum, of the same size as 
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the vibrating pendulum less the tail-piece, which was fixed inside the receiver In the 
Indian opeiations, the air was always exhausted to the lowest pressure attainable and 
the vibration-number obtained at that pressuie was reduced to the vacuum by special 
corrections, which will be afterwards described At first the receiver was found to 
leak slightly, the pressure rising about an inch m the course of a day’s swmgs , hut 
eventually this leakage was traced to the two stuffing boxes, thiough which one 
rod passes for lowering the knife-edge on, or raising it off. the agate planes, and 
another rod for setting the pendulum m motion ; the leaks were stopped bv fitting 
cups round the necks of the lods, and keeping them filled with oil When the 
apparatus came into Colonel Herschel’s hands much leakage vras met with at the 
lower piessures He contmued to use the leceivei, but he did not attempt to obtain 
low pressures, and he abandoned the reduction to the vacuum , his piessmes ranged 
between 26 and 28 inches, and his observations were leduced to an adopted standard 
pressure of 26 inches, with the tempeiatuie of the air at 32° F. The same procedure 
was adopted when the pendulums were swung by the officers of the United States’ 
Coast and Geodetic Survey. But when the apparatus was returned to England, the 
receiver was repaired and made thoioughly air-tight before the revision ary swings at 
Kew and Greenwich w r eie commenced ; then half the swings at each place w~eie taken 
under a pressuie of about 2 inches, and the other half at about 27 inches , the lesults 
w r ere reduced to a vacuum m both cases, by the same formula, which will be given 
hereafter 

For each invariable pendulum the vibration-numbei is determined by swinging it m 
front of the pendulum of a clock and observing the times of the first and last coinci¬ 
dences of the two pendulums, at the beginning and end of a set of swings , also the 
time of a coincidence immediately following the first, in order to get an approximate 
value of the interval between successive coincidences ; thus the number of swings made 
by the invariable pendulum during a given amount of clock time, is ascertained 
by observation, and from it the number of swings m 24 hours is calculated, after 
makiug due allowance for clock rate, arc of vibration, tempeiatuie, and pressuie. The 
clock employed in the Indian and subsequent operations was one by Shelton, which 
had been used for the same purpose by Sabine The invariable pendulums make 200 
to 300 vibrations daily less than the pendulum of a clock regulated to solai time, and 
about twice that number to siderial time 

For the observations of coincidence, m the Indian operations, a circular disc of white 
metal was mounted on the bob of the clock pendulum, and an image of it, made very 
slightly less in diameter than the breadth of the tail-piece of the invariable pendulum, 
was produced, by an intermediate lens, in the plane of the tail-piece. The image 
would disappear for a moment and then reappear behind the tail-piece at every 
apparent conjunction of the two pendulums , and these conjunctions occur when both 
pendulums are swinging m the same direction, the intermediate conjunctions, with the 
swings in opposite directions, being unobservable. The exact moment of coincidence 



542 GENERAL WALKER ON PENDULUM OPERATIONS FOR DETERMINING 


was at first deduced from observations of the disappeaiance and reappearance of both 
edges of the disc , but after a short time, this was considered unnecessary, and one edge 
onlv was observed, the same thioughout each set of swings 

Colonel Herschel substituted for the single laige disc a system of multiple discs 
consisting of seveial pairs of small circles, arranged symmeti ically on opposite sides 
of a central vertical line, and painted white on a piece of black cardboard which was 
attached to the bob of the clock pendulum He designed a laige variety of systems, 
one of which is heie shown He observed the times of disappearance and re-appear- 
ance of seveial pans of discs, eventually letaimng five pairs only, of which the general 



mean was taken as the moment of coincidence The United States’ officers adopted 
one of Colonel Herschel’s discs, but obseived on only one side of the tail-piece and 
not on both sides as he had done In the revisionary opeiations at Kew and Green¬ 
wich, a single large disc, of which the image was made of nearly the same diameter as 
the tail-piece, vras employed, and obseivations of disappearance and re-appearance 
were made on one side only, as in India. * 

In the Indian and the revisionaiy operations the times of the thiee first and the 
three last coincidences m each set of swings were observed, and the means were 
employed to indicate the moments of commencement and conclusion of the set, the 
observed intervals between successive coincidences gave the divisor to the duration of 
the set to find the total number of intervals which is tvanted m calculating the 
vibration-number. In Colonel Herschel’s opeiations one or two discs were observed 

* Very great precision m the determination of the moment of coincidence is unnecessary If V he 
the vibration-number of a pendulum, R the clock vibrations in a mean solar day, and N the clock 
vibrations during a set of swings m which there are n intervals between visible coincidences, then 

/ 2n\ _ ¥1 

Y=R(l— jt) and dV = 2R <ZN 

Let R —86,630, let the duration of the set of swings he 6 hours and the interval between coincidences 
6 minutes, giving n = 60, then 

dV = 022 cZN. 

Thus, an error of 4 seconds in N. which is improbably large, would not affect the vibration-number 
by as much ss 0*1, which is but a fraction of the probable error from other Cannes 
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immediately after the initial observations of coincidence, to obtain the interval 
between succebsive coincidences 

In the Indian operations the agate planes were always carefully levelled before the 
pendulum was set up on them, and the level leadings, as taken before and aftei the 
swmgs by each pendulum, were lecoided and published. As the pendulum is neces¬ 
sarily made to vibrate with its tail-piece a shoit distance m front of the scale for 
measuring the arc of vibration, this distance was read off on a scale fixed at right 
angles to the arc-scale, to enable the observed arc reading to be duly corrected , and 
it was measuied m the two positions of the instruments, both with the marked face 
towards the obseiver and towaids the clock Thus, as the knife-edge was always 
lowered by the Y's down to the same line on the agate planes, and as the planes wei e 
always horizontal, half the difference between the distances of the tail-piece from the 
aic-scale, m the two positions, indicates the magnitude of any deviation of the bar of 
the pendulum, at the tail-end, fiom perpendiculantv to the knife-edge These dis¬ 
tances were always recoided, and they show that both the pendulums were bent, but 
that the bending was practically constant throughout the whole of the operations; 
the marked face of Pendulum No 4 was deflected 5 inch outwards, and that of No 6 
(1821) 3 inch backwaids, at the tail-end As however, a geneial constancy was 
preserved throughout, the whole of the xesults weie tiuly differential 

Colonel Herschel commenced his operations at Kew by swinging No 4 pendulum 
m the condition in which he found it He soon noticed bends m both the two 
pendulums, and also found that the knife-edges were somewhat rusted There was 
leason to suspect that the pendulums might have received some injuries when set up 
at one of the great Annual Exhibitions m South Kensington which was held a few 
years after then return from India Consequently both the pendulums were 
straightened and their knife-edges were re-ground This, of course, causes a break of 
contmuity with the antecedent operations with these pendulums, and destroys the 
differentiality of the vibration numbers obtained before and afterwards 

In the revisionary operations at Kew and Creenwich the pendulums weie skiing in 
the same condition as when employed by Colonel Herschel and the officeis of the 
United States 

In the Indian operations each set of swings was usually of about 9 horns' duration, 
from 8 A it to 5 P M , intermediate readings of the thermometers and observations of 
coincidence being taken at mteivals of about lA hour apart When all the observa¬ 
tions were finally reduced it was seen that, whenever the daily variation of tempeia- 
ture was considerable, the clock rate at different hours of the day vaned sensibly 
from the mean daily rate; thus it was evident that the vibration-number, which 
depends on the actual clock rate during the set of swings, but is deduced from the 
mean daily rate which is derived from successive transits of the same stars, might be 
much mfluenced by variations of rate occurring duiing the part of the day when the 
pendulum is under vibration 
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Colonel Herschel got over this difficulty, and eliminated the influence of houily 
variations of clock late, by linking successive sets of swings together so as to fill up 
the whole 24 hours He made the duration of each set of his swings somewhat less 
than 6 hours, taking all necessaiy observations of temperature, coincidence, &c at the 
commencement and conclusion of the set, but without any intermediate observations, 
immediately after the conclusion of one set he commenced the nest set In this way 
obsei rations weie sometimes cained on continuously for two or three days by himself 
and his assistant In the levisionary opeiations at Kew a similar proeeduie was 
adopted, the temperatures and coincidences in the intervals between the beginning 
and end of each set were geneially observed also, and the tempeiatures when not 
observed were recorded on a thermogiaph At Greenwich observations weie made at 
10 4 pm, and 10 pm ; the swings at low pressure were divided into two sets of 

6 hours each and one set of 12 hours, so as to fill up the 24 houis, those at high 
pressure into two sets of 6 houis each, to fill up 12 horns The tempeiatures between 
the thermometer readings were registered by a thermograph The daily range of tem- 
peratuie was veiy small at Kew, and rarely as much as 1° K at Greenwich At both 
places the time was derived electncally from the sideual standaid clock at Greenwich, 
which is fixed m the basement of the Observatorv, where there is no sensible diurnal 
vaiiation of temperatuie Under the actual circumstances theie was no real necessity 
for continuous obseivations thioughout the 24 hours to conti ol the clock rate 

The differences m procedure and manipulation which have been pointed out thus 
far are not such as to have affected the results sensibly, hut m one other matter 
there was a difference of procedure which might have materially influenced the 
results Colonel Herschel did not maintain the agate planes m exact horizontality, 
he believed that when the plants were truly level, and the pendulum was set up on 
them, the knife-edge, if pressed down against them by hand, was found to be not truly 
in contact with the planes throughout the line of bearing , consequently be dislevelled 
the planes until the contact, as judged by touch, was thorough, and then he commenced 
swinging the pendulum. Such imperfect contact was never noticed in the Indian 
operations; it is possible with pendulums having a rigid bar, when the knife-edge is 
not truly perpendicular to the bar, hut with pendulums such as these, which have a 
very flexible Kir, it seems seaicely possible, at least without a grosser displacement of 
the knife-edge from the perpendicular than is at all piobable The officers of the 
United States who swung these pendulums at several stations have been questioned 
on this point, and Mr Edwin Smith repoits that after levelling he “ tested the 
contact of the knife-edges with the agate planes by touch and found it impracticable 
to make any change, so the pendulums were always swung with the planes levelled 
with the spirit level” In the revisionary swings this was done also 

Colonel Herschel does not appear to have measured the actual dislevelment of the 
agate planes which was caused by his method of treatment, had he done so and his 
surmise been correct, the magnitude of the dislevelment would have been the same 
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after as it was before each transposition of the pendulum, but its sign would have 
changed, because its direction would have been reversed The lecoid of the observa¬ 
tions gives no level readings, nor does it give the distances between the tail-piece and 
the arc-scale m the two positions of vibration All that is known is that the agate 
planes were not maintained m a position of constant honzontality, as m all other 
operations. Thus the results are not strictly differential and it is to be inferred that 
the laige discrepancies occasionally met with between different groups of lesults, even 
when the individual results in each gioup are highly accordant, aie due to this cause 
The results of the seveial operations will now he given 


Colonel Herschel’s Results, reduced to temperature of 62° F , and to the 
Density of the Air under the pressure of 26 inches at the temperature 
of 32° F 


Determinations at Keiv Observatory 


Preliminary Vibration-numbers of Pendulum No 4, before straightening: the bar 

7 o O 

and re-gi Hiding the knife-edge 


Marked face, M, to front 

■ 

Plain face, P, to front 



i 



Means 





Set 

1 

V 

1 

Set 

V 

- 

9 

1 

86158 74 

15 

86161 44 


3 

86158 84 1 

16 

86161 02 

' 

4 

86158 05 

17 

86160 S7 

1 

6 

8 

86159 21 

86157 31 

86158 41 

18 

19 

20 

86161 25 
86160 60 
86160 24 

Face M 80158 3S ! 
Face P 861b0 98 ; 

i . . 

9 i 

86158 25 

21 

86160 86 

86159 68 ( 

10 

86158 32 

22 

86161 26 

11 

86158 31 

23 

86160 12 

l 

! 

12 1 

86158 91 

24 

86160 87 

1 

13 

86158 S3 

25 

86161 52 


14 

i 

S6157 41 

26 

86161 69 

1 1 

1 1 


When this result is reduced to a vacuum, it may he compaied with the lesults 
of the swings by the same pendulum at the same place which were obtained for the 
Indian operations. The reduction to the vacuum may be approximately taken as 
8 32, which gives the vibration-number 86168 00, to compare with 86169 45 
obtained in 1864, befoie the pendulum was sent out to India, and 86169 57 obtained 
in 1873, after its return from India. 


mdcccxc —A 


4 A 
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Colonel Herschel’s Deter mi nations at Kew Observatory, continued 


V ebration-numbers by all three Pendulums, obtained after the bars were 

stiaightened and the knife-edges re-ground. 


Pendulum JSTo 4 


Face 01 

Face P 






Means 





Set 

Y 

Set 

Y 


74 

86157 07 

94 

86157 16 


75 

86157 62 

95 

80157 08 


76 

86158 21 

96 

86157 75 


77 

86157 05 

97 

8ol57 26 


7S 

86156 75 

98 

86157 54 


79 

86157 74 

99 

86157 78 


80 

80158 13 

100 

86158 45 


SI 

82 

83 

86157 88 
S6157 44 
86157 67 

101 

102 

103 

86157 84 
86157 27 

8 >157 52 

Face M 86157 42 
Face P 86157 87 

84 

Sbl57 54 

104 

86157 65 

86157 64 

85 

86157 06 

: 105 

86157 42 

86 

86157 01 

106 

86157 62 


87 

86156 39 

107 

86158 47 


88 

86159 39 

108 

80158-87 


89 

86158 01 

109 

86150 01 


90 

86155 74 j 

110 

80158 63 


91 

86157 15 

111 

86158 07 


92 

86157 35 

112 

8615S 21 


93 

f 

1 

86156 94 

1 
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Colonel Heeschel’s Dete> mi nations at Ktw Obset votouj, continued 


Pendulum No 6 (1821) 


Face M 

! j 

Face P 1 

i 

1 

Means 

! 

l 

Set 

V 

Set 

1 

V '1 

ll 

28 

86057 21 

51 

1 

1 

&60j6 54 J! 


29 

86056 64 

52 

86055 95 || 

| 

30 

86056 28 

53 

8b055 b8 j! 

l 

31 

86056 00 

54 

860o 7 15 1 

i 

32 

8o055 05 

55 

86057 11 


1 Q O 

30 

86055 25 

00 

Sb056 72 i 


34 

86055 87 

57 

86u56 71 


35 

86055 64 

j 

St»u56 78 I 


'36 

86055 82 

5<» 

86056 75 

Face M 8605G 32 

38 

86058 82 

60 

8b05b 42 

Face P 86056 74 

39 

86058 11 

b] 

86056 54 


40 

86056 84 

G2 

86o57 OS j 

86056 53 

41 

86056 65 

63 

S6< *57 18 ! 

j - 

42 

86053 67 

64 

1 86057 18 


43 

86054 77 

65 

86057 19 


44 

86056 93 

66 

b605 7 33 J 

j 

45 

86056 62 

67 

86057 01 1 


46 

86056 48 

b8 

! 86056 93 1 

| 

47 

86056 52 

69 

S60o6 bS J 


48 

8b056 66 

70 

! 86057 11 

j 

49 

86056 80 

71 

. 86055 21 

i 



Pendulum No 11 


Face M 1 

1 

I 

1 

Mean 1 

1 

Set 

1 

1 

Y | 

115 

86099 64 i 


116 

86099 18 i 


117 

S6099 11 


118 

80099 67 

[ 

119 

S6100 60 

1 

120 

S0u99 83 


121 

SblOl 54 

1 

122 

SblOO 76 

1 

123 

86099 87 

j 

124 

86100 44 

Face M 86100 57 j 

125 

86100 17 


126 

1 86100 78 

i 

127 

S61U0 42 


128 

86100 83 

1 

129 

86100 86 

I, * 

130 

S610110 

1 

131 

86100 81 

1 1 

132 

86101 61 


134 

1 

86103 58 

j 


4 A 2 
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Colonel Herschei/s Determinations at Greenwich Observatory 


Pendulum No 4 


Pace M 

Pace P 

i' 

Means 

Set 

Y 

Set 

Y 

135 

86153 Q6 

151 

86156 34 


136 

86153 46 

152 

86156 04 


137 

86153 54 

153 

86156 24 


138 

S6153 10 

154 

8615b 38 

Pace M, 1st Senes 86153 39 

139 

86153 99 

155 

86156 52 

Face M, 2nd and 3rd Senes 86156 65 

140 

86153 13 

156 

86156 24 


141 

86153 20 

157 

86156 78 

86155 02 

142 

86158 53 

158 

86156 49 

Pace P 86156 31 

143 

86153 35 

159 

86156 26 


144 

86153 40 

160 

86155 84 

86155 67 

145 

86153 04 

161 

86156 21 


146 

86153 38 

162 

86156 58 


147 

86153 29 

163 

86155 98 


148 

86153 34 

164 

86156 43 


149 

86153 33 




150 

86153 12 




165 

86156 78 




166 

86156 62 




167 

86157 18 




168 

86156 68 | 




t 169 

86157 29 




170 

86157 06 




171 

86157 20 

! 

i 


1 212 

86156 57 


i ! 

1 


1 213 

86156 42 

V 

' 

! 

; 214 

86156 31 




! 215 

86156 51 




| 216 

8t>156 24 


1 


! 217 

86156 28 



i 

1 218 

86156 34 




219 

83156 30 
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Colonel ETeeschel’s Determinations at Greenwich Observatory continued 

r 

Pendulum Xo 6 (1821) 


Face M 

I 

ace P 

i 

i 

Means 

Set 

V 

Set 

i 

v : 

i • 

1 1 

172 

86054 82 

184 

i 1 

86054 89 ! 


173 

Sb055 04 

185 

86055 91 ' 


174 

86054 Q1 

186 

86055 70 1 


175 

86054 81 

187 

86054 97 


776 

86054 54 

188 

86055 82 | 

Face M 86054 87 

177 

86055 05 

189 ! 

8oo55 41 [j 

Face P 86055 41 

178 

86055 17 

190 

j 86*'55 34 l 1 


179 

86054 49 

191 

j 86055 28 ,[ 

86055 14 

180 

86055 23 

192 

J 86055 74 

— 

181 

86054 79 

193 

86055 38 


182 

S6054 48 

194 

8t»0 55 24 1 


183 

86055 06 

195 

1 

86055 24 



Pendulum No 11 


Face M 


Set 

V 

.. 

196 

86104 54 

197 

86105 40 

198 

86105 82 

199 

86104 80 

200 

86105 29 j 

201 

86105 23 ! 

202 

86105 25 ' 

203 

86105 15 

204 

8610517 ! 

205 

86105 80 i 

206 

86106 16 

207 

86105 24 

208 

86106 04 

209 

S6105 69 

210 

86106 40 

211 

1 

86106 87 


Mean 


Face M 


86105 55 


Colonel Herschel’s observations give the following values of the differences 
between the vibration-numbers at Kew and Greenwich. 

Kew—Greenwich = + 1 97 by Pendulum No 4 . 

= + 1*39 „ No. 6 (1821). 

= — 4 98 , No 11 


J 
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Reyisionary Results, Reduced to the Temperature of 62° F , and to a Vacuum 
M r . Constable’s Determinations at Kew under Tow Pressuies, about 2 incb.es. 


Pendulum No. 4 


1 

Face M 

.. . ' 

i 

Pace P j 

Means 

Set 

1 

Y 

Set 

Y 

4 

86167 56 

1 

1 

86167 12 


5 

86167 07 

2 

86167 47 

Face M 86167 31 

6 

86167 31 

3 

86167 36 

Face P 86166 69 



7 

86165 91 



. 

; 8 

86106 53 

86167 00 

! 

1 

1 

1 


! 9 

i 

86165 73 i 

1 



Pendulum No 6 (1821) 


| Face M 

Face P 

Means 

Set 

V 

Set 

Y 

10 

86066 74 

13 

86067 15 

Face M 86066 25 

! n 

S6065 97 

14 

86067 00 

Face P 86067 14 

1 12 

86066 04 

15 

86067 58 


J 

1 

1 


16 

S6Gt>6 83 

86066 70 


Pendulum No 11 


j 

1 Face M 

l 

1! 

Face P [ 

¥ 

Means 

! Set 

i 

i__ __ .. 

Y j 

Set 

V. i 

1 

i 17 

86117 41 

20 

1 : 

86116 82 S’ 

1 

: Face M 86117 43 

IS 

8613711 

21 

86117 24 | 

Face P 86117 17 

, 19 

86117*78 

22 

86117 44 | 


\ 

\ 


( 

i 

i 

86117 30 
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Mi Constables Detei imitations at Kew under High Presumes, about 27 inches 


Pendulum No 4 


1 

Face M 

Face P 

i 

s 

1 Mean*; 

! 

Set 

V 

. 

Set 

V 

39 

86165 20 

43 

80165 75 

Face At 0464 

fcG 

40 

%164 81 

44 

°6165 70 

Face P 8olrj5 

74 

41 

86164 44 

45 

SblGo 7o 


— 

42 

86164 75 

46 

8bl65 SO 

I 

i| bultio 

1 

)~ 

M ■ 


Pendulum No, 6 (1821) 


Face M | 

... 1 

Face P 

Means 

Set 

V 

Set 

V 

31 

86ufi5 98 

35 

86 >65 80 

h 

!' F ICS 11 

^ pJOG ^ *7 

32 

SGObfa 22 1 

36 

86065 57 

Face P 

1 

54 

33 

86066 24 

37 

8o065 43 

1 


34 

■ 

Sb065 84 

l 

38 

j 86065 35 

'i 

86065 80 


Pendulum No, 11. 


l 

■ Face M 

i 

i Face P | 

1 ! 

] ______ 1 

Means 

) 

Set 

i 

v ! 

1 

1, Set 

! ! 

1 

V 

1 

24 

i ---—— i 

861X5 8’S 

27 ! 

! 

86115 82 1, 

Face M . 86116 14 

24 

86116 25 

1 23 

SGI 15 92 f f 

FaceP 86115 94 

25 

8611610 

! 29 

86116 04 i 


26 

j 

86116 33 

1 30 

1 

86115 97 !■ 

8bll6 04 
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Mr Holl is 's Determinations at Greenwich under Low Pressures, about 2 inches 


Pendulum No. 4 



Face M 

Face P 







Means 

1 Set 

i 

1 

Y 

Set 

Y 

i 

1 

2 

3 

4 

86165 08 
86165 03 
86165 09 
j 86165 02 

5 

6 

7 

8 

9 

86165 24 
86165 25 
86165 10 
86164 98 
80165 25 

Face M 86165 06 
Face P 86165 16 

86165 11 


Pendidum No. 6 (1821). 


Face M 

Face P 

i 

Means 

Set 

i 

Y j 

1 

| Set 

! 

Y 

i 

10 

1 

86065 61 ! 

16 

86065 60 



11 

86U65 47 

1 17 

86065 17 

, Face M 

86065 64 

12 

86065 55 

1 18 

86065 58 

Face P 

86065 47 

13 

! 86065 56 

! 19 

S6065 54 



14 

1 86065 71 

I, 20 

86065 51 


86065 56 

15 

i 86065 91 

'! 21 

86065 43 ! 

1 

t 




Pendulum No. 11 


Face M '' Face P 

I' 


j Set 

1 

V 

1 

i Set 

] 

V 

22 

86116 73 

1 

! 27 

86116 22 

23 

S6116 65 

28 

86116 41 

21 

86116 72 

29 

86116 39 

25 

86116 79 

1 30 

8611618 

26 

J 

. 86116 50 

■ 

l 



Means 


Face M . 86116 68 
FaceP 86116 30 


86116 49 
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Mr Hollis’s determinations at Greenwich undei High Pressures, about 27 inches 

Pendulum No 4 


Face M 1 

! 

1 

Face P 

1 

1 i 

1 

Means ! 

j 

1 

Set 

V | 

> 

Set | V 

1 

39 

40 

41 

42 

86163 84 ! 

86163 98 

86164 30 I 
86164 33 i 

1 

f 

43 | 86163 99 

44 1 66163 78 1 

45 | 86164 07 

46 , 86164 00 

47 861b4 03 

i 

1 1 

! , 

! Face M 8616411 

Face P 861G397 

i 

86164 04 [ 


Pendulum No 6 (1821) 


Face M j 

Face P 

t 

s 

Means ! 

i 

Set 

V 

Set 

V 

48 

86064 47 

52 

86063 77 

i 

1 Face M 86064 23 

49 

86064 45 

53 

86063 74 

Face P 86063 65 

50 

86063 93 

54 

86063 55 


51 

86064 09 

55 

86063 54 

; 86063 94 


Pendulum No 11. 


Face M 

1 

l 

Face P 

r 

Means 

Set 

V 

Set 

v ! 

i 

35 

86116 07 

31 

i 

86115 20 | 

1 

| Face M 8611614 

36 

86116 26 i 

32 

86115 21 ! 

Face P S6115 22 

37 

86116 17 

33 

86115 21 

i 

38 

• 

86116 07 i 

i 

34 

86115 26 : 

1 

[ 

f 86115 68 

1 

1 


Thus the revisionary operations give the following values of the differences between 
the vibration-numbers at Kew and Greenwich — 


Low pressures 

Hew—Greenwich = -J- 1*89 

= + 1*14 
= 4- 0*81 

General mean — -j- 1*22 4- 


High piessnres 

+ 1*23 by pendulum No. 4. 

+ 1*86 „ No 6 (l S21). 

+ 0 36 .. No 11 


* 16 . 


_a 


4 P. 
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It mil be seen that the mean value is fairly m accordance with the values derived 
from Colonel Herschel’s obseivations with pendulums No 4 and No 6 (1821) His 
swings with those pendulums, at New, were made in the basement of the Kew 
Observatory, within a few feet of the spot at which the revisionaiy swings, with all 
three pendulums, were made, but he swung pendulum No lima shed outside the 
Observatory, undei circumstances of gieat disadvantage as regards the stability and 
firmness of the support of the stand of the mvanable pendulum and also of the suppoit 
of the clock. Thus his observations at Kew, with pendulum No 11, though generally 
very accordant inter se, aie veiy probably burdened with a large constant erroi, and 
must therefore be lelected 


On the Reduction to a Vacuum 


In all pendulum expeiiments—even those of a purely differential character, as with 
invariable pendulums—it has been generally customary to apply a correction for the 
retardation which is caused by the air, in order to obtain lesults such as w T ould have 
been obtained if the pendulum had been swung m a vacuum. This correction was 
originally deteimmed by calculating the influence of the buoyancy of the atmosphere 
in diminishing the weight—and consequently the accelerating force—of the pendulum. 
Afterwards Bessel showed that the correction thus obtained was too small, for the 
pendulum is accompanied in its oscillation by a certain amount of air, varying with its 
form, which increases the mass m vibration and the moment of inertia. Thus the 
buoyancy coriection has to be multiplied by a factor, 1 + Tc, which can be computed 
mathematically for pendulums of certain simple forms, but must be determmed ex¬ 
perimentally, by swings at high and low pressures, when the form is not susceptible 
of being brought under mathematical treatment The buoyancy correction, thus 
augmented, is usually called the pressure correction 

The buoyancy correction and the pressure correction have been investigated for 
pendulums No 4 and No. 6 (1821) by special and laborious series of operations which 
are fully set forth in vol. 5 of the f Account of the Operations of the Great Tngno- 
metrical Survey of India. J Nothing of the kmd is known to have been done for 
No. 11; but the results obtained for the two first pendulums are so closely accordant 
that they may be applied without objection to the third, which is almost identical 
with them in form and construction. 

The buoyancy correction = *23 — — in which /3 is the pressure in 

inches, and t the temperature in degrees of Fahrenheit 


The pressure correction was found to he 


32 


& 


1 + 0028 (t — 32°) 


by experimental 


swings which were made specifically for the purpose at Kew, under extreme high 
and low pressures, immediately before the pendulums were sent out to India. Cor¬ 
rections determmed by this formula were applied, provisionally, to the whole of the 
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swings m India , and tins has also been done to the levisionary swings at Kew and 
Greenwich, to produce the vibiation-numbeis which have alieady been set foith 

But, in the course of the operations m India, Captain Basevi reinvestigated both 
the temperature and the piessuie conections of his two pendulums, those of No. 4 
with great elaboiation A senes of several sets of swings was made with it at each 
of the successive pressures of 0 6, 1 9, 4 2, 10 0, 17 5, and 27 7 inches, at the tempeia- 
ture of about 101° F, anothei senes at the same pressures, at the tempeiatuie of 
about 53°, and a third at the piessuies of I 9 and 4 2 inches and temperatuie of 
about 80° He came to the conclusion that the pressure coireetion is best repiesented 
by an empirical formula of three terms, 

+ B/3 + O0=, 

m which the second teim is the correction foi buoyancy Then he assumed A to 
be = x \/461° + t and C — y — \/ 461° + t — 461° bemg the absolute ?ero of the air 
thermometer—and formed a conespondmg series of equations for the determination of 
x and y from his fourteen sets of observations The solution of these equations gave 
x = 0*22 zb 002, and y — 123 fiz 025, wdnch values satisfied the equations of 
condition very satisfactorily 

But the subject is one of gieat complexity and difficulty, as will be seen in 
consulting Chapter VI of the Indian pendulum volume Something appears to be 
wanting to explain the inconsistencies between vibiation-numbeis derived from 
different series of veiy accordant observations which are occasionally met with 
Possibly it may be necessary to take cognisance of the atmospheric humidity duung 
the observations, which has never been done hitheito Or it may be that the incon¬ 
sistencies aiise from changes m the lelative conditions of the bearing suifaces of the 
knife-edge and the agate planes, which aie met with on successive transpositions of 
the pendulum, and 'which the observer cannot control 

Transposition is almost invariably attended with a change in the vibration-number, 
but in the Indian operations it was found that the changes were not constant m 
either sign or magnitude ; it is shown, at page 114 of the volume already cited, that, for 
the whole of the 34 stations of observation, the mean value of M — P ranges from 
-f- *54 to — 52, and has an average value of 4* 07 zb 03 for Pendulum No 4, and ranges 
from + *67 to — 59, with the average value — 04 fiz 03 for Pendulum No 6 (18*21) 
In reducing the Indian swings for investigating the pressure correction. Captain 
Basevi’s observations of the vibration-numbers at different pressuies were employed 
directly, without having lecourse to his empirical foimula The observed vibration- 
numbers at each pressure were reduced to a vacuum by the Kew formula with the 
numerical constant 32, and then the results for the higher pressures were compared 
with the result for the lowest pressure, which, being 0*6 of an inch, was very close to 
the vacuum i and it was found that the higher pressures required residual positive 
corrections, increasing with the temperature as well as the pressure; at the highest 

4 B 2 
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piessuie, 27 7 inches, the coirection amounted, to 53 under the tempeiatuie of 53 
and to l 34 under tlie tempeiature of 100° Corresponding corrections were therefoie 
applied to tlie whole of the Indian swings, as they had already been provisionally 
reduced by the Kew foimula. 

This must now be done foi the revisionaiy swings at Kew and Greenwich, the 
results of which, as hitherto presented, have been reduced to the vacuum by the 
Kew formula only It will be seen that the vibration-numbers at the pressuie of 
27 inches aie less than those at the pressure of 2 niches by 1 30 at Kew and 1*16 at 
Gieenwich, but it appears from Captain Baseyi’s investigations that the high pi essure 
results at both places should be increased by about 0 7, which will reduce the 
discordances with the low piessuie results to 0 60 and 0 46 

When pendulum operations are differential, and the variations of atmospheric pressuie, 
at different stations, are small, the value of the correction for pressure does not require 
to be known with much accuracy Beducmg to a vacuum is also then unnecessary, 
and any convenient standard of atmospheric density may be employed instead Thus 
Colonel Heeschel has sufficiently piovided for the elimination of the effects of varia¬ 
tions of pressure at his stations, which weie all of low elevation, by reducing his 
swings to the standard pressure of 26 mches under the temperature of 32° F., instead 
of to a vacuum 

The Indian swings were invariably reduced to a vacuum, m accoi dance with 
previous procedure. They were made in an exhausted receiver, under the lowest 
pressure attainable, partly because this enabled them to be extended over a longer 
time, and thus be less influenced by hourly variations of clock-rate, than if taken 
undei full pressure, partly because the receiver would protect the pendulum from the 
action of currents of air, and partly to obtain as nearly a uniform pressure at all the 
stations as possible, and thus secure strictly differential results, for it was intended 
that the pendulums should be swung both at low levels in the neighbourhood of the 
ocean and at the highest attainable elevations, as on the table-lands of the Himalayan 
mountains, wheie the pressure of the atmosphere is halfway down to the vacuum, so 
that a considerable range of pressure had to be met with and provided for in the best 
way possible. By exhausting the receiver, the pressures under which the swings 
were actually taken were generally maintained between 1 and 2 inches, excepting at 
first, when slight leakage was met with, the locus of which was not immediately 
detected, and then the pressures ranged from 1 to 4 inches But these differences of 
pressure are so small that the uncertainty as to the precise amount of the pressure 
correction cannot exert an appreciable influence on the differential results which have 
already been deduced, and which are the ultimate object of the observations And 
this is the case also both in Colonel Hehschei/s and in the revisionary operations, the 
range of pressure being always under 2 inches, whether the swings were taken under 
high pressures only or under both high and low pressures. 

Thus, a more exact knowledge of the correction for pressure might sensibly affect 
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the vibration-number s for Kew and Greenwich which have aheady been pi evented , 
but it would not affect the differences between those numbeis, which are what is 
leally wanted, to a degree that is at all comparable with the enoio to which 
pendulum observations are liable fiom other causes 


Reduction to the Sea-level 


The pendulums weie swung at an elevation above the mean sea-level of about 
15 feet at Kew and 157 feet at Greenwich The vibiation-numbeis must be 
correspondingly mci eased 

The well-known formula for the conection for height is 

O 

Conection = V-, 

7 ' 7 

V bemg the vibration-number, h the height, and r the radius of the euth. Dr 
Young has suggested that account should also be taken of the continental mass 
which is situated between the level of the sea and that of the station of observation, 
in increasing the foice of attraction and consequently the vibration-number Thus, m 
accordance with his views, the usually-accepted connection takes cognisance of both 
height and mass, and is 

_5 v A 

“ 8 V 9 ' 


Thns for these pendulums, when h is expiessed m feet, we have 

h 


Correction for height only = 


243 


Correction for height and mass = - 


391 


It is now, however, very questionable whether any reduction for mass is allowable 
The pendulum opeiations in India have thrown much light on the constitution of the 
earth’s crust, and shown that there is a marked deficiency of density under the 
Himalayan mountains, and an increase of density under the bed of the Indian Ocean. 
Thus continental matter above the sea level may be conceived as appertaining to the 
strata underneath, immediately below the sea level, which are correspondingly 
attenuated. In t his case, the excess of matter above would probably compensate for 
the deficiency of matter below, and would not form an attracting force to be 
independently allowed for while no cognisance is taken of the deficiency below. 

If the vibration-numbers at Kew and Greenwich are corrected for height only, the 
correction to be applied to their difference wall be 


whence we obtain 



— 0*58, 


Kew—Greenwich = 1*22 — 0 58 = 0*64 


as the result of the revisionary operations. 
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Addendum 

Results of the swings at other stations which were taken with the same pendulums, 
by Colonel FT edschel, and by Mr Edwin Smith of the United States Coast and 
Geodetic Survey They are leduced to the tempeiature of 62 ° E, and to the 
density of air under the piessure of 26 inches at the tempeiature of 32 ° F , but 
they are not reduced to the sea-level. 


Swings by Colonel Herschel 


J 

Stations 

Height 
m feet 
above 
sea 

No 4 

No 6 (1821) 

No 11 

London,* Langham Place, Cellar 

85 

86157 31 

86055 97 

86109 59 

j Washington, Smithsonian Institute 

34 

86109 45 

86008 35 

86060 93 

Hoboken, Stevens Institute 
, Whence 

30 

86115 23 

86014 06 

86066 93 

j Greenwich—London = 


+ 164 

+ 0 83 

+ 4 05 

London—Washington = 


+ 47 86 

+ 47 62 

+ 48 66 

Washington—Hoboken = 


- 5 78 ' 

- 5 71 

- 6 00 


Swings by Mr Edwin Smith 


Stations. 

- .. 

Height 
m feet 

No 4 

No 6 (1821) 

No 11 

Auckland 

261 

86102 75 

86002 11 

8605413 

Sydney 

140 

86090 93 

85990 32 

86042 08 

Singapore 

45 

8602113 

85919 97 

85971 34 

Tokiof 

20 

86099 83 

85995 17 

86046 91 

San Francisco 

375 

86103 77 

8600313 

86055 66 

Washington 

Whence 

34 

S6109 31 

86009 29 

8606141 

Auckland—Sydney = 


+ 11 82 

+ 11 79 

+ 12 05 

> Sydney—Singapore = 


+ 69 80 

+ 70 35 

+ 70 74 

Singapore—Tokio = 


- 78 70 

- 75 20 

- 75 57 

Tokio—San Francisco = 


- 3 94 

- 7 96 

- 8 75 

San Francisco—Washington = 

- 

- 5 54 

- 6 16 

- 5 75 


* This station is at No 1, All Souls Place, Langham Place, it is about 380 feet S E. of, and 14 feet 
lower m level than, Mr Browse’s bouse in Portland Place, wbicb was Kater’s station The value of 
Greenwich—London (Portland Place) = -j~ 0 48, with Invariable Pendulum No. 12, it was determined by 
Sabesb in 1828, see 4 Phil Trans.’ for 1829, p. 87. 

t Mr. Edwik Smith remarks of the observations at Tokio, that “ the vibration-number of Pendulum 
No 4 is between three and four vibrations too great I can only explain this discrepancy by the supposi¬ 
tion that some foreign material was adhering to the pendulum during these observations. Great 
was always taken m wiping the pendulums before suspending them ” 


care 
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In treatises on hydrodynamics, the flow of a liquid through a straight tube is investi¬ 
gated on the supposition that there may be finite slipping between the walls of the 
tube and the outermost layer of liquid This leads to the introduction of a u slipping 
coefficient ” which vanishes when there is no relative motion between them 
Let r denote the radius of the tube, 

2 -q the pressure at one end, 
p >2 ,, „ the other, 

p the coefficient of viscosity, 
l the length of the tube, 
p the density of the liquid. 

Then it may be shown (Lamb’s £ Hydrodynamics, p 222) that when the motion is 
linear the flux is given by 

a Vl Pi ~ Vi i xHT* Pi ~ £3 

8 yU/> l 2 ft l 


or 


g (Pi - PA 

iipl 


|r 4 + 4 


whe?b 1//3 may be defined as the slipping coefficient 

The experiments of Poiseuille* showed that the coefficient was certainly zero for 
glass tubes, but there was doubt whether this held for all materials. 

Helmholtz and PiotrowskiI attacked the problem m another way. They sus¬ 
pended bifilarly an accurately worked sphere, whose inner surface was gilded and 
polished, and by observing the time of swing and the logauthmic decrement when 
the sphere was filled with water and various other liquids, deduced a value for the 

* 1 M&noires des Savants Strangers,’ 1846 
t * Sitzungsber der k Akad in Wien,’vol 40,1860 

7 10 90 
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coefficient of viscosity and for the slipping coefficient, from the theory of spheres 
oscillating m a viscous medium, as woiked out by Stokes and Helmholtz 

For distilled water their value of the factor fxp 1//3 m the above expression is 
X = 2 3534 mm 

If we apply this to the ease of a tube we get a somewhat startling lesult From 
equation (i ) it follows that the effect of slip varies inversely as the tadius of the tube. 
The smallest tube practicable in the expenments to be presently described had a 
diameter of about a nullimetie It is easy to show that the result of the existence of 
a slipping coefficient of the magnitude given by Helmholtz would be to produce an 
mciease m the volume of liquid flowing through the tube m a given time, which could 
not only be detected, but would be of such importance that it could not easily be 
masked 

In Helmholtz’s notation equation (i ) is written 


i 

s 


zih ~-?h) 

fil 


{r* + 


IX?' 3 }, 


the density of water being taken as unity 
Putting r = 05 and X = 23584, we get 


i 

8 


zlLpi niA 

pi 


X 117 67 X 10 -6 , 


whereas if there is no slip, so that X vanishes, the flux becomes 


i 7r(p 'J lh) x 6-25 x 10_G - 

If we take Helmholtz’s coefficient to be correct, the flow through a polished gilt 
tube of a millimetre m diameter is nearly twenty times as fast as through a glass 
tube of the same size 

Helmholtz refers to some experiments made by Girard with copper tubes* which 
make the flow some four times faster than do Poisetjille’s formula I shall return 
to the consideration of these observations later. The value of X which Helmholtz 
deduces from them is 0*3984 mm. 

The discrepancy between these results and the generally received opinion that no 
slip occurred with any material seemed worthy of further investigation 

It is evident that the alleged coefficient could he investigated with much greater 
advantage by observing the flow of liquid through a small tube than by any experi¬ 
ments on oscillating spheres. In order to avoid all absolute determinations while 
searching for the existence of such a slip, I decided to observe the time of flow of a 

* ‘ M£moires de I’lnshtnt,’ 1813 - 181 o 
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given volume of water through a glass tube, and then to deposit a coating of silver on 
the interior surface of the tube If the time of flow was the same as hefoie, allowing: 
for the (usually veiy small) change in diameter, it would he conclusive evidence 
against the existence of the effect. Such evidence I have most satisfactorily obtained 



Since the experiments were to be merely comparative there was no object m 
attempting to keep the pressure constant throughout each observation, and the 
simplest apparatus could be used The bulb tube AB -was fixed in a large glass jar 
filled with water, and opening below into a wide tube T, also filled with water. The 
lower end of the bulb tube was attached to the capillary tube by an india-rubber joint, 
so that the ends of the two glass tubes should just meet The top of the bulb tube 
could be put into connexion either with the air outside, or with an exhausted bottle 
which w T as used to fill the bulbs, as the apparatus was some distance from a pump. 
The temperature of the water in the glass jar and wide tube could be read off by a 
delicate thermometer. 

The time taken by the upper surface of the water to fall from A to B was observed 
by a stop watch. Before sdvenng the tube the whole apparatus was repeatedly 
taken to pieces and set up again, and the time of flow shown to he unaltered. 

The silvering solution was a modification of Liebig’s, and was made according to a 

MDCOCXC —A. 4 C 
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recipe kindlv given me by Di A S Lea Each, tube was dried and weighed, and the 
silvenng solution then run through till a bright metalhc minor was deposited It 
was washed out with a current of water, then with air, and finally dned and weighed 
lgam The increase gave the weight of silvei At the end of the expeiiments with 
the tube thus silvered, it was again dned and weighed, and the silver dissolved off 
with nitric acid The mean of these two results, which usually agreed to one or two 
tenths of a imlligiam, was taken to repiesent the weight of silver adhering to the 
tube duiing the expeiiments Assuming the deposit to he uniform, this at once 
gave the change in diaroetei. The correction foi temperatuie was calculated by 
Poisetjille’s formula 

The fiibt tube had a length of 37 57 cms., and an average radius (deteimmed by 
filling with mercury) of 0 0451 cm 

The following series of expeiiments were made — 


Temperatuie 

Time of flow. 

18 2 

7 SOS 

18 3 

7 5(>4 

18 3 

7 50 6 

18 2 

7 50 4 

18 3 

7 51 0 

18 3 

7 51 0 

Means 18 26 

7 50 7 1 

l 

j 


The apparatus was then taken completely to pieces as it would he for silvermg, and 
again set up after some houis, with the following results — 


i 1 

Temperature 

| Time of flow 

i 

o 

i 

1 ‘ >< 

' 17 8 

! 7 55 4 

! 17 S 

7 55 2 


I 



If we correct this to 18° 26 by Poiseuille’s empirical formula we get 7' 51 // 0, a 
value identical with the above. The apparatus could thus be taken to pieces with 
safety. 

Weight of tube when dry . . . . . =16 3 916 grams 

„ with salver . = 16 3932 
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The apparatus was then again set up 


| Tempeiature 

I 

Time 

fi fl >w 

1 o 1 

is 4 I 

i 

7 

“»2 n 

18 3 

4 

a 2 2 

18 2 

f 

52 4 

Means IS 30 1 

1 

p«* 

i 

52 4 


The tube was then disconnected, dried, and weighed Weight = 1G 3931 gims , 
practically the same asbefoie The silver was then dissolved off, and the tube cleaned 
and dried Weight = 16 3916 

The weight of silver deposited is, therefore, 0015 grm, and its thickness 
000014 cm 

This gives a change m r* equivalent to 0 12 per cent The time of flow foi the 
unsilvered tube, corrected for change of ladius, is 7' 51" 4, while the obseived time for 
the silveied tube is T 52" 4 The difference of about 0 2 per cent is piubably due to 
slight irregularities m the thickness of the silver layer 

Two objections ruay be raised to this experiment The fiist is that with such a 
thm film, the action between the water and the glass might still be effective, and 
pi event any slipping When we remember, howevei, that the spheie of action of 
molecular foices is only about 10 -8 cm , we see that no direct action can occur across 
a distance of 10~ 5 cm , and it is exceedingly unlikely that a layer of silver more than 
1000 molecules thick, should be pervious to water, and thus allow of contact with the 
glass In order, however, to entirely meet this objection, experiments were made 
with considerably thicker layeis 

The second objection is that the silver might be deposited so megularly that the 
choking effect might mask the quickening due to slip It had been found, m a series 
of preliminary experiments, that if a tube was used whose diameter was much less than 
a millimetre, it was exceedingly difficult to get a uniform siher deposit and the time 
of flow for the silvered tube was always much gieater than foi the unsilve^ed To 
prevent this the tube had to be silvered ma veitical position, and various details, only 
to be learnt by experience, attended to The time of flow foi the sih ered tube could, 
however, never be brought below that for the plain one, although as greater care was 
taken m the silvering it continually approximated to it, and this is conclusive against 
the existence of an effect at all comparable with that given by Helmholtz for polished 
gold, or with that which he deduced from Girard’s experiments on copper tubes As 
the choking effect was naturally greater for small tubes, a series of experiments was 
next made on some of rather greater diameter. 


4 c 2 
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Tube No III. 


Unsilvered 

Silvered 

Tempeiatare 

Time of flow 

Temperature 

Time of flow 

o 

/ 

II 

o 

/ 

u 

20 0 

1 

2 2 

20 9 

1 

18 

20 1 

1 

2 0 

20 9 

1 

13 

201 

1 

2 2 

20 95 1 

1 

12 

20 2 

1 

20 

210 

1 

18 

20 3 

1 

18 

21 0 

1 

14 

8 20 3 

1 

1 7 

210 1 

1 

15 

20 4 

1 

1 7 

210 

1 

09 

20 5 

1 

1 6 

21 05 

1 

13 

20 5 

1 

1 7 

21 05 

1 

1 0 

20 5 

1 

1 5 

21 05 

1 

08 

20 5 

1 

16 1 




20 6 

1 

16 , 




20 3 

1 

179 

210 

I 

1 

137 


Thickness of film = 0000237 cm, 

^Radius of tube = 0776 cm. 

Change m j' 4 = 0 12 per cent. 

Temperature correction = 7 x 222= 1*55 per cent. 

Total correction 155 — 12 = 1 43 per cent = 0‘87 second 
Time for glass tube, corrected = T 0" 921 
„ observed for tube, silvered = T 1" 37 J 
A change of -f- 0 7 per cent. 


A rather smaller tube was then used, r = 0642, 


j 

! 

j 

1 

Unsilvered 


Silvered 

i 

1 

f 

t 

i « 

Temperature 

Time 


Temperature 

Time 

i 

O 

J 

Ji 


0 

i 

it 

i 1 

22 0 

2 

84 

1 

20 2 

2 

13 0 

2 J 

22 0 

2 

82 

2 

20 2 

2 

13 1 


22 05 

2 

84 

3 

20 2 

2 

12 9 

1 4 

22 05 

2 

83 

4 

20 2 

2 

13 4 

5 

221 

2 

8*4 f 

5 

20 25 

2 

13 0 

i 6 

22T5 

2 

SO 

6 

20 3 1 

2 

13 0 

f 7 

22 2 

2 

80 | 

7 ! 

20 4 

2 

12 8 

! 8 

22 2 

2 

82 | 

8 

20 4 

2 

12 6 

! 9 i 

22-2 

2 

80 

9 

20 45 

2 

12 4 

j 10 

22 25 

2 

78 i 

10 

20 5 

2 

124 

1 

j 




11 

20 5 

2 

12 8 


1 



12 

20 5 

2 

12 4 

■ 

Means 

22*1*2 

2 

8T7 

Means 

i 

20 34 

1 2 

12 82 
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Time for unsilvered tube, eoirected for changes m 

temperatuie and ladius . 2 13 59 

Time obsetved for silvered tube . . 2 12 S3 

A difference of — 0 6 pei cent 

Another series was made with the same tube which gave a 0 the mean of ten 
observations for each state — 

/ // 

Unsilvered * , 2 IS 78 

„ corrected . . 2 15 92 

Silvered, observed . 2 16 51 

A difference of -j- 0 4 pei cent The sdvei was veiy thin the change m / 4 being 
0 10 per cent 

Thus, as the result of four senes of observations with three different tabes, we have 
that the difference m the times of flow for the silvered and unsilvered tubes is never 
greater than 0 7 per cent With both the first and second tubes, and m one senes of 
observations with the third tube, the time of flow is slightly greater (by 0 2, 0 7. and 
0 4 per cent) for the silver surface, w'hile m one case—the first series of observations 
with the third tube—the time is slightly less (by 0 6 per cent ) 

These differences are all within the limits of expenmental error, found by compar¬ 
ing the times of flow for the same tube in the same state on different occasions 

On the whole there is some evidence that the time is a little greater for the silvered 
surface, as would, of couise, he the case if the deposit was not quite strictly umfoim. 
In the one case, when the time w r as less, the tempeiatuie difference wus largest, and 
errors likely to be most important. 

These experiments may at any rate be considered conclusive against the existence 
of the large effect, for the existence of which I was searching. 

A new series of observations was then undertaken to determine whether any 
slipping occurred in a silvered tube when the velocity of the water was greater than 
before, and the gradient of velocity was pushed near the limit beyond winch the 
motion ceased to be linear. 

This limit was calculated for each tube by means of a formula given by Professor 
Osborne Reynolds,*" who found by experiment that in older to insure linear 
motion, 

D vp/fi must be <1400, 

"where I) is the diameter of the tube, p the coefficient of viscosity, p the density, and 


* f PhO. Trans1886. 
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v the velocity of the water calculated from the quantity which flows through m a 
given time. 

It was advantageous to use as small a tube as possible for two reasons firstly, 
because any slipping effect is inversely proportional to the radius, and secondly, 
because the gradient of velocity can be pushed farther without exceeding the limits 
of linear motion, the smaller the tube 

A tube, whose diameter was 084 cm , and whose length was 27 30 cms , was 
therefore taken, as it was the smallest which could conveniently be silveied, and the 
gieatest allowable pressure calculated 

From the relation given above, we find that the pressure must not exceed 
5600 y^ljh^g = 303 5 cms of water column 



After many preliminary trials an apparatus was set up, which gave most excellent 
results. 
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The bulb had a capacity of about 850 cc , and was fixed to a woodeu fiame to 
prevent breakage, this was screwed to the edge of a table. The water bath was 
eventually abolished, and the teinpeiatuie of the water lead off at intervals duimg 
each experiment as it passed through a broad tube, into which the capillary tube 
opened The temperature of the water was thus read off immediately after it had 
passed the important place, and by taking readings at equal intei vals while the bulb 
was emptying, a very accuiate estimation of the average teinpeiatuie could he 
obtained Below the temperature tube was a three-necked Wolff’s bottle W, the 
second neck was connected to a large carboy C, and the thud could be put into 
communication with the atmosphere The carboy was connected to a three-way tube, 
the blanches of which went, one to the Wolff's bottle, one to an air pump P', 
worked by the water supply, and one to the gauges S and M The gauge S con¬ 
tained sulphuric acid, and M contained meicuiy The latter was only used for the 
experiments m which highei pleasures were employed"* The bulb was filled by dis¬ 
connecting the joint B, and putting the lower orifice of the temperatme tube m 
communication with c, the tube joining G and W being stopped P was then put to 
the pump, and the water m W sucked up. When the bulb was filled, B was again 
connected, the carboy exhausted by puttmg P' to the pump and the tube from 
C to W opened The pump was worked till the lequisite pressuie, as shown b} the 
gauge, was reached 

The appaiatus was then left till the tempeiature had become constant after the 
distuibances produced by exhausting, and the height of the gauge read off by a 
kathetometer The piessure could be adjusted to within a millimetre or less by 
legulating the pumps, and small diffeiences m conesponding experiments, were given 
by the readings of the kathetometer The conection to be applied to the tunes 
of flow for a given small diffeience of pressuie, vas determined by observing the 
actual tunes of flow foi piessuies whose difference was considerably greater than that 
m the experiments to he compared, and keeping all other things unchanged The 
small pressure correction could then be accurately estimated fiom the result of this 
auxdiaiy experiment. As before, the expenments were to be only comparative, and 
the pressuie was allowed to fall duimg each observation Any change introduced by 
this would affect the tube equally whether plain or silvered In order to show the 
method of working and the degree of accuracy obtained, a complete account of 
an experiment is given m detail 


* All permanent joints, corks, &c , were thickly covered with xnaime glue, and were quite air-tight 
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Tube No 3. 

9 . Tune ,—Start O' 0 ", finish 15' 23" 0 15' 23" 0 

Pressure —Gauge scale, adjusted at start to 22 00 , reading at finish 21 47. 

Kathetometei readings—Start 533} 22 6821 

Fmlsh {iS23o} 23 23 °1 

Temperature readings at intervals of two minutes— 

13*00 12 88 12*86 12*90 12*92 12 93 12 95 12 98 12° 93. 

In order to make the pressure readings strictly comparable, the level of the water 
before each experiment was adjusted to a mark, m , in the top bulb, and after each to 
a mark m' in the lower bulb, and all pressure readings were taken while the water 
stood at these levels The pressure w r as adjusted by the pump till the readmg on the 
gauge scale was as nearly as possible 22 00 , and the exact height then read off by a 
telescope m terms of kathetometer scale 

Tube No 1 .— (r = *042 cm ; l — 27 30 cms ) 

Total difference of pressure equivalent to about 250 cms. of water column. The 
limiting pressure is 305 cms. 


j Pressure. 

; 1 

1 i 

Tempeiature 

Time 

Unsilvered. 

1 

! 

1 

mm 


f // 

1. Gauge readmg . 

• i 

407*1 

12 59 

12 25 7 

2 „ 

Silvered 

1 

1 

1 

407 0 

12 71 1 

| 

12 241 

3 Gauge readmg 

1 

j 

4071 

12 79 

12 23 5 


The temperature correction is 2*22 per cent, for 1 ° C, and m order to correct ( 2 ) to 
12°*79, we must subtract l"*4. 

The pressure correction is for 0*1 mm. of sulphuric acid in a total pressure equivalent 
to about 1400 mm, i,e. } 1 in 14,000, and is therefore negligible 

The weight of silver deposited is 0 0008 grm, and the thickness 0 00001 cm., a 
change in r 4 of 0*1 per cent. 

The time for the unsilvered tube corrected = 12 23 41 
» „ silvered „ observed = 12 23*5 J 
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At slightly different pressures— 



Pressure 

i 

Tempeiature j 

( 

\ 

Time | 

1 


inm 

c i 


i ^ 

Silvered 

40b 4 

i > ki i 

12 

29 7 * 

Thisilven ed 

i 

4U6 5 

12 62 f 

1 I 

l 

12 

243 

1 

Unsilvered, corrected for temperature and chan are m r 4 [ 

12 

26 4 1 

Silvered, observed time 


r 

I 

\ 

12 

29 7 J 


Tube, No 3 —(r = 036 cm , i = 19 98 cms ) 

Total pressure at beginning of each observation 84 15 cms of water -f- 21 028 cms. 
of mercury , equivalent to 368 62 cms of water. The critical pressure for this tube is 
440 cms of water. The tube was silvered with solutions of half strength very 
carefully. 



Mean reading 
of kathetometer 

i 

Temperature | 

t 

Time 

Silvered 

22 963 

12°70 

* a 

15 46 5 


22 956 

12 93 

15 23 0 


22 955 

1141 1 

15 18 0 

' 

22 966 

12 76 | 

. 

15 34 0 

i 


22 960 

12 95 

15 30 4 j 

TJnsilvei ed 

22 959 

f 1 i 

13 04 ! 

| 15 16 5 


21004 

j 13 69 i 

j 

: 15 7 3 


22 982 

j 13 3 7 

15 11 9 'J j 

i Silvered, corrected for change in. radius — 0 16 per cent, for 
temperature — 0 93 per cent, and for pressure + 0 14 per cent 

15 21*5 J 

t 


In this very small tube there is thus a choking efiect which increases the time by 
about 1 per cent 

The same tube was then re-coated with a very thin deposit which was just trans¬ 
parent to blue light. 


Pressure ! 

i 

Temperature 

! 

Time 

________ 1 

--—--- -*-—i 

mm j 

0 

s 14 

-w t 

23 026 1 

15 31 | 

4b 2 j 

( 23 037 | 

15 27 

: 

1 14 

5US j 

1 

j • ! 

| 23 032 

1 .. ... 

15 29 

14 

) 

49 5 i 

1 
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Unsilvered —Pleasure 23 005 mm , temperature 15° 64 
„ Corrected for temperature and pressure 

Silvered —Obseived time 

A decrease of 0 25 per cent 

The change m ladius was inappreciable 

Thus the result of four seiies of expenments at these large differences of pressure is 
that m three cases the time for the silvered tube comes out slightly greater [by 0 014, 
0 44, and 1 0 per cent}, and m one case slightly less [by 0 25 per cent ] 

This agreement may be considered a quite satisfactory proof of identity. 

In support of his view that there is a finite slipping coefficient Helmholtz refers 
to some experiments of Girard, # who examined the time ot flow of water through 
copper tubes, found that the motion was linear within limits which agree fairly well 
with those given by Reynolds’ formula, but got times of flow much less than those 
observed by Poiseuille for glass tubes. Thus with a tube whose diameter was 
1 83 mm and length 1790 mm, a quarter of a litre of water flowed through m 
624*5 secs undei a pressure of 100 mm of water and at a temperature of 0° 5, while 
Poisetiille’s formula gives 2949 secs 

As I could detect no error m Girard’s account of his experiments I determined to 
repeat them Messrs Elliott, of Sellyoak, Birmingham, most kindly undertook to 
manufacture some solid diawn copper tubes of the dimensions required, and they were 
entirely successful. The apparatus employed was essentially the same as that used 
by Girard, and was of the simplest possible natare The results depended on the 
value obtained for the diameters of the tubes, as determined by weighing when empty 
and when full of water, and as no allowance could be made for irregularities or non- 
uniformities in the bore, calibration being impossible, it was useless to determine the 
time of flow or the temperature to any great degree of accuracy. 

A glass jar was arranged in the manner shown in the figure, and the difference of 
level between the surface of the water m A and the orifice B determined by a 
katbetometer to a tenth of a millimetre. Below B was placed a 100 c.c flask, and 
the time taken to fill this was observed with a stop watch to an accuracy of about 
1 sec. in 400 or GuO 

The temperature was observed in the jar A and also in B, and the two seldom 
differed by more than a tenth of a degree. In Girard’s investigations the level of 
the water in A was allowed to fall during each experiment, and its mean value 
assumed to represent the effective driving pressure throughout. In order to deter¬ 
mine whether such an arrangement was allowable for these small pressures, where the 
change was a large fraction of the whole, a comparison was made with a series of 


Time 


14 

43 2 

14 

51 7 

14 

49 5 


} 


* * Memoires de lTnstitnV 1§13-1815 
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experiments, during which the level was kept constant by allowing Avater to flow into 
A at the same rate as it flowed out. 



A glass tube was first used (r = *0568 cm , l — 22 53 cms ) 


Pressure constant 

Level of reservoir, 19 301 
,, oufice, 30 23j * 

Temperatuie, 18° 1 , 18° 1 
Tune start, 6' 0" , finish, 17" 28" 

Value of the coefficient of viscosity y deduced fiom 
this by Poiseuille’s formula 


10 93 cms 

15° 1 
11' 28" 


01339 


Pressure varying 


t l r [Start, 18 47l, 0 -^l 

Level ot reset voir < >19 3o 1 

l Finish, 20 22 J J* 


,, oufice _ 30 24 J 

Temperature, 18° 1 , 17° 9 
Time, stait, 8' 0", finish, 19'32" 

Value of jx 


10 89 cms 

18° 0 
11' 32" 
01341 


A copper tube was then substituted. 


Tube Ao 5 .—(r : 

Pressure constant. 

Levels, 20 05 , 26 57 - 
Temperature, 16° 4 ; 16° 4 
Time * start, 0" 0"; finish, 5' 51' 
Value of /x . . 


0836 cm , l = 30 86 cms) 

6*52 cms. 

... . . 16°*4 

... . 5 ' 51 ' 

. . . . 01391 

4 n 2 
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Pressure ranging 


Levels 1-26 57 . . 

120 06 J 

. . 7 37 ems 

Temperature, 16° 4 , 16° 6 

16° 5 

Time, 6'0", 10'37" .... 

4' 37" 

Value of ft 

. . . 01241 

Levels j 20 06 j 26 56 . 

121 78 J 

5 64 cms. 

Temperature, 16° 5, 16 c *5 

. 16° 5 

Time, 1' 0" , T 7" . 

6' 7" 

Value of fx . . 

*01258 

Pressure constant. 


Levels, 23 42 ; 26 56 . 

3 07 cms 

Temperature, 16° 5 , 16° 6 

16° 6 

Time, 7' 0", 18' 33" . . 

11' 33" 

Value of y . . 

. 01293 

Levels, 21 56 , 26 56 . 

5 00 cms. 

Temperature, 16° 6 ; 16° 6 

16° 6 

Time, O' 0" ; 6' 54" . 

6' 54" 

Value of ju, . 

01258 

Pressure varying 


Levels 1^^126 56 . . . . 

123 48] 

3 93 cms. 

Temperature, 16°*6 ; 16°*6 

16° 6 

Time, 7' 0" ; 15' 59" 

8' 59"jj 

Value of ft 

*01288 


Thus the experiments, both with the glass and with the copper tube, show that 
the time of flow is the same if the pressure be allowed to fall, as it is if the pressure 
be kept constant at the mean value of the falling pressure. 

The results also show that the copper tube gives a value for ft practically identical 
with that given by the glass tube, and a Httle greater than that given by Poiseuille’s 
experiments, instead of about five times less 

The effect of modifying the interior surface was then investigated Tubes were 
cleaned with acids and alkalies, polished with emery powder, coated with a film of oil, 
and amalgamated with mercury. 
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Tube No 1 —(r = -0803 era , / = 30 9 ems ). 


Average pressure 

Tempeiature 

f 

Tune of flow j 

i 

Valne of u j 

l 

cms. 

o 

1 J Jj 


16 825 

13 2 

| 2 46 0 

01448 1 

15 320 

16 6 

O 0 1 

3 O J 

01456 | 

i 


The tube was then cleaned with dilute nitric acid The radius was re-determined, 
but was only changed by 0 08 per cent 


Avei’age pressure 

Temperature 

1 

Time of flo’w 

Yalue of fi ( 

cms 

o 

/ Ji 

1 

01406 

17 215 

14 0 

2 37 5 

16 37 

14 6 

2 42 8 

i 

01382 


Cleaned with hydrochloric acid and potash 


Average pressure. 

Temperature 

Time of flow 

; 1 

Value of u 

cm" 

17 86 

18 7 

/ // 

2 32 5 

01412 

' 


Another tube was then taken and polished mside by working it along a stretched 
string, covered with fine emery powder. 


Tube No 2, polished with emery powder — (r = '08094 cm , l = 23 30 cms.) 


Average pressure 

Temperature 

l 5 

Time of flow | Value of u \ 

1 ! 

_____ —-*--- ~ ‘ 

cms. 

16 43 

14 69 

1 l 1 

-> 1 * H t l 

13 0 1 2 9 5 i •OL-'Lj 

13 0 1 2 23 6 0149/ , 


The inside was then coated with a film of oil The radius ^as re-determined, 
r = *08003 cm. 


Average pressure 

Temperature 

Time of flow 1 

I 

- —— -- - j 

T 

Value of m 

cm". 

16 56 

15 07 

13 6 

13*6 

~ ; ;; ■“! 

2 13 ; 

* 2 27 

01494 1 

01502 
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Tube No 5 was then cleaned, with acid and amalgamated by leaving it for some 
time filled with, mercury, and running a stream of meicury through several times 
The radius was re-deteimined, r = 0833 cm 


Average pressure 

Temperatui e 

Time of flow 

Value of fx 

cm 

o 

/ U 


3 36 

15 4 

10 56 

01314 

3 35 

15 5 

10 54 5 

01317 

4 94 

15 7 

7 12 

01282 


In the experiments with the same tube described above, when the suiface was 
copper, the following results weie obtained at similar pressures — 


Average pressure 

Temperature. 

Time of flow 

Value of fi 

ims 

c 

/ 

// 


3 07 

16 6 

11 

33 

01293 

3 93 

16 6 

8 

59 

01288 

5 00 

16 6 

6 

54 

01258 


Thus m none of these experiments does the value of /x differ much from that given 
by Poisetjille for glass tubes, but, like his, agiees with the formula deduced from 
the supposition that no slip occurs. In all cases it is slightly greater, which is readily 
explained by irregularities in the tubes, owing to the difficulty of drawing them. 
According to Gerard's results, the value of p, should have about a quarter of the value 
given by Poiseuilre, but in none of the experiments described m this paper did it 
fall below Poise dille’ s value, and more decisive still, no change m the nature of the 
surface changed the rate of flow , this is purely a comparative method, and see ms 
much more reliable than the absolute method of Girard, which depends on accurate 
measurements of the radii of the tubes, differences in pressure, &c Gi rar d only used 
tubes of two sizes, and gives no account of the means he employed to estimate their 
radii. At the same time it should be noticed that his values for the tv\o sizes agree 
fairly between themselves with the supposition that a slipping coefficient exists, 
whose value is about 0 4 mm. Any constant error in the estimation of the radius, 
would however be naturally of greater importance in the smaller tube and may have 
led to the apparent agreement with the results of an effect, inversely propoitional to 
the radius, and due to the ex is tence of a finite slipping coefficient. 

We must now return to the consideration of the experiments of Helmholtz and 
Piotrowski. 

7 ^f their paper I must leave to those with the requisite 
mathematical knowledge, merely observing in passing that it is remarkable that the 
value they deduce for the coefficient of viscosity of the liquid itself is considerably 
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greater (by about one-fomth) than that given by Poiseuille s experiments This seems 
to suggest that some slight modification m the application of the fuimulae may be 
necessary, which will reduce the value deduced for the viscosity of the liquid, and 
increase that for its adhesion to the vessel to the value lequisite for the condition of 
no shp 

By a preliminary series of expenments Piotrowski claims to have shown that the 
friction on a body oscillating m contact with a liquid depends on the nature of the 
surface He suspended a glass flask bifilarly, filled it with water, and observed the 
time of swing and the logarithmic decrement He then silveied the inner surface and 
repeated his observations The results are as follows — 



Time of swing 

_ 

l 

Local lthirm deciement 

w ! 

i 

i 

Unsilvered 

239333 

0 0622182 


219333 

0 0628467 

! 


23 9333 

0 062532,5 

i 

Silvered 

24 0088 

0 0600305 1 


24 0076 

0 0599622 


24 00S2 

j 0 0599964 

i 


As the result of these observations, Piotrowski calculates that the ratio of the 
friction on glass to the fiiction on silver is as 1 * 95645. 

Independently of the fact that no account is given of any piecautions to keep the 
tempeiature constant, or even to measure it, it is evident that the above determina¬ 
tion is liable to errors due to changes m the suspension, which are very apt to occur, 
and that the agreement between the pairs of readings is not very close 

However, in order to test whether such an effect were appreciable, I undertook a 
series of experiments with an apparatus similar to that used by Piotrowski 

A glass bulb was blown as nearly as possible spherical, and the neck drawn off 



sideways into a fine tube It was filled with water by means of an air pump, and 
always kept completely full; when left, a piece of india-rubber tubing filled with 
water was attached, so that if the temperature of the room sank, water, and not air 
was drawn in. During working the temperature was always slowly rising, and before 
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each observation the drop of water was removed by blotting paper At any given 
temperature the apparatus was therefore m a definite state, and this was obtained at 
much less expenditure of time and patience than if the bulb had been airways filled 
to a certain mark at a certain temperature, or the same mass of water always put in 
by adjusting the weight A mirror was attached to the bulb by sealing wax, and the 
whole suspended bifilarly hy a fine copper wire. The logarithmic decrement had to be 
reduced by suspending two brass balls at the end of a long bar magnet which was 
fixed to the bulb and by means of which the apparatus was set in oscillation 



A series of preliminary observations gave as the ratio of the frictions 1 : 1*0001, an 
accuracy in the proof of identity which was not justified by the roughness of the 
observations, but which, at any rate, showed that the difference could not be very great. 
Afiker a week spent in preliminary Investigation, the apparatus was set up in the 
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manner which had been found to answer best, and a senes of obsenatious taken one 
of which is given m detail — 


Times op transit 


/ n 

32 15 

| „ 

10 5 

19 j 

28 

37 

4 j 5 

54 5 

*>5 

1 i ; 1 

12 1 21 1 30 ■ «’S 5 

! , > t 

/ n 

35 6 5 

l 

tt 

15 5 

[ 

24 

1 

32 5 

1 

41 5 

50 

59 

8 

| 10 j 

1 ' ; ■ 

25 5 ! 34 ! 43 : 

! i 

i 


Time of 1 vibration = 8 V 794 


Logarithmic decrement —Zero 10, at end 1 0 Readings at one end of 
swing — 


42 2 

36 7 

32 0 

27 9 

24 3 

21 2 

18 5 

16 16 

14 17 

12 40 

10 90 

9 58 

8 44 

7 44 

6 60 

5 85 

5 20 

4 63 

4 16 

3 74 

3 37 

3 06 

2 77 



. Logarithmic decrement = 14273 


The bulb was kept in a beakei of water whose tenipeiature could be eanly 
observed, till just before each observation, when it was rapidly dried with blotting 
paper, allowed to come to rest, and set oscillating by means of a strong bai magnet. 
The limit of each swing was read by means of a telescope mounted at the centie of 
a curved scale at about two metres distance, and the tunes of transit over the centre 
of the scale taken by a chronometer 

The following determinations were made — 


4 E 
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1 Temperatme 

1 

Time of swing 

Logamtlimic decrement 

1 

1 

TTnsilvered 

13 5 

8 781 

14224 

j 

13 6 

S 783 

14068 

i 

13 6 

8 7S7 

14115 


12 8 

S 801 

•14269 


12 9 

8 796 

14328 



8 806 

14276 


13 0 


14204 



i 

14278 


131 

S 798 

14305 




14307 




14289 


13 2 

8 794 

14273 




14192 

1 ! 


14125 


13 S 

8 732 

14066 

1 

14 0 

8 736 

14052 

1 

14 0 

8 740 

14094 


14 2 

8 732 

14106 


li 2 

' 8 750 

14093 



t 

1 

i 14090 

i 

Silvered 

12 G 

S 764 

1 1433S 




1 14310 


12 6 

S 768 

14274 



j 

14380 

I 

12 9 

8 S37 

14304 

1 

1 

131 

S 810 

14270 

1 

141 

S 829 

14232 

! 

13 9 

8 828 

14125 

j 

13 S 


11191 

i 

i 

14 0 

8 806 

14143 j 

] 

i 

14 1 

8 808 

14115 




14121 

1 

TTnsilvered 

14 0 

8 823 

14167 

, 

14 3 

8 830 

14126 

! 

1 

1 

14 4 


14101 


i 

t 


If we take the means of these observations we get — 

o 


t 

( 

1 

\ Temperature ' 

l 1 

i 

Time 

i _ _ ' 

| Logarithmic 

l decrement 

| 1 

j TTnsilvered 

13 66 

U 

8 779 

l 1 

, 141801 i 

j Silvered 

13*40 

8 806 

, 142335 j 


From, the series of observations with the nnsiivered flask we find that the alteration 
in the logarithmic decrement for a change in tempeiature of 1° C is about *00160. 
For 0°*26 the change will be 000416, and the logarithmic decrement of the unsilvered 
bulb corrected to a temperature of 13°*40 is 142217 
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By Helmholtz and Piotrowskis paper we see that the ratio of the faction 

1 0022 


i , ,1 n , , , 8 806 x 142217 

on silver to the inction on glass is as 1 -r^rz--—r = 1 

O O *7 O v * 


8 779 x 1423Jo 

The change, if it exists at all, is according to these expenments less than 0 3 per 
cent 


A modification of Piotrowski’s expenment was then tiled Instead of filling the 
oscillating flask with watei, it was filled with sand and oscillated as a ngid body in 
a laige beaker of water The tempeiatuie could then be accurately observed and 
the oidmaiy investigation of the oscillations of a ngid body m a ic-istnig medium, 
and acted on by a foice pioportional to the displacement, will hold 
Let Ju denote the fuctional foice piopoitional to the velocfi}, 

M the moment of inertia, 

X the logantlimic deciement. 

Then it is easily shown that 

, XM 
X = - P, 

77 

where 


jx being the force of lestitution for unit displacement 

y , 4X"yU.jM 

~ 4tt- + X 2 


Now m our case X has a value of about 0 2, and X 2 can therefoie be neglected in 
comparison with Itt 2 , 

l = ~ v /(/xM) (appioximately) 


When the flask is silvered ft is unchanged, as the weight of silver is much too 
small to appieciably altei the bifilai couple, and, therefoie, we get for the latio of the 
frictions 

l X V AI _ XT 
V “ XVM' ~ XT ' 5 

where T and T' aie the lespective times of vibration 

A thick platinum wne was attached to the bulb, and the bifilar arrangement fixed 
to this above the surface of the water. 

At the conclusion of the experiments, the bulb filled with sand was oscillated m air 
and the logarithmic decrement found to he a very small fraction of thar observed 
when the bulb w r as in water. This meets the objection that the chief lesistanee 

4 E 2 



5S0 


MR VCD WHETHAM ON I HE ALLEGED SLIPPING 


might be due to the suspension, and a small change m that pait due to the water be 
inappreciable 

Logarithmic decrement m air = ’00284 

O 

Time of swing = 9 952 seconds 


The logarithmic decrement due to the air, suspension, &c, is only about 2 per cent of 
that due to the water. 


1 

1 

Tempeiatuie 

Time of svvmg 

Loaraiithmic decrement 

; 

Unsxlteied 

1 

[ 

C 

12 6 

12 b 

r 

9 766 

9 769 

19745'] 

19882 

19830 

KD 


12 7 

9 772 

19795^ 



12 9 

13 0 

9 741 

9 722 

196941 
19729 
19685 J 

H 2 ) 

i 

■ 

13 0 

13 7 

9 737 

9 686 

193921 
19331 
19330 j 

>(3) 


13 8 

9 725 

193741 



13 7 

9 739 

19333 

>(4) 


13 8 

9 731 

19412 J 


1318 

9 739 

19579 


Silieted 

1 

13 6 

13 5 

9 884 

9 891 

195881 
19717 
19622 , 

>(S) 

1 

1 

t 

1155 

9 887 

19642 


; j 

Hebilveied 

\ j 

i i 

12 5 

12 6 

9 892 

9 892 

i 

19945 " 
19943 

1 19943 J 

[>(6) 

t > 

12 9 

13 0 

9 882 

9 907 

198111 
19793 
19775 j 


] 

14 5 

14 6 

9 894 

9 885 

194061 
19363 1 
19331 J 

J-(8) 

1 

1 

1 

) 

9 75 

9 75 

1 

9 891 
| 9 904 

206881 
20695 
20772 J 

j-(9) 

j Umilvet ed 

10 0 

10 0 

9 939 

9 936 

20687" 

20721 

20636 j 

H10) 

i 

12 7 

12 8 

9 917 

9 920 

198811 
*19862 1 

•19860 J 

t 

( 



Between each of the series of observations marked (1), (2) . . the suspending wile 

was re-adjusted, but an inspection of the results shows that they agree well among 
themselves, and that therefore the bulb might safely be moved for silvering. After 
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the observations maiked (4) the bulb was suspended m the silveimg solution for about 
an hour, and then removed It was then found that the top hemisphere was covered 
with a black sediment fiom the solution on top of the snivel, while the undei hemi¬ 
sphere was silvered as usual Neveitheless a senes of three detei ruinations of the 
logarithmic decrement was taken The mean of these shows ail increase in both the 
logarithmic deciement and m the time of swing, even though the tempeiatuie was 
actually highei It was thought that this might be due to the black sediment, which 
could not be lemoved alone, so the whole deposit was dissolved off and the bulb 
resilveied, the solution being kept stirred and frequently changed This time the 
deposit was bnght and umfoim The observations were, how even identical with the 
last The only explanation of this (unless we suppose that the friction is about 3 per 
cent gieater for silver, mstead of 4 per cent less as Piotrowski deduced) is to suppose 
that a change had occuiled in the suspension To test this, a series of observations 
(6) to (9) weie taken with the sdver on to get the temperature collection, and 
immediately after (9) the beaker of w r ater was removed from under the bulb, and one 
of nitric acid of the same temperature put in its place without disturbing the suspen¬ 
sion As soon as the silver was dissolved the bulb w r as vrashed, and the beakei of 


w r atei replaced 

A series of observations (10) weie at once taken with the glass surface Thus by 
comparing (9) with (10) we get a comparison of the friction on glass with the faction 
on silvei, free from all possible errors due to change of suspension, and at tempeia- 



The temperature correction for the logaiithmic deciement is by (8) and (9) 002815 
for 1° C or 00070 foi 0 C 25 

Therefore the logaiithmic decrement tor the glass suiiace tuirected to 9 / 5 i& 
20751. 

, _ 9 938 x 20751 nn~ci i 

The ratio of the frictions is g gyg x "90718 * — l’00o64 1 

Thus the effect is, if it exists at all, less than 0 6 per cent. mstead of 4 per cent 
Another independent comparison can be taken between the senes marked {6} and 
(7) and the series marked (11) The means are— 
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1 

Temperatme 

Time of swing 

Loganttimic 

decrement 

i | 

| (6) and (7) 

12°75 

9 893 

19S68 

| (11) 

12 75 

' 

9 922 

19867 


The ratio of the fnctions is 1 00288 1, the change being less than 0*3 per cent 
greatei for glass Thus wmlnn the limits of experimental enoi the friction on silver 
is the same as the fiiction on glass, and this part of Piotro wskt’s papei is ceitamly 
misleading 

It is evident that the oscillation method is much mferior to that m which the flow 
of water thiough tubes is observed The experiments described m the early part of 
this paper show that the difference m the time of flow foi a glass and silver tube is 
less than one-half pa cent , m a case wheie the existence of a slipping coefficient of 
only one-half the magnitude of that deduced by Helmholtz for gold, would make 
the time of flow for the silver tube about twelve times less than the time of flow for 
the glass tube 

The aiguments sometimes used m favour of the contact theory of electromotive 
force, based on the differences m fiiction of a liquid on different solid surfaces, must 
now be admitted to be without value It is certain that no slip occurs, at any late 
in the case of substances which ai e wetted by the liquid 

In conclusion I must offer my most sincere thanks to Professor J J Thomson and 
to Mr. Glazebrook for the help they have given me, and the many valuable sugges¬ 
tions they ha\e made. 
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The experiments made by one of us m 1S83 having given a value of £ ‘ v ” considerably 
smaller than the one found by several lecent researches, it was thought desirable to 
repeat those experiments The method used m 1883 was to find the electrostatic 
and electromagnetic measuies of the capacity of a condenser , the electrostatic measure 
being calculated from the dimensions of the condenser, the electromagnetic measure 
determined by finding the resistance which would pioduce the same effect as that 
produced by the repeated charging of the condenser placed in one aim of a Wheat¬ 
stone’s Bridge In the experiments of 1883 the condenser used m determining the 
electromagnetic measure of the capacity was not the same as the one for which the 
electrostatic measure had been calculated, but an auxiliary one, without a guard ling, 
the equality of the capacity of this condenser and that of the guard ling condenser 
being tested by the method given m Maxwell’s 1 Electricity and Magnetism/ vol 1, 
p. 324. 

In repeating the experiment we adopted at first the method used befoie, using, 
however, a key of different design for testing the equality of the capacity of the two 
condensers by Maxwell’s method We got very consistent results, practically 
identical with the previous ones. We may mention here, since it h—s been suggested 
that the capacity of the leads might account for the small values of ** v ” obtained, that 
this capacity is allowed for by the way the comparison between the capacities of the 
auxiliary and guard ring condensers is made, for the same leads are used both m this 
comparison and in the determination of the electa omagnetic measure of the capacity 
of the auxiliary condenser; the capacity of the auxiliary condenser, plus that of its 
leads, is made equal to the capacity of the guard ring condenser, and it is the capacity 
of the auxiliary condenser, plus its leads, which is determined in electromagnetie 
measure. As the introduction of the auxiliary condenser introduced increased possi¬ 
bilities of error, we endeavoured to determine directly the electiomagnetic measure of 

‘>1,10.90 
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the capacity of the guard ring condenser, by using a complicated commutator which 
worked both the guard ring and the condenser At fiist we tried one where the contacts 
were made by platinum styles attached to a tuning folk, but as the lesults were 
not so regular as we desired, we replaced the tuning fork commutator by a rotating 
one driven by a watei motor A stroboscopic airangement was fixed to tins commu¬ 
tator so that its speed might be kept legular and measured With this arrangement, 
which woiked perfectly, we got values for the electromagnetic measuie of the capacity 
of the condenser distinctly less than those obtained by the old method We then 
endeavoured to find out the cause of this drffeience, and after a good deal of trouble 
discoveied that in the experiments by which the equality of the capacities of the 
guard ring aud auxiliary condenseis was tested by Maxwell’s method, the guard 
ring did not produce its full effect When the guard ring of the standard condenser 
was taken off, and its capacity made equal by Maxwell’s method to the capacity of 
the auxiliary condenser, the two methods gave identical results, but the effect of 
adding the guard ring was less in the old method than m the new We found also, 
by calculation, that the effect produced by the guard ring m the old method was 
distinctly too small, while that determined by the new method agieed well with its 
calculated value As the new method was working perfectly satisfactorily, and as it 
possesses great advantages over the old one, inasmuch as we get rid entirely of the 
auxiliary condenser, and can also alter the speed of the rotating commutator with 
very much greatei ease and considerably greater accuracy than m any anangement 
where the speed is governed by a tuning fork, we discarded the old method and 
adopted the new one which we now proceed to describe, beginning by considering 
the errors to which this method is liable 

Advantages of the Method of Determining "v 

The best way of discussing the advantages of this method is to consider the 
quantities which have to he measured and the accuracy which can he obtained m then 
measuiement. The investigation naturally divides mto two parts (1) the determina¬ 
tion of the capacity of a condenser in electrostatic measure, (2) the determination 
of the capacity of the same condenser m electromagnetic measure Let us begin by 
considering the first part. The condenser consisted of two co-axial cylinders, the 
inner cylinder being provided with a guard ring If the distubution of electricity 
on the middle part of the inner cylinder were the same as that on an equal length, /, 
of an infinite cylinder whose radius is ct } surrounded by a co-axial infinite cylinder of 
radius b, the electrostatic measure of the capacity would be \ Ij log bja The actual 
case may differ from this ideal one in some or all of the following ways. (1) The two 
cylinders may not be quite co-axial; this, however, is not important if we know the 
distance betwen the axes, as we can find the capacity of the system got by placing 
one cylinder anywhere inside another. (2) The cross sections ol the cvlmdeis may 
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not be accurately circles The effect on the capacity of a slight departure from ehcu- 
lanty is calculated, below, so that this effect may be conected (3) The conductors 
may not be true cylmdeis but swell or contiact slightly as we proceed along their 
lengths , we show, however, below 7 , how to correct for an effect of this kind (4) The 
existence of the an space between the guard ring and the middle cylmdei will cause 
the distribution of electricity near the ends of this cylinder to be iriegular, and theie 
will also be some electricity on the cross section of the cylmdei, we have, therefore, 
found the distribution of electiicity in a case so nearly resembling this as to allow us 
to use the result as a correction In the arrangement w’e used the potential of the guard 
ring differed slightly from that of the middle cylinder, the very small correction due 
to this is, however, easdy calculated Since we know the collections, the capacity of 
the condenser can he calculated m terms of its dimensions, and the only enors to 
which we are liable are those which may be made in the detei mi nation of these 
dimensions The lengths which have to be measured with great accuiacy are the 
length of the middle cylinder, its radius and that of the outei cylinder, and the 
distance between the cylinders The first three of these aie long enough to be 
measured by the ordmaiy methods of measuring length, without danger of an enor 
greater than one part m 3000, the fourth, how 7 ever, is too small to be measured wuth 
so great an accuracy by these methods, it was determined, therefore, by finding v, the 
volume of water lequired to fill the space between the two cylinders, then d the 
distance between the cylmdeis is given by 7 the formula 

(/==- . ~ r r 

7 rl (tt + &} 

where l is the length of the middle cylinder and a and b the radn of the two 
cylinders In this way the percentage error of d was not greater than those of a, b, 
and l Since an accuracy of one part m 3000 can be obtained m the measurements of 
the dimensions of the cylinders, and since the electrostatic measure of the capacity is 
of the dimensions of a length, this measure of the capacity can be obtained correct to 
one part m 3000 

We now pass on to the determination of the capacity m electromagnetic measure 
This was detei mined by balancing, in a Wheatst one’s bridge, a discontinuous current 
pioduced by rapidly charging the condenser against a steady’ current derived from the 
battery which charged the condenser. In older to calculate the electromagnetic 
measure of the capacity it is necessary to know accurately the number of times per 
second the condenser is charged, and to keep this number constant. The charging 
and discharging of the condenser were effected by a commutator driven by a Thirlmere 
Water Motor, the water being obtained, not from the main, hut from a cistern at the top 
of the Laboratory. The number of revolutions per second made by the commutator 
was compared by a stroboscopic arrangement with the frequency of art electrically 
driven tuning fork. The observer (GFCS) was able, after practice, to governtbe 

MDCCCXC.-A. -1 F 
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speed of the commutator so efficiently that when the condensei was m action the 
spot of light reflected from the muror of the galvanometer did not move ovei moie 
than half a millimetre. 

The accuracy of measurement of the number of tunes the condenser was charged 
per second is thus practically the same as the accuracy of the determination of the 
fiequency of the tunmg-fork , this frequency could be determined (see mfici) to less 
than one pait in 10,000 

The limit which is practically put on the determination of the electromagnetic 
measure of the capacity of the condenser is that imposed by the galvanometer With 
the galvanometer we employed, which was one made m the laboratory, having 
about 30,000 turns and a resistance of 17,400 legal ohms, when the resistance of 
the variable arm of the Wheatstone’s bridge was 2500 ohms, an alteration of 2 ohms 
could be detected, thus the measurement of the resistance equivalent to the 
repeatedly charged condenser could be made to one part m 1250 an error of 
this magnitude would cause an error of one part m 2500 in the value of “ v ” 
and as all the other measurements were more accurate than this, there seems no 
reason why this method should not give as accurate a value of “ v ” as that obtained 
for the ohm. 

The electromagnetic way of measuring the capacity affords us the means of testing 
the accuracy of the corrections applied to the electrostatic measure of the capacity, 
we availed ourselves of this in the ease of the correction for the effect of the ah 
space between the middle cylinder and the guard-ring, we altered the thickness of 
this air space and found that the effect of this alteration was accurately lepresented 
by the conection we employed One great advantage of the method is the ease with 
which the number of times per second the condenser is charged can be altered , this 
affords a valuable means of detecting any leakage or any effect due to self-induction. 

Calculation of the Electrostatic Measure of the Capacity of the Condenser. 

Description of the Condenser —The condenser, which was designed some years ago bv 
Lord Rayleigh, is represented m section in fig. 1, and in plan m fig 2 BHPD is a 
thick ebonite board, placed in an approximately horizontal position , in this board two 
concentric circular grooves are cut, A cylindrical brass ring, HP, whose external 
diameter is about 2 3cm, and whose height is about 10 cm., fits into the smaller of 
these grooves. Three pieces of ebonite carefully ground down to the same thickness 
(about 3 mm in most of the experiments), with V-shaped grooves cut in them to 
increase the distance over which the electricity would have to leak aie placed at equal 
intervals on the top of this ring. On these the brass cylinder FGMH is placed, this 
cylinder is of exactly the same diameter as the cylindrical ring HP, and is about 60 cm. 
long* The cylinders GFMN and HP are placed so that their axes are coincident. On 
***** top of thus cylinder three pieces of ebonite similar to those on HP are placed, and 
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upon the top of these a cylindrical ung EL, similai to the ring at the bottom Another 
brass cylinder, A!BCD, made m three pieces, two rings somewhat similar in height to 
the rings HP, EL, and a long middle piece of the same length as the cylinder FGMN, 
is then fitted over the other c}lmdeis, the bottom ring fitting into the outer groo\e 
m the ebonite boaid, the internal diametei of this cylinder is about 25 cm. 



The cylinders are made co-asidl by means of three pieces of ebonite worked down 
to the same thickness (the drffeience between the radii of the cylinders) pushed by 
rods attached to them down between the eyhndets, the cylinders aie adjusted until 
these three pieces of ebonite airanged symmetrically lound the c\lmdei are each just 
m contact with the two cylmdeis, the rods "were then lemoved The insulation 
between the inner and outer cylinders and bet'ween the mnei cylinder and its guaid 
lings was tested by connecting one of these to earth, and the other to a chaiged gold 
leaf electroscope, the condenser was not used unless tlieie was no appreciable loss 
of electricity shown by the electioscope in five minutes 

Calculation of the Capacity —The capacity of the system regarded as tvro co-axial 
cylinders of circulai section w r itb a uniform distribution of electncity ovei them is 

i ? / Io 8 % 

where a is the radius of the oufcei cylinder, h that of the inner, and l the length oi 
the cylinder FGMN. 

Correction for want of coincidence between the Axes —It is shown in a paper by 
J J Thomson, “ On the Determination of the number of Electrostatic units in the 
Electromagnetic unit of Electricity''' ( £ Phil Trans, IS 80 , p 1 14), that if c be the 
small distance between the axes of the cylmdeis, the capacity is 
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Correction for the want of equality in the distribution produced by the air spaces 
between the inner cylinder and the guard rings —To find tins correction we shall find 
the distribution of electricity on the system represented m the figure, when AB is 
the section by the plane of the paper of an infinite horizontal metal plane, and 
CDE, FGH sections of conductors CD and GH being horizontal and at the same 
distance from AD, and DE and EG vertical Let h be the distance between the 
planes CD, and AB, and 2 c the bieadth of the slit DE FG 



Let us take AB as the axis of x and the vertical line midway between ED and FG 
as the axis of y Then writing 2 for x -f* ey, and supposing that <f> and i/f are the 
stream and potential functions respectively, we find by using Schwarz’s method 
that the solution of the problem is given by tbe equations 


dz = 


A 


{l - * 3 }» 

t - — a - 


dt 


a < 1 



<£ + n/, = B log “ . . (2) 

t being supposed to have all real values from — 00 to -j- co. 

For putting t = sin B } a — sin a, and integrating (1) we find 


or 


c = A 



^ cot a log 


Sill (a — 8) \ 

Sill (« 4- 8)J 


X + UJ — 



i 


cot a log 

O 


s m (a. — 0 )\ 
sin (a + 9)) 



as B goes from 0 to a. the right hand side of this equation is real so that y— 0 and x 

ranges from 0 to fi- co 4 this gives the positive half of the plane AB As 9 goes fiom 
fit to ipr 


x + ly = A (9 - 4 cot«log ™ ^ + i Mr cot 
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so that y = -J A-rrcot a, and x ranges fiom <x> to J Att, so if 

h = A-jrcot a ( 4 ) 

c = i Att . ( 5 ) 

this will give the portion GH of the diagram. When sm 6 is greatei than unity we 
may put 

the right hand side of (3) now equals 


A j y + u9- — \ cot a log 


cos a (e 5 + e 3 ) -f isma(e ? — 
cos a (e 5 4- e~ — t sm a (e 9 — e~ * I 


+ i i77 cot a 


calling the quantity under the logarithm P + iQ, we see since 


that 


P -j- iQ — 


COS a (e 5 + e s ) + L sm a (e 3 — e s ) 
cos a (e s + e~ A ) — t sm a (e 3 — e - 


P- 



cos a (e 3 ' +■ e~ s ) - i sin a (^ - e -i ) 
COSa(e s + e"' ) + iSina(e ? — e ~ 3 j 


multiplying these together we see that P 3 + Q 2 = 1 So that log (P -j- tQ) is wholly 
imaginary. Thus we see that as d langes from 0 to co, and t therefore from 1 to qg , 
x = -J-A 77 and y ranges from JAtt cot a to co, thus this range of values of t gives 
the portion GP of the figuie Since the real part of the right hand side of the 
equation (3) changes sign with 6 or t, we see that the other poitions of the figure aie 
given by the negative values of t. 

Since 

4 >+ W< = B log 

we see that as long as t is between — ct and ct , that is for the portion AB of the 
figure, 

cf> q_ lx p = t 7 rB + leal quantities, 

so that xjj = 7 rP, and, therefore, the potential is constant over AB; when i is not 
between these values, that is for the other portion of the figure B log {(t 
is real, and therefore \fj = 0 

Thus these equations give us the solution of the problem when AB is maintained 
at the potential 7 tB and CDE, FGH are at zeio potential 
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The quantity of electucity on the conductoi FGP when P is a point on GH 

B , t — a 

= s lo =m;’ 

wheie t is the value of t at P. If we represent the increase m the quantity of 
electricity, due to the irregulaiit}’- of the distubution, by supposing a stup of breadth 
d to be added to the conductor GH, and the distribution of electricity to be regular, 
and the same as if the air space were not present, the equation to find d is, if x is 
the value of x at P and V, the difference of potential between AB and GH 


_L {a ._ c + f?] = 


B , t — a 
~ 4tt l0g t + « ’ 


substituting foi x and t their values m terms of 6, and remembering that 


v e get 


or 


V — 7tB, c = ^Att h = \A.tt cot a. 


A (# ■— 4 cot a log 


sin (8 — a)'' 


sm (a 4 8 ) 

d = c l 1 ~ l e ) ~ \ lo e 


— c -f- d = — i A cot a lo 


(sm 8 — sm «) 

O' --- 

° (sm a + sm 6 ) ’ 

(sm 6 — sm a) sm (a 4 6 ) 

(sm a + sm 8 ) sm (8 — a) 


blow if P be some distance from G we may put 6 — a and we get 


d — c {1 — — a l — - log cos 2 a , 


7T 


7r 


from equations (4) and (5) we see that tan a = c/h, so that 


<J = c { 1 - 1 tan ~'1} + l h lo s j 1 + p} 


To deduce the corresponding solution for the cylinders fiom this we must multiply 
by the correction for curvature 1 + \h a, where ci is here the ladius of the ninei 
cylinder, so that we have finally, if D be the whole bieadth to be added for the two 
air spaces. 


B = 2 


cA 


9 

- tan -1 
•k h 


i} + i 1 ' !og 


i + 


k* t 


1 + ±-' 


Now in our condenser l was about 60, 2 c = 3, and h— 1, so that if we put 
B sr 2c the value of the capacity will be conect to 1 pait in 2000, 
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Correction for a small difference of potential between the guard ring and the 
middle cylinder —The arrangement we used necessitates the existence of a smafi 
difference of potential between the cylmdei and the guard ling, a slight modification 

of the preceding investigation will enable us to find the collection fioi this If we 
put 

, , , V. t - a S V . 

* + l0 § rm + Y°s1' + ">. 


then the potential over FGH = 0, that over EDO = BY, and over AB = V 

The breadth of the stnp which must be added to compensate for the electucitv on 
the poition QGH due to the difieience of potential BY between CD and GH is 


Now, if QG is large, 


Jj_ BV 

7T Y 



(tq 4 - if) 
Ch + a ) 



where e is the base of the Napienan loganthms. Hence, since t a = a = sm a, the 
breadth of the additional stnp is 


h BV f QG 
7r Y \ A 


log 


4 Hll 


5 


but A == c 2/w and sin a = cjh appioximatelv. hence the bieadth of the stiip tor the 
two guard rings is 


h 


BY 

V 


QD 

c 


} 4-r 

- -log f- 
7r he 


( 6 ) 


In our experiments h/c =6 6, QG = 1, so that the coneetion amounts to a strip 
whose breadth is about 

. -SV 

' D- 

Tbe value of BY/Y depended on the speed, the usual value was about -^hr In thus 
case the breadth of the stnp would be about of a centimeiie, and, since the length 
of the cylinder was about 60 cm , the coneetion amounts to about 1 part m 1800. 

To test the accuracy of these corrections, deteiminations of the capacity of the 
condenser were made when the top guard ring was separated from the middle 
cylmder (1) by pieces of ebonite 504 cm. thick, (2) by pieces 067 cm, thick. The 
capacity of the cylinders with the thick ebonite was greater than that with the thin 
by about 11 parts in 2760. According to the results we have obtained for these 
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corrections the effect, of increasing the thickness of the ebonite would be to add a 
breadth 218 cm to the cylinder m consequence of the increased air space, and 06 m 
consequence of the dilieience of potential, thus the two would add 23 to the length of 
the cylinder, and would mciease the capacity by -ff X 2760, or 12 parts m 2760. 
Thus the observed and calculated lesults agree well together 

ConectiOfL for ellipticity of the cross section —Let us consider the case of a 
cylinder w hose cross section is lepresented by the equation 

r = b [ 1 -f- e cos 26 } , 

placed inside one whose cross section is represented by 

r = ct [ 1 + a cos 26 J3 sin 26 }, 

where, since the measuiements of the cylinder show that e, a, are less than 2 ^b"o» 
we can neglect the squares of these quantities 

Let the potential between the cylinders be given by 


-r-r . i , C cos 26 „ Esin 2# n 

^ = A log r -|-^-b ' cos 2 6 -|-—— + TV- sin 26. 


Then, neglecting the squaies of e, a, f$ t the diffeience of potential between the 
cylinders is 


Alo 


a 



and to the same approximation the chaige per unit length is i^A, thus the capacity 
per unit length is J log ajb. Here a and b aie the means of any two radii of the 
cylinders at right angles to one another. If w r e take these values as the radii of the 
cylinders die only correction lequired will be one of the older of one part m (2000) 2 , 
which may be neglected 

Correction of Comcality —We may see how to get rid of this correction by 
considering the electrical distribution on two infinite conductors, the one a plane 
perpendicular to the axis of y 3 the othei a corrugated plane represented by the 
equation 

_ 7 , /y • 277V 

y — h 4* p fem —, 


the other plane being taken as the plane of xz. Let V the potential between the 
plane® be given by 

Y — Ay -b C sin {e 2 ** 1 — 1 } 

Putting y = h 4- 0 mn 2irxf 1 and making tbe potential constant and equal to V 0 
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V 0 = All 
C = - 
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Tims cr, the suiface density on the plane of it. 
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Thus, if we choose h so that it is the mean distance between the plates, for the 
breadth on which we wish to find the charge, the second term will vanish in our 
integration, and we get for Q the quantity of electricity on a bieadth x 


Thus we can use the ordinary foimula even when the plates aie slightly inclined, 
provided h is the mean distance Any correction to this will be the oidei of the 
square of the inclination at least, and m oui case may be neglected 


Measurement of Dimensions oj Condense / 

The dimensions are all refeired to the standard metre of the Cavendish Laboiatoiy 
which has been compared with the standard of the Board of Tiade The enoi& ol 
the divisions aie too small to affect the measurements given below The comparison 
of the lengths with the standard metie was made by means of a pan of leading 
micioscopes with miciometer screws The pitch of the sciews is accuiately Tcffh 
an inch, and the head of the sciew is divided into 100 paits, so that one di\ision ol 
the screw-head corresponds to 0002 inch The tenths of divisions are easily read 
and are recorded The sciews weie tested by Mr Fitzpatrick when working with 
Mr Glazebrook at the Specific Resistance of Meicury, and weie found to be free 

from sensible erior in either pitch or uniformity 

The standard metre is correct at 0° C, and its temperatuie coefficient is 000017 

per 1° C. 

We require the dimensions of the condenser at 16 C The metal of which the 
condenser is made is much the same as that of the standard metie, so that if we 
assume that the tempera tines of the condenser and standard metre are the same at 
mdcccxc—a ^ u 
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the time of comparison we shall simply have to correct the metre to 16° C The 
temperature of the 100 m never differed from 16° by moie than 2°, so that no 
appreciable eiroi can be introduced on this account 


External Diameter of Inner Cylinder 

The sliding ealipeis of the laboratory were used to measme tins. The bar of the 
cahpeis rested on the flat top of the cylinder, so that the calipers could be moved 
backwards and forwards along the top The jaws are supposed to be at light angles 
to the bai along which the sliding one moves, but this was found not to be exactly 
the case To obviate this difficulty a small piece of brass was fastened to the end of 
one jaw, so that the contacts were made at the ends of both jaws The calipers weie 
then placed under the microscope and two defloite marks read off The standard 
metre was then placed beneath the microscopes and treated in the same way The 
distance between the marks when the jaws of the calipers were m contact was 
determined bv the micrometer sciew alone. 

The readings of the screws are gix en m terms of 4- inch 


Maximum Diameter of top end of Cylinder. 


4 

1 

i 

1 Calipers 

i 

' 23 8 

cm | 

i 

i ; 

| Left-hand screw 

i 

i--— . 

; Right-hand screw 

1 

; Left-hand sciew ; 

Right-hand screw 

1 

i 

1 17i,5 

6043 

i 1 230S | 

3970 

l o 

l 

i i r*3o 

6420 

i 1 1039 ! 

62b0 

i 3 

1 18100 

5642 

1 7980 

5648 

1 4 

1 18076 

7,134 

i 18793 

4965 


The numbers m (4) aie tbe mean of three readings 


These measurements gave as the distance between the marks— 


23 8 cm, . 

— 00260 m. 

(i) 


. — 00262 „ 

0) 

3 5 * + * 

. . . —*00220 „ 

(3) 

* 

Mean 23*8 cm . 

. . — *00104 „ 

— 00211 m. 

= 23 7946 cm. 

0) 


Distance between the marks with jaws of ealipeis closed Head with left-hand 

screw™*' 
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u) 

1 2779 

7538 

(2) 

1 5778 

1 0430 

(3) 

2 0561 

1 5192 


5241 


5348 


5369 

(4) 

2 3553 

1 8136 

( 5 ) 

2*2183 

1 6S91 

(6 ) 

2 2187 

1 6895 


5417 


*5292 


5292 

( 7) 

2 3550 

1 8172 

(3) 

2*5410 

2 0096 

(<0 

2 5330 

1 9398 


*5378 


*5114 


5332 


The mean of these is 

51314 . 

—r— m = 10662 m = 2708 cm. 

Thus we find that the maximum diameter at the top of the cyhndei is 

23 7946 — 2708 = 23 5238 cm , 
referred to the standai d at 16° C 

To reduce the standard to 0°-C we must multiply by (1 + 16 X 000017) and we 
get as the true diameter 

23 5302 cm 


Minimum diameter of top end of Cylinder 



Calipers 

i 

23 8 cm , 

I 


Left-hand 

screw 

Right-hand 

sciew 

Left-hand 

screw 

1 1 

j Ri^ht-hand | 
screw 1 

1 

1 (Menu, of 4 reading 5 ?) 

2 (Mean of 4 „ ) 

2-2158 

1 9271 

0 4338 

0 7133 | 

■2 1822 

1 8025 

i . 

0 4279 I 

U 7400 


Giving as minimum diameter of top end 

(1.) 23 8 cm — 2708 cm. — 00790 m, 
(2.) 23 8 cm. — '2708 cm. — *00746 in. 

Correcting for temperature, v e find 

Minimum diameter of top end = 23*5161 cm. 

4 G 2 




596 PROF J J THOMSON AND MR G- F C SEARLE ON THE RATIO OF THE 


Bottom end of Cylinder 
Hamsiusi Diameter 


1 

1 

} 

r 

5 

1 

1 1 (Mean of 4 leadings) 

1 2 (Mean of 4 , ) 

1 

Calipeis 

23 S 

cm 

Left-hand 

screw 

Right-band 

screw 

Lett-hand 

SL-rew 

Right-hand 

screw 

1 40*8 

1 5469 

1 2042 

1 0b71 

14171 

1 5910 

11950 

1 0196 

Min rstun Diasieter 

I 

1 

Calipers 

23 8 

cm 

! 

1 

Left-hand 

Right-hand 

Left-hand 

Right-hand 


sciew 

sci ew 

sere w 

sciew 

1 (Mean of 4 readings) 

1 6915 

9584 

1 6814 

0 9318 

2 (Mean of 4 ,, ) 

1 6916 

9581 

1 6495 

0 9634 


Thus, maximum diameter of bottom end equals 

(1 ) 23*8 cm. — *2708 cm -f 00002 in 

(2 ) 23*8 cm — 2708 cm — *00068 in 

Collecting for tempeiature, we iind 

Maximum diameter of bottom end = 23 5348 cm 

The minimum diameter of bottom end equals 

(1.) 23 8 cm. — 2708 cm — *00734 in. 

(2 ) 23 8 cm — *2708 cm — *00736 m 

Correcting for temperature 

Minimum diameter of bottom end = 23 5169 cm 

Collecting these results we have for the inner cylinder 

Top end . Maximum diameter = 23*5302 
Minimum diametei = 23 53 61. 
Bottom, end Maximum diameter = 23*5348. 

Minimum diameter = 23*5169. 
Mean of these.= 23*5245. 
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She corresponding ends of the measured chameteis weie found to be almost exactly 
on the same geneiating line, so that though the cylindei is slightly elliptical and 
conical, it is free from anything of the nature of hehcahty 

Measurement of the Interna1 Diametei ,f the Outei Cfinder 

This was found to be a good deal moie tLOublesome than the measuiernent of the 
external diametei of the innei cylindei, the plan finally adopted was to hx two pieces 
of hardened steel to the ends of the jaws of the sliding calipeis, thus 



One side of each piece was polished, and the end was then giound and polished on 
a fine oilstone so as to foim a good edge with the polished face The shape of the 
end was semi-circular In this way the edges made contact with the cylinder, and 
the cross wues (one of which was set caiefully peipendiculai to the hue of tiavel of 
the microscopes) could be easily focussed on to the end of the steel. 

It was not found piacticable to deteimme exactly when contact was made in the 
same way as was done for the innei cylinder, since when the calipeis weie set to 
neailv the size of the cylindei scaicely any movement was possible The shaip edges 
were also an impediment to the motion. We found, however, that by insulating one 
of the steel contact pieces we could deteimme aocuiately by the aid of a telephone 
w T hen contact was made As the cylinder was found to be neaily cncular, and the 
formula foi a slightly elliptical cylindei outside a cnculai one indicates that the 
lengths of two diameters at light angles to each other are required, two such diametei 
were measured The following aie the details of the measuientente eacli of the 
numbers being the mean of foiu obsei rations — 


Top end 
Dumetet A 




Calipeis 

25 4 cm 


i 

Left-Land sciew j Right-hand screw 

Left-band sciew Right-hand screw 

(1) 

(D 

(3) 

1 3821 
13319 

1 1822 

1 1 

1 1721 

I 2000 
i 1 3445 

1 

1 3859 1 1798 

1 3255 1 2324 

1 1402 ! 1 3993 
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Dlwuetek B 



i 

1 Calipers 

25 4 cm 


i 

Left-hand screw 

i 

Right-hand sciew 

1 

Left-hand screw r 

Right-hand screw 

ei) 

1 170 L 

| 1 3843 

11793 

13787 

<4) 

1 ( 3) 

11873 

I 13762 

11614 

14032 

1 12b8 

! 14415 

1 1150 

14485 

CD 

1 8703 

i 

1 0 bS91 

j 

18875 

i 

0 6620 


Bottom end 
Divmetet A 


> Cahpeis 

i 

25 4 cm 

j Left-hand sciew ' 

1 

Hi gilt-hand screw 

Left-hand sciew r 

Right-hand screw 

1 

(1) 1 4352 

1 0999 

142^9 1 

1 1209 

(2) , 1 4734 | 

10699 

1 4‘U8 

10586 

DllMFTEE B 

i ! Cahpeis 

i ! 

, 25 4 cm 

! 

1 Left-hand screw 

Right-hand sciew 

1 Left-hand sciew 

Right-hand screw 

l 

(1) 1 6109 

0 9270 

i 1 0131 

0 9385 

1 6978 

l 

0 8427 

1 7106 

! 

0 8371 


Taking the mean of these and correcting for tempeiature we find 

Top end . Diameter A = 25 4154 cm. 

Diameter B = 25 4056 cm 

Bottom end Diameter A = 25 4125 cm 
Diameter B = 25 4122 cm 

Mean of these. . . . =25*4114 cm. 

Measurement of the Length of the Cylinder 

The length of the cylinder was transferred from the cylinder to the reading micro¬ 
scopes by means of the beam compasses of the laboratory; care being taken to keep 
the bar of the compasses parallel to the length of the cylinder while setting the 
compasses to the length of the cylinder. 

On account of the length of the cylinder it was found difficult to ascertain by 
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moving the beam compasses just when contact was complete A small piece of thin 
sheet steel (about 03 cm thick) was interposed between the end ot the cylinder and 
the point of the beam compasses The compasses weie considered adjusted when a 
slight lesistance to the motion of the feeling piece was peiceived The beam com¬ 
passes weie then placed undei the microscopes, and the distance between two definite 
marks on their points determined The points w eie then placed close together, so that 
the same resistance to the motion of the sliding piece was felt as m the fonnei case 
The distance between the maiks was then ascei tamed by means of one of the micio- 
scopes and its sciew The distance being so small it seems unnecessary to compile it 
with the divisions of the standard metie 


Distance between the Maiks when the Compasses weie Closed 



Ri gEt-la and maik 

Left-hand maik 

1 

(1) 

2 3156 

1 7220 

Mean of 4 observations 

G) 

2 1283 

1 5308 | 

J 1 

u j- n 

(3) 

2 1287 

1 5200 

5 1 

; si J *7 i 

(4; 

2 9120 

| 2 31 ”>1 

. 

» o , 1 

i 


Giving, as the distance between the marks, 11937 in , or 3032 cm 


Distance between the Maiks when the Compasses were Open 


Calipers 

bl 3 cin 


Left-hand sciew 

Right-hand screw 

■ 

Left-hand screw 

Right-hand serei\ 

! 

21297 

5698 

2 0656 

5532 

i 

Mean of 4 observations 

2 4270 

2537 

2 3819 

2415 

?J 7 j 


Giving as the distance betwen the marks when open, 613 cm — 0138 m 

Hence the length of the cylinder when corrected for temperatuie equals 60 9784 cm. 


The Distance between the Inner and Outer Cylinders. 

Since the difference of the mean diameters is only about 1 09 cm., and since, on 
account of the difficulties of measurement and the iriegulauties in the shape of the 
cylinders, it is impossible to arrive at any satisfactory result by subtracting the mean 
diameter of one cylinder from that of the other, we had to apply some other method. 
We adopted that used m the experiment of 18S3, which was to ascertain the amount 
of water required to fill the space between the two cylinders This amount was 
determined by weighing The water employed was distilled, and was boiled a few 
hours previous to its use to enable it to absorb air bubbles more readily 
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A 500 c c flask was filled with water and weighed, its contents were then trans¬ 
ferred to the cylmdeis, and it was then weighed again The difference in weight 
o-lves the weioht of watei transfened to the cylinder This piocess was repeated 
until the space between the cylinders was full 

The weights of the full and empty flasks weie determined to 1 centigrm 
The 500 grm weight used to balance the water was compared with the standard 
500 gim weight of the Laboratory and found too heavy by 055 grm. This has been 
allowed fur The equality of the arms of the balance was also tested 

The two cylinders were fastened down to a flat metal plate with a thin layer of 
cement so as to be quite water-tight To get any accuiate estimate of the volume of 
watei required to fill the space it was necessary to piovide some means to ascertain 
v hen the space was exactly full The effects of capillarity, giease, c , preclude any 
veiy accuiate lesult being obtained when there is no top oi cover fitted to the top of 
the cylinder, and as it was necessaiy to see whether any air bubbles were left inside a 
glass top had to be used Two holes were bored through the glass, and tubes were 
fixed into these The -water was mtioduced through one tube, and the air escaped 
through the other Although no difficulty was experienced m making the joint at 
the bottom quite water-tight with any of the cements employed, it took us several 
days to make a satisfactory joint at the top The ease with wdnch tightness at the 
bottom was seemed was probably owing to the great weight of the cylinders 

The top gave us all the more trouble, because we could not tell whether it was 
watertight or not until we had almost completed the filling m of the water If, then, 
the joint proved bad the whole of the time spent m weighing the water poured m 
was wmsted. 

We tiied Floats elastic glue, then gutta-percha dissolved in benzene, but both of 
these failed. The water seemed to loosen the hold of the glue upon the glass, so that 
although the system seemed air-tight it would not remain w^ater-tight for more than a 
minute or two. 

We finally tried some red wax which had been sent to the Laboratory by Piofessor 
Threlfaix, wdio obtained it m Germany, and this answered very well. It looks 
somewhat like a mixture of bees’-wax and sealing wax, and as it never gets quite 
bard it never cracks. It possessed another property which was also useful for our 
purpose, viz., that of melting at a comparatively low r temperatuie. To apply the 
other eements m a satisfactory maimer the glass had to he heated to a somewdiat 
high temperature, and this frequently cracked it 

The wax when melted became very fluid, so that only an extremely thm layer was 
included between either the top or bottom plate and the cylinders. * 

At first the water was poured in through a funnel inserted into one of the tubes, 
hut with this arrangement it was found impossible to get rid of the last air bubble, 
since fresh quantities of air were continually carried down the tube After some 
experiments with different arrangements for Ailing, we finally adopted as the means 
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of introducing the water a tube with a funnel top pio\ided with a tap. The funnel 
could always be kept partially full of water by means of the tap, so that no air was 
introduced The cylinders weie slightly tilted so that the exit tube was at the 
highest place As the last few grammes were pomed m the an was gradually svept 
along by the advancing water and driven up the exit tube The small bubble which 
sometimes remained under the exit tube was easilv removed bv agitating it bv a fine 
wire introduced through the exit tube 

The amount of water lemaimng 111 the tap and the amount which ro&e up the exit 
tube weie ascertained afteiwards by detaching the tap and tube, and finding the 
wrnight of water reqnned to fill them to the same extent as when the cylmdeis weie 
filled 

While the water was still about 3 cm from the glat=s the air was exhausted from 
the cylmdeis by a water pump , the pressure of the air was 1 educed to about 50 mm 
of mercury This had the effect of removing a good many bubble^, and we may hope 
that the experiment was free from eiror m this respect. The wax employed foi 
fixing the top on to the cylinders stood this difference of pressure perfectly A 
drying tube was placed between the cylmdeis and the tube leading to the pump in 
order to catch any watei which might be earned off 111 the pumping The increase m 
weight of the drying tube was found to be not more than 02 01 03 gianime, and this 
has been alio w ed for The weighings have also been corrected to a vacuum 

The annexed sketch shows a section of the cylinders by a plane through their axis, 
and through the tap and exit tube 



VIDCCCXC.— A 


A is tbe fiat metal plate 
B the glass plate 


4 H 


G the funnel and tap 
D the exit tube 
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The following aie the results of the weighings on two sepaiate days — 



[1 ] Temp 1/ 

[2 j Temp 

VTti_rht of A\a r i pat rto tunn 1 

4403 15 ! 

4403 53 

Weight n** aa <ner b m tip anti tt>no 

1 33 i 

1 35 

Volume of u p ece ot underneath the srhms top 

7u 1 

0 

Weight of Avat+r in space betAveen the cvhmleis theietoie 

4402 52 : 

4402 18 

Coireeuon to vaennin 

4 bb 

4 68 

Correct on fui tempeiature 

5 11 1 

3 91 

C<vritdion for eri >r u. oOfurrrni weight 

50 

50 

Corrtctinn for mt quality of arms 1 

09 | 

04 

Volume between the cylinders is 

4412 87 i 

4411 29 


The mean of these is 


4412 OS cc 


which we take as the value of the volume between the cvlindeis 

If d is the mean distance between the cvlmders, l the length of the inner cvlmdei, 
a and h the radii of the outer and inner cylinders respectively 


so that 


4412 OS 

7 T (U -T- b) l ' 


d = 94128 cm 

ft u — h 

j- = 1 + = 1 0800262 , 


2 log ~ — -15397063. 


The thicknesses of the pieces of ebonite between the gnaid lings and the cylinder 
at the top and bottom weie respectively *2934 and '288. Correcting foi the air space 
the effects, e length of the cylinder is 

60 9784 + '2907 = 61*2691 cm 
Hence the electrostatic measure of the capacity 

— 61 2091 

= 397 927 cm. 

Ho correction is required for want of coincidence between the axes of the cyh nders, 
foe if c be the distance between the axes the correction is proportional to c 2 /(a 2 — b~). 
In our experiments c was lees than *01, so that the correction only amounts to 
part in mere than 30,000, 


one 
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The difference of potential between the guard ling and the cvhndei depends upon 
the speed of the commutator, so that the correction on this account is made on the 
electromagnetic measure of the capacity 

The Electromagnetic Measure of the Capacity 
The airangement employed in tins measurement is lepiesented in fg 1 

Fig 3 



ABCD is a Wheatstones bridge with the galvanometer at G and the batteiy 
between B and C. The aim AB is bioken at It and S, which aie two poles of a 
commutator, which alternately come into contact 'with, a spring P, connected with the 
middle part of the inner cylinder of the condenser The outer cylinder is connected 
to S The points G and B are connected respectively with L and M, the two poles 
of a commutator, which alternately come mto contact with a spiing Q, attached 
to the guard ring of the condenser. The system is arranged so that when the 
commutators are working the order of events is as follows — 


I 

P on S 

Q on M 

Condenser di&chaiged 

Guard ling discharged 

II 

P on It 
Q on M 

Condensei begins to charge 

in 

P on It 

Q on L. 

Condensei completely charged to potential (A)--(B) 
Guard ring charged to potential (G)-(B^. 

IY 

P on S, 
Q on L 

Condenser begins discharging 

Y 

P on S. 
Q on M 

Condenser discharged. 

Guaid i mg discharged 

4 h 2 
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Tims when the commutators are working, there will, owing to the flow of electricity 
to the condense* be a succession of momentaiy cutients through the galvanometer 
The resistances aie so adjusted that the effect of these momentaiy currents on the 
•_ral\ anometei just balances the effect due to the steady current, and there is no 
deflection of the galvanometer 

To investigate the relation between the resistances when this is the case, let us 
suppose that when the guaidnng and condenser aie chaigmg 

/, = ciu rent through BG 
if — cunent thiough AB. 
c = current through AD. 
w = curiTent through CL. 

Thus, if a , 5, a, /J, y are the resistances m the arms BC, AC, AD, BD, CD 
respectively, L the coefficient of self induction of the galvanometer, and E the 
electromotive force of the battery, we have 

•s * 

Lr -f- (b -f y + a) - + (& 4 - y) H + yu> — yx = 0 (I) 

{a + y -f fi) x — (y+ p) y — yc — (y + (3) tv — E = 0 . ( 2 ) 

"Now it is evident that the currents are expressed by equations of the following 
kind 

* * 

,r = x x -b :c 2 , 

* = *1 + -27 

where x x and z l express the steady currents when no electricity is flowing into the 

condenser, and x 2 , z 2 are of the form Ac - *^, Be~ Af , and express the variable parts of the 

* 

currents due to the charging of the condenser, y and w will be of the form Ce _A£ , 
De*" At ; t in all these equations is the time which has elapsed since the condenser 
commenced to chaige 

Equations ( 1 ) and ( 2 ) will thus contain constant terms, and terms multiplied by 
e~ w , the latter must separately vanish, hence we have 

+ {& + y 4- a )z* + (b -b y) y -f -yw — yar> = 0 . . (3) 

4- y 4- fi) “ (y 4- $) y — yz% — (y 4 - fi) w = 0 . . . . . ( 4 ) 

Let Z, X be the quantities of electricity which have passed through the galvano- 
saeter and battery respectively, in consequence of the charging of the condenser, and 



ELECTROMAGNETIC UNIT OE ELECTRICITY TO THE ELECTROSTATIC UNIT 605 

Y and the charges in the condensei and guard ring Then mtegiating equations 
(3) and (4), over a time extending from just before the condenser began to chtrge 

until it is fully charged, remembering that at each of these times z 2 = 0, we get 


(b y a) Z (b y) -p yW — yX = 0 
(a + y + p) x - (y + fi) Y - yZ - (y + fi) W = 0, 


hence eliminating X 
Z (h -f y-f a — 


" + 7 + 0, 


+ Y (b+y- ^±P-\ + TV 


P 


« + 7 + &/ 


o + 7 + /? 


= 0 


In our experiments, the battery resistance is very small, being less than 1 ohm, 
while ft is 500,000 ohms, b 200,000 ohms, and y 3000 ohms, thus the third term is 
less than 5 ,ooo,ooo th pait of the second, and may be neglected, and we get, 
neglecting the battery resistance 


Z 


b 


b + 7 + a 


—t-Y 

T 

7 + 0 


If {A] [B] {D} denote the potentials of A, B, D vlien the condensei is fully 
charged, C the capacity of the condenser, then 


But 


Y = C[[A}-[B1] 
{A}-{B} _ {A} — {!)} 

« + /} At JL±2> 

7 


The right-hand side of this equation is z lt the steady current through the 
galvanometer, so that 

(b + * + 7 )\ 


Y= -Cz, U + /3 


* * * • • (^) 


= lltC 1-2—A. . . . 


I {- y f a — 


r 

7 + 0 


• ( 6 ) 


If the condenser is charged n times per second, the quantity of electiieity which 
passes in consequence through the galvanometer per second is nZ If the galvanometer 
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needle remains undeflected, the quantity of electucity which, passes through the 

galvanometer m unit time must be zeio But this quantity is 11 Z -4“ z so that 
© 

Zj = — 0. 

Substituting this relation m equation (6), we get 

ji_ f _1 

_ 1 _7 l 17 + ft) (Ji -b y + *) J /J) 

” rt 1 + Tt ' W 

(l> 4- a + 7 ) ft 

Fiom tins equation, if we know the lesistances and the speed, we can calculate the 
capacity. 

In order to apply the correction for the difference of potential between the guaid 
ring and the inner cylinder, we iequne [A; — [C}/, f A] — }B], now 

{ A} - { C} h {A}_-{I>} 

[A} -‘11} a {A} — {!>} 

_ b _ 

I A 4- a -J- 7 ) 
a + ft -— 

7 


Where n was equal to 64 the approximate \alues of the resistances wete 


substituting the values 


h = 200,000 ohms 
« = 20,000 , 
ft = 500,000 „ 

y = 3,000 ,, 

{A} - {C} _ t 
{A} — {B} 183 


We shall now go on to discuss the details of the method whose theory we have just 
given. 


Tht Commutator 

* 

The general view of this is shown 111 figs. (4), (5), (6). The framework is 
strongly made of cast iron, and somewhat resembles the headstock of a lathe, it is 
provided with two hardened steel centres, capable of adjustment, between which runs 
the axle of the commutator. This was made of tool steel but not hardened. The 
centra were verj good, and the apparatus ran w ith very little friction and wear 
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We will now descube tlie different pieces fixed to the axle beginning from the left 
of fig 4 



SCALE or CENTIMETRES 


Fust theie is a wooden disc with two gioove** foi the diivmg stung, next comes the 
wooden disc on which the stiob iseopic pattern is painted. The end view of this is 
shown in fig 5 

Beyond this are the two commutators, which are exactly alike, each is made of two 
poitions of biass tube fixed to an ebonite bush Two grooves are turned m the con¬ 
tinuous portion of the tube, in which rest two wires by means of which eiectncal 
connection is made with the parts of the commutator Althougn the slits m the colu¬ 
mn tat oi weie not inoie than about 2 mm. wide yet no tiouble at all was expeiienced 
through want of insulation The commutator could be easily cleaned by scraping the 
ebonite between the paits of the commutator with a shaip tool There was also veiv 
good insulation between the commutator and the axle The insulation was tested 
several times by means of the gold leaf electioscope, and was found piactically perfect. 

Following the tw r o commutatois is an ebonite disc to prevent oil train the centies 
getting to the commutatois 

The last thing on the axle is an endless screw T in which geais a worm-wheel of 
30 teeth. This wheel is furnished with a pm which makes contact with a spnng 
once in every revolution of* the wheel, i €, every 30 revolutions of the commutator. 
The spring is insulated from the framework, and the contact of the pm with it 
completes the circuit required for exciting one of the electlomagnets of the recording 
apparatus The spnng is not shown in the figiue. 
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The supports for the contact wires of the commutator and for the brushes were two 
pillars screwing into the base of the framework. One of these is shown m the figuie, 
it is shown broken, and the two parts separated in order to show both parts of the 
commutator Fig G sliuws the aiiangement as it would look m an end view if the 


Fig (J 



stroboscopic disc were absent. The wires for making contact with tho commutator 
are clamped under tho two binding screws and are made with a curl Q so as to he 
very elastic and to ensure contact with the commutator. Before the curl was put 
into the wires it was found that the jarring of the apparatus gradually caused the 
wires (though made of hard drawn brass) to relax their pressure on the commutator 
and to make uncertain contacts. With the curled wires no trouble was found m this 
respect, and the pressure could be made much less, saving both friction and wear 
The binding screws clamping the wires are fixed to a piece of ebonite which can slide 
on the pillar and be fixed m any position by a screw. The pillar also cames a support 
lor the brush. The brush itself is made of very fine hard diawn brass wire, soldered 
into a brass piece of a suitable shape. The way in which the brush acted depended 
a good deal upon the regularity and straightness of its wires. We found it best not 
to have a thick bunch of wire, but a thin layer only a few wiros thick. The brass 
piece into which the brush wires were soldered, fits on the end of an ebonite rod 
passing through the brush holder and capable of being fixed m its proper position 
by means of a screw* 

The whole arrangement was clamped down to a thick iron slab, resting on a strong 
tjsMe, , In this way the vibrations, which would otherwise have been set up, were 



Hg fofik, by means of which the speed was observed and regulated, was 

Ah first the two were on the same table, but it was 
at %hich the j commutator marie one revolution fo® each 
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complete vibration of the folk, the vibrations set up by the folk were sufficient to 
make tbe contacts unceitam. As finally fixed, the apparatus worked extremely 
satisPactoiily, and would run for seveial hours without either the brushes or the 
springs requiring any adjustment 

The commutator was driven from a water motor which was supplied fiom a tank at 
the top of the laboratory to secure a constant head of water It was driven by a band 
of fine fishing line joined with a “ long splice”, any rougher method of joining 
produced a joint, the effect of whose passage over the pulley of the commutator was 
plainly seen by the observer at the gal\ anometer. A second band went from a small 
pulley on the motoi to a pulley fixed within easy reach of the observer stationed at 
the tuning fork Tbe legulation of tbe speed was done by lettmg tbe auxiliary band 
run tlnough the fhigeis, and slightly pressing it. This was found to be a much better 
plan than regulating by the band driving the commutator But, m spite of this, the 
speed of the commutator as judged by the steadiness of the pattern seen through the 
slits of the tuning fork was subject to incessant small agitations, and it required con¬ 
siderable vigilance on the pait of the observer at the fork to keep the pattern quite 
at rest A heavier disc on the commutator would no doubt have made this easier. 

The supply of water was so adjusted that it was able to drive the commutator 
slightly faster then the speed lequired The necessary fine adjustment was made by 
slightly pressing the regulating band. 

Determination of the Sj)eed of the Commutator. 

To ascertain the speed at which tbe commutator was being driven its stroboscopic 
disc was observed through a pair of narrow slits fastened to the prongs of an electri¬ 
cally maintained fork. This fork made approximately 64 complete vibrations per 
second The disc was provided with circles containing 4, 5, 6 , 7, 8 spots at equal 
intervals, so that when a distinct pattern was observed through the slits on the fork 
the commutator made one of the following numbers of revolutions per second — 

1C-0, 18*3, 21'35, 25 0, 32 0 , 36 6 42 7, 48*0, 

51'2, 54 9, 64, 73*2, 76*9, 80*1, 85 4. 

These numbers are respectively f, f, I, f, 1, - 7 , ?, and of 64. 

Any one of these speeds could be obtained by simply regulating the supply of water 
to tbe motor. Higher speeds could, of course, have been observed, but tbe motor 
would not drive the commutator much faster than 80 revolutions per second. 

Experiments at most of these speeds will be found below. 

It will be observed that this method gives a great choice of speeds, all of which can 
be determined with the same accuracy, and whose relation one to another is known 
with absolute accuracy. 

The standard to which the speed was referred during the experiments was the 
mdcccxo.—a. 4 I 
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standard fork used by Loid Bayleigh This makes about 128 complete vibrations 
per second The electucally driven fork maintained another folk whose natural period 
is about half its own This gave beats with the standard, and by counting the beats 
the speed of the fork through which the sttoboscopic disc was observed could bo 
determined m teims of that of the standard fork. 

Determination of the Speed of the Standard Fork 

It was considered advisable to make a new determination of the standard fork 
Lord Rayleigh (‘Phil Trans / 1883, p 320) lound that its speed at t° C was 

128 140 {1 — (t — 16) X *00011} 

We have taken Lord Bayleigh’s value of the temperature coefficient 

We determined the speed of the standard m the following way. At one end of the 
commutator an endless screw was fixed with a cog-wheel geared into it The cog¬ 
wheel makes one revolution for 30 made by the commutator. A pm fixed to the 
wheel touches a spimg once m every revolution, and completes an electric cijcuit 



which causes a, mark to be made on the tape of the recording apparatus. The 
laboratory clank is also arranged so as to complete a circuit once every second A 
ie%tape is pullect along at an approximately uniform rate between guides on a block 
electromagnets ate fixed at right angles to the guides. One of these 
Lis made by the cog-wheel of the commutator, the other when 
; The atm at tires are kept away from their magnets by 
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The other end of the armature carries a folk m which a small disc can rotate When 
the magnet is not excited the disc presses against a roller covered with punter’s ink 
When the magnet is excited the disc pi esses on the paper tape as it passes underneath 
it The disc is kept inked by revolving the inking roller 

The general disposition of the apparatus will he seen from the figuie 
As the tape is drawn along we get two series of marks, one due to the commutator, 
the other to the clock By comparing the position of the marks made by the 
commutator with those made by the clock we get a very accurate method of timing 
the commutator We can find the time at which say 15 commutator contacts are 
made, and then, after the lapse of 5 or 10 minutes, find the time at which another 
15 commutator contacts aie made Subtiacting the one set of times fiom the others 

we get 15 intervals which should, of course, be equal. Taking the aveiage we get a 
very accurate value for the time occupied by (say) 600 revolutions of the cog wheel. 

The paper tape was at first drawn along by a Moise receiver, but as this did not 
act veiy uniformly it was leplaced by a small winding arrangement driven by the 
same motor as the commutator This ran perfectly unifonnly 

The method of experimenting was as follows when the observing forks had been 
running for a few minutes, so that everything had got steady, the bfeats between the 
standard fork and the auxiliary fork were counted The forks weie so arranged that 
20 beats occurred m about 65 seconds The motor was then started and regulated 
so that the commutator could be kept at half the speed of the fork, i e , about 
32 revolutions per second 

The recording apparatus was then staited and allowed to run for 5 or 10 minutes, 
the commutator being kept at a constant speed by observing the stioboscopic pattern 
through the fork The apparatus was then stopped and the beats again counted. 

Our reason for adopting this method was that we had originally intended to 
measure the speed of the commutator while we were making the electrical observa¬ 
tions. This was, however, found to be too laborious, and had to be given up. The 
Laboratory clock was compared with the clock belonging to the Cambridge Philo¬ 
sophical Society, which is regularly rated from the Observatory. 

The last three observations, when the apparatus was working very satisfactorily 
give fpr the rate of the standard fork at 16° C 


December 19 (tape running for 6 minutes) 
February 14 ( ,, „ 10 „ ) 


128 10S1 
128*0909 
128 II 46 


Mean 


128 1045 


Thus according to our observations tbe fork is slightly slower than when used by 
Lord Rayleigh This is what might be expected from the secular / jftenmg of the 
steel 


l T 9 
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The Galvanometer 

Tins was one made m the Laboratory It lias two coils, each with about 16,000 
turns of wire The lesistance of the coils when m senes is 17,380 legal ohms Great 
caie was taken with the insulation, which, when tested by means of a gold leaf 
electroscope, was found to be practically perfect 

The Battery 

We used 36 very small stoiage cells, two sets of 18 being placed m paiallel 
The battery had thus an electromotive force of about 36 volts The small size of the 
battery enabled us to insulate it with ease The insulation was tested by a gold leaf 
electioscope, but no leak could be detected 

The Resistances 

The resistances used w r eie contained in three boxes 

I A Wheatstone’s bridge box, No. 1256, Elliott Legal ohms, with coils 
langjng from 1 to 5000 ohms, and proportional arms, each containing 10, 
100, 1000 ohms 

II. A box by Elliott, containing 4 coils, 10,000, 20,000, 30,000, 40,000 BA 
units. 

Ill A box by Muiiihead, containing onginally 10 coils, each 100,000 BA. 
units. 

The box I was provided with an apertuie for a thermometer. The other boxes 
had no such provision, but as they were always kept permanently on the same table 
as box I we may hope that their temperature did not differ much from that of I 

The resistances of the coils in II. and III. were alwaj^s ascertained by means of I. 
It was, therefore, necessary to obtain some definite knowledge of I with reference to 
some coils whose values are accurately known 

The standard coils used were 

No. 141, C.L C No 102 . . 10 00103 legal ohms at 16° 7 0. 

No. 143, CL O No 104 . . 99 9977 „ „ 16° 05 C. 

No 145, C.XCNo 106 ... 1000 306 „ „ 17° 4 C. 

The Legal ohm being assumed to be 1/ 9889 BA unit 
See British Association Eepoit,’ 1885. 

Mr Glazebrook mfoims us that the temperature ? coefficient of these coils may be 
taken as 0003 per 1° C We shall take the same temperature coefficient for the 
coils m the boxes. 

Galling the coils m the c< proportional arm” which joins the rest of the box 10«, 
100^ loco*, those in the other arm 10 ^, 100 $, IOOO4 we found 
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1000 4 ___ 
1000: 
1000 * __ 
100„ — 

1000* __ 

'10. ” 


1 — 


"> 

_) 


10000 


10 11 — 


— 1 
lOUOOJ 


100 jl -f — ~~— I- . 

1 — lOOOUJ 


Correcting for the inequalities of 1000* and 1000^ we found by compatison with 
the Standard coils the following values at 16° C , foi the vanous coils in box I. 


100 o 

100 , 

100 


Legal ohms 

100 144 
100 144 
100 113 


The last resistance was made up from all the coils from 1 to 50, 

Legal ohms 

1000, 1001 06 

1000,3 1001 01 

1000 . 1001 06 


The last was made up of all the coils fiom 1 to 500, 

Legal ohms 

2000 2002 22 
5000 . 5004 58 


We see from this that the coils are very consistent, and on the aveiage gieater 
than legal ohms, m the ratio of 1 0011 to 1 

The box II. was measured as a whole, using the “ proportional’' coils 1000^ and 10 ft 
The apparent value was 98765. Hence the true value is 

98765 X 1*0011 = 98870 legal ohms at 16° C. 

The coils of box III were tested m the same way and were found to be 



Resistance as measured 
by bos I 

l 

Tne lesistance m legal 

ohms 1 

* 

1 

987*3 

°8878 

2. 

98617 

98732 

8* 

98690 

98805 j 

4 

98727 

98842 1 

5 

98717 

98832 

6 

9876S 

98883 

i 
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The box III had one of its coils wrong wLen we began to use it, and during part 
of our work when we were attempting to use much greater battery power than we 
finally adopted, three more of the coils gave way. For this reason we could only use 
six out of the ten coils These six coils, as well as box II, kept then resistances 
very constant during the whole of the investigation. They were tested several 
times during a whole year, and no peiceptible change was detected 

The resistance boxes were placed on blocks of paraffin, and the insulation tested by 
a gold leaf electroscope 


Method of making the Observations 

The battery, resistance boxes, galvanometer, and condenser were connected as m 
the diagram (3), the commutator being placed so near to the condensei that a very 
short wire sufficed to make the connection. The insulation of the whole system when 
connected up was tested from time to time by a gold leaf electroscope. 

The electrically driven fork was set going and the beats of the auxiliary fork with 
the standard fork observed The water supply was then adjusted so that the motor 
drove the commutator at the required speed One observer (G-. F C. S ) observed 
the stroboscopic disc of the commutator through the slits of the fork, and kept the 
speed steady by means of the controlling airangement already described The other 
observer (J J T ) observed the galvanometer. When the speed of the commutator 
had got steady, resistances weie taken out of the Wheatstone’s bridge box in the 
arm CD until no deflection was produced wdien the galvanometer circuit was broken. 
The sensitiveness of the galvanometer was such that the effect produced by altering 
the resistance m CD by 2 ohms in 3000 could be detected, and the speed of the 
commutator was kept so steady that the light reflected from the galvanometer 
mirror did not move over more than half a division, the deflection produced by the 
condenser when not balanced was more than 500 scale divisions. 

The battery was then reversed and the operation repeated The wire connecting 
the condenser to the commutator was then detached fiom the condenser, and the same 
operation repeated. In this way the capacity of the wire was determined The 
temperatures of the fork and resistances were then read, and the beats of the auxiliary 
fork with the standard fork again determined 

The results of these observations are exhibited in the annexed Table. 
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Explanation of Table of Results and Methods of Reduction 


Column 2 gives the approximate speed of the commutator. 

Column 8 gives the beats per minute between the standard fork and the auxiliaiy 
fork driven by the electrically maintained fork The auxiliary folk vibrated twice as 
fast as the dnvmg fork, and was slightly slower than the standard. 

Column 4 The temperature of the fork given by a thermometer hung a short 
distance from the foik 

Columns 5 and 6 The resistances of the arms AC and BD m legal ohms at 16°C 

Column 7 gives the value of the resistance m CD required for the balance when 
both the condenser and the connecting wne were joined to the key of the commutatoi 
We shall denote this by y x Each number is the mean of two observations made with 
the current from the battery flowing first m one direction and then in the opposite 
The difference between the two readings very seldom amounted to more than 1 ohm. 

Column 8 gives the value of the resistance m CD required for the balance when the 
wire alone is joined to the key of the commutator We shall denote this by y 2 Each 
is the mean of two readings corresponding to the two directions of the batteiy 
current 

Column 9 gives the difference between the last two columns We must remark 
that, since the formula nC = y//3b is not sufficiently accurate for our purpose, that 
this difference does not strictly represent the value of y, which would be required to 
balance the condenser alone. With the resistances employed we may write the 
formula (7) 


nC 


A J i _ *y (y + *) 
I3b\ (u + b)]3 


}■ 


so that if, as in our case, we keep f and b constant, nC is not quite proportional to y 
Strictly, we should find the capacity of the combination of the condenser and wire, 
and then subtract the capacity of the wire. What we have done is to calculate as if 
7i — Vz represented the capacity of the condenser. The difference amounts to writing 
in the small term y (y + a)/(y + b) ft, y ] — y 3 instead of y 1 , since the correcting term 
inside the bracket, id the case of the wire, is too small to be appreciable Since, how¬ 
ever, this teim is already very small, and does not affect the result by much more than 
one part m 2000, and the change we have made only alters its value by l pei cent at 
most, it is evident that it will produce no appreciable effect on the value of the 
capacity 

Column 10 is headed <f (reduced to 64).” Since the value of the capacity is given by 

O — R— Ji — 7(7 + *) 1 

*&> L (*+&)£]’ 

or with sufficient accuracy for our purpose by 
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C= -? 


7 I -j 7^1 

nh/3 \ b/3}’ 


and if y a , y h are the values of y coiresponding to the speeds n a , n h , then 


= * 1 

>h L 


7a* I 

»£ J’ 


1 — 


Hence we see that we may take as the corresponding uncorrected value of y a the 
\alue yin a /ni , if we apply to this the correction 1 — ^7 h histead of the correction 


^1 — ^ y a J> this is what we have done in compiling this table, and this column 
contains the values of ybU^^b 

Column 11 gives the temperature of the box from which the resistance was taken. 
The temperature of the other two boxes are assumed to be the same. Since they 
were always on the same table as the y box, and the temperatuie of this box varied 
very little, this assumption will not lead to any senous error 

Column 12. “ Correction to 16° for resistances” from the foimula 



we see that if we take the temperatuie coefficients to be the same for the tlnee 
resistances and equal to 0003, then we may throw all the effect of the variation on 
y if for each degree above 16 we subtract from y 0003 y. In the first and third sets 
this amounts to 82 ohm for each degree, m the second to 1 ohm per degree 

Column 13 "Correction to 21 beats per minute ” The auxiliary fork always 
made rather more than 21 beats per minute with the standard When making 21 
beats the speed of the auxiliary fork is 127 7545 complete vibrations per second, and 
1 additional beat per minute indicates a diminution m the speed in the ratio 
1 — Ta-gWo to 1. Since we wish to treat the observations as if the speed were 
constant we must for each additional beat inciease y m the ratio 1 -f- ytsVfo t° 1» 
% e , in the fiist and third set observations we must add 36 ohm to y, and m the 
second set ‘43 ohm 

Column 14 “ Correction to 16° for fork.” The folk has a temperature coefficient 

of — '00011, so that if we regard the speed as constant we must increase y in the 
proportion 1 00011 to 1 for each degree the temperature of the fork exceeds 16° C, 
In the first and third sets this amounts to ‘30, and m the second set to 36 ohm foi 
each degree of excess of tempeiature above 16° C. 

Column 15 “Correction to nC =y/bfi” We see from equation (7), page 606 
that this is only an approximation to the correct value for nC, which is 
MDCCCXC- A 4 K 
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{ q 

i_ Z _— 

_ Oy ± P) (& ± v ± *) 

W \i+ _ 2L _ 1 

\ (b -f a 4- 7 ) ft J 

or with sufficient accuracy for our pui pose 


nC 




7 (7 + a) 1 
/3 (b + a 4- 7 ) J 5 


thus, if we wish to use the formula nC = y/b/3 we must 

1 — o 7 i - -:—r to J The amount by which y is to be 

(3 (0 + & + 7 ) 47 1 


diminish y m the ratio 
diminished is given m 


column 15 

Column 16. “Correction to legal ohms” The values of b and ft given m columns 
(5) and ( 6 ) are already expiessed in terms of legal ohms, but the values of y aie 
expressed in terms of the resistances m the Wheatstone bridge box, which are greater 
than legal ohms in the proportion 1 0011 to 1 We have then to add 3 04 ohms to y 
m the first and third sets of experiments, and 3*64 ohms in the second 

Column 17 “ Correction for the difference of potential between the middle cylinder 

and the guard ring ” By equation ( 6 ), page 9, if the difference of potential between 
the outer cylinder and the guard ung is less by 8 Y than that between the outei cylinder 
and the inner cylinder, the capacity is greater than it would be if SY = 0 m the ratio 


1 

^ V l 


't 2 n 4c' 

-- 100 — 

e 7T ® he 


to 1 


where Y is the difference of jjotential between the cylindeis, t the thickness of the 
guard ring, 2c the thickness of the pieces of ebonite, and h the distance between the 
cylinders 

Since t = 1 , h = 1 , c = 145 and SY/Y = — 4“ —~——■— | the capacity is 

less than it would be if the guard ring and the cylinder were at the same potential m 
the ratio of 

n, 75 by 

61 ccy 4- (3 (b + a + 7) ’ 

so that m order to get the corresponding value of y when the guard ring and cylinder 
are at the same potential, we must add to y 

75_ hf _ 

61 ay + (b + a + 7 ) * 

and it is this correction which is given in column 17. 
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Column 18 contains the values of y -which result when all these corrections are 
made. 

Column 19 contains the values of the electromagnetic measuie of the capacity 
calculated from the formula 

C = ~ 
n(3b 

Smce the auxiliary folk makes 21 beats per minute with the standard fork, which 
makes 128 1045 vibrations per second, and since the observing folk makes half the 
number of vibrations of the auxiliary fork 

n = 63 8773 

Assuming that the B A unit = 9867 X 10 9 m absolute measuie which coiresponds 
to the legal ohm being 9978 X 10 9 , we have 

r _ V * 1U- ,J 

bj3 x 68 8773 x 9977 

We have supposed that the resistance to the variable cunent which passes through 
the resistance coils during the cliaiging of the condenser, is the same as the resistance 
to a steady current This is justified by the following investigation. Though in oui 
experiments the resistances weie so large that the charging was not oscillatory, let 
us suppose that it is oscillatory and has the maximum fiequency 1/C Then if r is 
the lesistance to this oscillatoiy ament, r the lesistance to a steady cunent 

= / 11 + hr l, 

wlieie l is a small numeiical coefficient and 

t r if 

n = ;ac * * 

where ct is the radius of the cioss bection of the wne, and <x its specific lesistance The 
coefficient of self induction of a galvanometer similar to the one we used w T as found 
some time ago to be 5 X 10 9 , cr = 2 X 10 4 and a = 023 for 32 B W G , substituting 
these numbers we find n = 10" 3 about, and 

n 1 = 10~ b 

so that the correction will only amount to one part m a million, and may be 
neglected 

The mean of the first set of observations = 443 471 X 10 ~ 1 . 

,, second „ = 443 417 X lO - - 1 . 

,, third = 443 569 X 10 “ 1 . 

The mean of all the observations . — 443 48*6 X 10 "- 1 

4k2 
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The means ot the observations at different speeds are given in the following table 



Electromagnetic 

Speed 

measure of 


capacity X 10 -31 

80 

448 327 

64 

443 4‘34 

55 

i 443 701 

48 

! 443 478 

42 

! 413 418 

82 

! 443 460 

1(3 

443 67 5 


The means for the different speeds thus agree very well together, the greatest 
difference fiom the mean being about one part m 2000. There does not seem any 
indication of an effect depending on the number of times the condensei is charged per 
second, such as -was very marked in Professor Rowland's experiments ( e Phil Mag 
vol 28, 1889) 

Since the electiostatic measure of the capacity is 397‘927, and the electromagnetic 
measure 443 454 X 10 -21 

_397 927 _ \ 

443*486 x MR 21 / 

= 2*9955 X 10 10 cm sec -1 . 

The value of the B A unit is taken to be 98G7 X 10° in absolute measuie. 
This value of “ v ” agrees very nearly indeed with the value obtained by the most 
recent experiments for the velocity of light m air, these are 



Cornu (1878) 
Mtchelson (1879) 
Michelson (1882) 
Newcomb (1885) 




3 J 


3 003 X 10 10 cm sec -1 
2‘9982 X 10 10 
2 9976 X 10 10 . 

2 99615 T 
2-99682 l X 10 10 
2 99766. 


In conclusion we desire to expiess our thanks to Mr. R S Cole, of Emmanuel 
College, who has given us valuable assistance on several occasions. 
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The following table taken from Mr E B Rosa’s paper on the Determination of 
“ v ” (* Phil Mag vol 28, 1889, p 31o), gives the results of previous determinations 
of “ v ” — 


1856 

Weber and Kohlrausch 

3 107 

X 10 10 

1869. 

W. Thomson and King 

2 808 

X 10 10 

1868. 

Maxwell 

2 842 

X 10 10 . 

1872 

M £ Kick an 

2 896 

X 10 10 

1879 

Ayrton and Perry 

2 960 

X io 10 

1880 

Shida 

2 955 

X IO 10 

1883. 

J J Thomson 

2 963 

X io 10 

1884 

Klemencio 

3 019 

X io 10 

1888 

Himstedt 

3 009 

X io 10 

1889 

W. Thomson . 

3 004 

X 10 l " 

1889 

E B Rosa. 

2 9993 

X io 10 
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